Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2008 November Paper 1: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. Here is a Venn diagram.

A

&

(a) Copy the Venn diagram above and shade the region that represents A u (B n (). (1)

Solution




(b) Copy the Venn diagram above and shade the region that represents A n (B u C).

Solution

(c) Copy the Venn diagram above and shade the region that represents (Au B u C)'.

Solution

(1)



2. Find the set of values of x for which

(22 +1)* > 8z + 9.

Solution

Well,

2¢ | 422 +2z
+1 | +22z +1

SO

2 4+1)?>8+9=42 +4r +1>8x+9
— 4z —4dx —8> 0
=4(z°—2-1)>0

add to: -1 L1 -9
multiply to: —1 ’

=4(x+1)(z—-2)>0.




We need a ‘table of signs’:

‘x<—1 r=-1 —-l<z<2 =2 x>2

r+1 - 0 + + +

T —2 — — - 0 +
(z+1)(z-2)| + 0 — 0 +

Hence,
(22+1)*>8+9=x<—1lorz>2

3. Prove that
sin A 1+ cosA

= A.
14+ cosA * sin A cosec

Solution

sin A N 1+cosA  sin? A+ (1+cosA)?
1+cosA sin A sin A(1 + cos A)

sin® A + (1 4+ 2cos A + cos? A)
sin A(1 + cos A)

1+2cos A+ (sin? A + cos? A)
sin A(1 + cos A)

1+2cosA+1

sin A(1 + cos A)

2(1 + cos A)

sin A(1 + cos A)
2

sin A
= 2cosec A,

Il

as required.

4. A function f is such that
f(z) = az® + ba® + 3z + 4.



e When f(z) is divided by (z — 1), the remainder is 3.
e When f(x) is divided by (2z + 1), the remainder is 6.

Find the value of a¢ and of b.

Solution

We use synthetic division twice:

1]a b 3 4

! a a+b a+b+3

a a+b a+b+3 a+b+7

3b=24=0=38

=a+8=—4

=q=—12.

SO

a+b+7=3=la+b=—-4 (1)

—% a b 3

| ho dodb  dardh-?

a —3a+b ja—3b+3 —ga+b+3
SO

—sa+3b+2=6=—ta+3b=1
—|—a+2b=28 (2).

Do (1) + (2)

5. Given that a = 5i — 12j and that b = pi + j, find

(a) the unit vector in the direction of a,

Solution




6.

VB2 4 (—12)2 = /25 + 144
— /169
—13

so the unit vector in the direction of a is

(51 — 12j).

(b) the values of the constants p and ¢ such that

ga+b = 19i — 23j.

Solution

Well,

ga+ b = 19i — 23j
= q(bi—12j) + (pi +j) = 19i — 23;
= (5q+p)i+ (—12¢+1)j = 19i — 23j.

Take the jth component:
—12g+1=-23= —12g=—-24
&4 S0
Take the ith component:

5¢+p=19=5(2)+p=19
=10+p=19

=p=09.

(a) Solve the equation
2t=9+ —.



Solution

e.g.,

add to: -9
multiply to: (+2) x (=5) = —10

Multiply each side by t:

2t=9+§:>2t2=9t+5
=2t -9t —5=0

}—10, +1

=2t~ 10t +t—5=0
=2t(t—5)+1(t—5)=0
= 2t+1)(t—5)=0
=2t+1=0o0rt—5=0

:>t=—%ort=5.

(b) Hence, or otherwise, solve the equation

7. (a) Express

Solution
1 11 VS S
202 =9+ 52 2 =122 =(—3) orw2 =5
= q = }l or x = 25.
422 — 122 + 3
in the form
(ax +b)* + c,

where a, b, and ¢ are constants and a > 0.



Solution

42° — 120 + 3 = (42® — 122) + 3
= [(42* =122 +9) - 9] +3
= (20 -3)>-9+3

(2 — 3)* — 6;

=

hence, a = 2, b = —3, and ¢ = —6.

(b) Hence, or otherwise, find the coordinates of the stationary point of the curve.

Solution
(%7 _6) .

(c¢) Given that
f(r) = 42° — 12z + 3,

write down the range of f.

Solution
f(x) > —6.

8. A curve is such that

d2y —2x
@ = 46 .
Given that
dv_ 4
dz

when z = 0 and that the curve passes through the point (2,e%), find the equation of
the curve.

Solution

V\/ell,
de —2z 9 —2z




for some constant c.

SO

Next,

hence,

for some constant d:

Now,

dy

r=0-—2>=3=—-2"+¢c=3
dz
=-2+c=3
= c =0,
dy -2
— =245
dz *

r=2y=ct=e?P 152 +d=e"*
et +10+d=e"
— d=—10;

y =e 2 + 5z — 10.

9. (a) Find, in ascending powers of z, the first 3 terms in the expansion of

(2 — 32)°.

Solution

(2= 32)° = (2 + <5> (2)4(—32)" + (Z) (2)%(=32)2 + ...

1
=32 — 240z + 72022 + . ...

The first 3 terms in the expansion of

(a + bx)(2 — 32)°

in ascending powers of x are are

64 — 1922 + cx’.



(b) Find the value of a, of b, and of c.

Solution

x|

32 —240x  +72022

a
+bx

32a —240ax  +720ax>
+32bx  —240bz?

SO

Solving:

C:

(a+ bz)(2 — 32)° = 32a + (—240a + 32b)x + (720a — 240b)2” + . . ..

— 240a + 320 = —192
= —480 + 32b = —192
= 32b = 288

=b=9,

c = T720(2) — 240(9)

= c= 1440 — 2160
= c = —720.

10. Functions f and g are defined, for x € R, by

f(z) =3 —ux,

T

g(x) = where z # —2.

(a) (i) Find fg(z).

x+2

Solution

10



B x
a T+ 2
(ii) Hence find the value of = for which
fg(z) = 10.
Solution
fgla)=10=3 - —— =10
x — _ =
S T+ 2
x
- — =
T+ 2

= —Tz+2)=2x
= -—Tr—14=1=zx
= —14 =8z

— _13
=5 = 14.

(b) A function h is defined, for x € R, by
h(z) =4 + Inz, where x > 1.

(i) Find the range of h.

Solution
h(z) > 4.

(ii) Find the value of h™'(9).

Solution
Well,

y=4+hr=y—4=Inz

11



and so

Finally,

(iii) On the same axes, sketch the graphs of y = h(z) and y = h™'(z).

Solution
Y
, 0"". /
/‘.’ 4/
4 *
0L T
O 4

11. Solve the equation
(a) tan2z — 3cot 2z = 0, for 0° < x < 180°,

Solution
Now,
0° <z < 180° = 0° < 22 < 360°
and so
tan2x — 3cot 2z = 0 = tan 2z = 3cot 2z
= tan 2z = 3
tan 2x
= tan’2r = 3
= tan 2z = i\/g.
tan 2z = /3:
tan 2z = /3 = 22 = 60, 240
=z = 30, 120.

12



()

tan 2z = —/3:

tan 2z = /3 = 2z = 120, 300
= r = 60, 150.

cosecy = 1 — 2cot?y, for 0° < y < 360°,

Solution

cosecy = 1 — 2cot?y = cosecy = 1 — 2(cosec® y — 1)
= cosecy = 1 — 2cosec® y + 2

= 2cosec’ y + cosecy —3 =0

add to: +1 L3 9
multiply to: (4+2) x (=3) = —6 ’
e.g.,
= 2cosec’ y 4 3 cosecy — 2 cosec —3 = 0
= cosecy(2cosecy + 3) — 1(2cosec +3) = 0
= (cosecy — 1)(2cosecy + 3) =0
= cosecy = 1 or cosecy = —3
=siny =1 or siny = —%.
siny =1
siny = 1=y = 90.
siny = —%
siny = —% =y = 221.8103149, 318.1896851 (FCD)
— y =221, 318 (3 sf).
sec(z + 2m) = =2, for 0 < z < 7 radians.
Solution

O<z—|—%7r<7r

13



EITHER

1y 1y _ 1
sec(z + 3m) = =2 = cos(z + 3m) = —5
Lo — 2, 4
=2+ T =37, 37
1.5
=z = T, ¢T.
12. A curve has equation
2
x
y= :
r+1

(a) Find the coordinates of the stationary points of the curve.

and so

Now,

Solution
Quotient rule:

du
2
_ =9
U x=>dx T
dv ]
dz

dy _ (z+1)(22) — (1)(z?)
dx (x4 1)2
B 202 + 22 — x?
(x4 1)
z? + 2z
B (x +1)%

dy r? + 2x

a0 Clgamp’’
=z(r+2)=0
=zx=0o0rzx=-2

=y=0o0ry=—4

hence, the coordinates of the stationary points of the curve are

(0,0) and (—2, —4).

14



The normal to the curve at the point where x = 1 meets the z-axis at M.

The tangent to the curve at the point where x = —2 meets the y-axis at V.
(b) Find the area of the triangle M NO, where O is the origin.

Solution
x=1:

dy 4

r=1=—=2
de 4
= Mnormal _%
and
r=1=y= %

Now, the normal to the curve at the point where z =1 is

y—5=—3(-1)

and it meets the z-axis at

—s=—3@@-1)=>z-1=2
=1 = 1%;
so, M(13,0).
T =-2
T=—-2=y=— ,j—Z—O
and the tangent to the curve at the point where x = —2 is
y = —4.
So, N(0,—4).
Finally,
area of the triangle MNO = § x & x 4
=23

OR

15



13. A curve has equation
y=e""2—2z+6.

(a) Find the coordinates of the stationary point of the curve and determine the nature

of the stationary point.

Solution

and

=xr—2=In2
=xr=2+1n2

_ . 2+In2-2
=y=e —2(2+In2)+6
=y=e"?—-4-2In2+6
=y=2+4+2-2In2
=y=4—2In2;

so, the coordinates of the stationary point is

(24+1In2,4—21In2).

Next,

and

d
r=2+1In2= 7 = 222

hence, the nature of the stationary point is a minimum.

16



The area of the region enclosed by the curve, the positive x-axis, the positive y-axis, and

the line z = 3 is

k+e—e 2

(b) Find the value of k.

Solution
’ 3
L (e"? =2z +6)de = [e"? —2” + Gm]xzo
= (e—9+18)— (¢ ?=0+0)
=9+e—e 7
so, k=9.

17



