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Cambridge O Level Additional Mathematics

2008 November Paper 1: Calculator

2 hours

The total number of marks available is 80.
Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. Here is a Venn diagram.

E

A B

C

(a) (1)Copy the Venn diagram above and shade the region that represents A Y pB X Cq.

Solution
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E

A B

C

Here Here

Here

Here Here

(b) (1)Copy the Venn diagram above and shade the region that represents A X pB Y Cq.

Solution

E

A B

C

Here

Here

Here

(c) (1)Copy the Venn diagram above and shade the region that represents pAYB YCq1.

Solution
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E

A B

C

Here

2. (4)Find the set of values of x for which

p2x ` 1q
2

ą 8x ` 9.

Solution

Well,

ˆ 2x `1

2x 4x2 `2x
`1 `2x `1

so

p2x ` 1q
2

ą 8x ` 9 ñ 4x2
` 4x ` 1 ą 8x ` 9

ñ 4x2
´ 4x ´ 8 ą 0

ñ 4px2
´ x ´ 1q ą 0

add to: ´1
multiply to: ´1

*

` 1, ´2

ñ 4px ` 1qpx ´ 2q ą 0.
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We need a ‘table of signs’:

x ă ´1 x “ ´1 ´1 ă x ă 2 x “ 2 x ą 2

x ` 1 ´ 0 ` ` `

x ´ 2 ´ ´ ´ 0 `

px ` 1qpx ´ 2q ` 0 ´ 0 `

Hence,
p2x ` 1q

2
ą 8x ` 9 ñ x ă ´1 or x ą 2.

3. (4)Prove that
sinA

1 ` cosA
`

1 ` cosA

sinA
” 2 cosecA.

Solution

sinA

1 ` cosA
`

1 ` cosA

sinA
”

sin2A ` p1 ` cosAq2

sinAp1 ` cosAq

”
sin2A ` p1 ` 2 cosA ` cos2Aq

sinAp1 ` cosAq

”
1 ` 2 cosA ` psin2A ` cos2Aq

sinAp1 ` cosAq

”
1 ` 2 cosA ` 1

sinAp1 ` cosAq

”
2p1 ` cosAq

sinAp1 ` cosAq

”
2

sinA
” 2 cosecA,

as required.

4. (5)A function f is such that
fpxq “ ax3

` bx2
` 3x ` 4.

4



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

• When fpxq is divided by px ´ 1q, the remainder is 3.

• When fpxq is divided by p2x ` 1q, the remainder is 6.

Find the value of a and of b.

Solution

We use synthetic division twice:

1 a b 3 4
Ó a a ` b a ` b ` 3
a a ` b a ` b ` 3 a ` b ` 7

so
a ` b ` 7 “ 3 ñ a ` b “ ´4 p1q.

´1
2

a b 3 4
Ó ´1

2
a 1

4
a ´ 1

2
b ´1

8
a ` 1

4
b ´ 3

2

a ´1
2
a ` b 1

4
a ´ 1

2
b ` 3 ´1

8
a ` 1

4
b ` 5

2

so

´1
8
a ` 1

4
b ` 5

2
“ 6 ñ ´1

8
a ` 1

4
b “ 7

2

ñ ´a ` 2b “ 28 p2q.

Do p1q ` p2q:

3b “ 24 ñ b “ 8

ñ a ` 8 “ ´4

ñ a “ ´12.

5. Given that a “ 5i ´ 12j and that b “ pi ` j, find

(a) (2)the unit vector in the direction of a,

Solution

5
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a

52 ` p´12q2 “
?
25 ` 144

“
?
169

“ 13

so the unit vector in the direction of a is

1
13

p5i ´ 12jq.

(b) (3)the values of the constants p and q such that

qa ` b “ 19i ´ 23j.

Solution

Well,

qa ` b “ 19i ´ 23j

ñ qp5i ´ 12jq ` ppi ` jq “ 19i ´ 23j

ñ p5q ` pqi ` p´12q ` 1qj “ 19i ´ 23j.

Take the jth component:

´12q ` 1 “ ´23 ñ ´12q “ ´24

ñ q “ 2.

Take the ith component:

5q ` p “ 19 ñ 5p2q ` p “ 19

ñ 10 ` p “ 19

ñ p “ 9.

6. (a) (3)Solve the equation

2t “ 9 `
5

t
.
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Solution

Multiply each side by t:

2t “ 9 `
5

t
ñ 2t2 “ 9t ` 5

ñ 2t2 ´ 9t ´ 5 “ 0

add to: ´9
multiply to: p`2q ˆ p´5q “ ´10

*

´ 10, `1

e.g.,

ñ 2t2 ´ 10t ` t ´ 5 “ 0

ñ 2tpt ´ 5q ` 1pt ´ 5q “ 0

ñ p2t ` 1qpt ´ 5q “ 0

ñ 2t ` 1 “ 0 or t ´ 5 “ 0

ñ t “ ´1
2
or t “ 5.

(b) (3)Hence, or otherwise, solve the equation

2x
1
2 “ 9 ` 5x´

1
2 .

Solution

2x
1
2 “ 9 ` 5x´

1
2 ñ x

1
2 “ p´1

2
q
2 or x

1
2 “ 52

ñ x “ 1
4
or x “ 25.

7. (a) (3)Express
4x2

´ 12x ` 3

in the form
pax ` bq2 ` c,

where a, b, and c are constants and a ą 0.

7
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Solution

4x2
´ 12x ` 3 ñ p4x2

´ 12xq ` 3

ñ rp4x2
´ 12x ` 9q ´ 9s ` 3

ñ p2x ´ 3q
2

´ 9 ` 3

ñ p2x ´ 3q
2

´ 6;

hence, a “ 2, b “ ´3, and c “ ´6.

(b) (2)Hence, or otherwise, find the coordinates of the stationary point of the curve.

Solution

p3
2
,´6q.

(c) (1)Given that
fpxq “ 4x2

´ 12x ` 3,

write down the range of f.

Solution

fpxq ě ´6.

8. (6)A curve is such that
d2y

dx2
“ 4e´2x.

Given that
dy

dx
“ 3

when x “ 0 and that the curve passes through the point p2, e´4q, find the equation of
the curve.

Solution

Well,
d2y

dx2
“ 4e´2x

ñ
dy

dx
“ ´2e´2x

` c,
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for some constant c. Now,

x “ 0,
dy

dx
“ 3 ñ ´2e0 ` c “ 3

ñ ´2 ` c “ 3

ñ c “ 5,

so
dy

dx
“ ´2e´2x

` 5.

Next,
y “ e´2x

` 5x ` d,

for some constant d:

x “ 2, y “ e´4
ñ e´2p2q

` 5p2q ` d “ e´4

ñ e´4
` 10 ` d “ e´4

ñ d “ ´10;

hence,
y “ e´2x

` 5x ´ 10.

9. (a) (3)Find, in ascending powers of x, the first 3 terms in the expansion of

p2 ´ 3xq
5.

Solution

p2 ´ 3xq
5

“ p2q
5

`

ˆ

5

1

˙

p2q
4
p´3xq

1
`

ˆ

5

2

˙

p2q
3
p´3xq

2
` . . .

“ 32 ´ 240x ` 720x2
` . . . .

The first 3 terms in the expansion of

pa ` bxqp2 ´ 3xq
5

in ascending powers of x are are

64 ´ 192x ` cx2.

9
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(b) (5)Find the value of a, of b, and of c.

Solution

ˆ 32 ´240x `720x2

a 32a ´240ax `720ax2

`bx `32bx ´240bx2 . . .

so

pa ` bxqp2 ´ 3xq
5

“ 32a ` p´240a ` 32bqx ` p720a ´ 240bqx2
` . . . .

Solving:

a : 32a “ 64

ñ a “ 2,

b : ´ 240a ` 32b “ ´192

ñ ´480 ` 32b “ ´192

ñ 32b “ 288

ñ b “ 9,

c : c “ 720p2q ´ 240p9q

ñ c “ 1 440 ´ 2 160

ñ c “ ´720.

10. Functions f and g are defined, for x P R, by

fpxq “ 3 ´ x,

gpxq “
x

x ` 2
, where x ‰ ´2.

(a) (i) (2)Find f gpxq.

Solution

10
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f gpxq “ fpgpxqq

“ f

ˆ

x

x ` 2

˙

“ 3 ´
x

x ` 2
.

(ii) (2)Hence find the value of x for which

f gpxq “ 10.

Solution

f gpxq “ 10 ñ 3 ´
x

x ` 2
“ 10

ñ ´7 “
x

x ` 2

ñ ´7px ` 2q “ x

ñ ´7x ´ 14 “ x

ñ ´14 “ 8x

ñ x “ ´13
4
.

(b) A function h is defined, for x P R, by

hpxq “ 4 ` lnx, where x ą 1.

(i) (1)Find the range of h.

Solution
hpxq ą 4.

(ii) (2)Find the value of h´1
p9q.

Solution
Well,

y “ 4 ` lnx ñ y ´ 4 “ lnx

ñ ey´4
“ x

11
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and so
h´1

pxq “ ex´4.

Finally,
h´1

p9q “ e9´4
“ e5.

(iii) (3)On the same axes, sketch the graphs of y “ hpxq and y “ h´1
pxq.

Solution

x

y

O
O

4

4

11. Solve the equation

(a) (4)tan 2x ´ 3 cot 2x “ 0, for 0˝ ă x ă 180˝,

Solution

Now,
0˝

ă x ă 180˝
ñ 0˝

ă 2x ă 360˝

and so

tan 2x ´ 3 cot 2x “ 0 ñ tan 2x “ 3 cot 2x

ñ tan 2x “
3

tan 2x
ñ tan2 2x “ 3

ñ tan 2x “ ˘
?
3.

tan 2x “
?
3:

tan 2x “
?
3 ñ 2x “ 60, 240

ñ x “ 30, 120.

12
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tan 2x “ ´
?
3:

tan 2x “
?
3 ñ 2x “ 120, 300

ñ x “ 60, 150.

(b) (5)cosec y “ 1 ´ 2 cot2 y, for 0˝ ă y ă 360˝,

Solution

cosec y “ 1 ´ 2 cot2 y ñ cosec y “ 1 ´ 2pcosec2 y ´ 1q

ñ cosec y “ 1 ´ 2 cosec2 y ` 2

ñ 2 cosec2 y ` cosec y ´ 3 “ 0

add to: `1
multiply to: p`2q ˆ p´3q “ ´6

*

` 3, ´2

e.g.,

ñ 2 cosec2 y ` 3 cosec y ´ 2 cosec´3 “ 0

ñ cosec yp2 cosec y ` 3q ´ 1p2 cosec`3q “ 0

ñ pcosec y ´ 1qp2 cosec y ` 3q “ 0

ñ cosec y “ 1 or cosec y “ ´3
2

ñ sin y “ 1 or sin y “ ´2
3
.

sin y “ 1
sin y “ 1 ñ y “ 90.

sin y “ ´2
3

sin y “ ´2
3

ñ y “ 221.810 314 9, 318.189 685 1 (FCD)

ñ y “ 221, 318 (3 sf).

(c) (3)secpz ` 1
2
πq “ ´2, for 0 ă z ă π radians.

Solution

0 ă z ` 1
2
π ă π

13
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secpz ` 1
2
πq “ ´2 ñ cospz ` 1

2
πq “ ´1

2

ñ z ` 1
2
π “ 2

3
π, 4

3
π

ñ z “ 1
6
π, 5

6
π.

EITHER

12. A curve has equation

y “
x2

x ` 1
.

(a) (5)Find the coordinates of the stationary points of the curve.

Solution

Quotient rule:

u “ x2
ñ

du

dx
“ 2x

v “ x ñ
dv

dx
“ 1

and so

dy

dx
“

px ` 1qp2xq ´ p1qpx2q

px ` 1q2

“
2x2 ` 2x ´ x2

px ` 1q2

“
x2 ` 2x

px ` 1q2
.

Now,

dy

dx
“ 0 ñ

x2 ` 2x

px ` 1q2
“ 0

ñ xpx ` 2q “ 0

ñ x “ 0 or x “ ´2

ñ y “ 0 or y “ ´4;

hence, the coordinates of the stationary points of the curve are

p0, 0q and p´2,´4q.
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The normal to the curve at the point where x “ 1 meets the x-axis at M .

The tangent to the curve at the point where x “ ´2 meets the y-axis at N .

(b) (6)Find the area of the triangle MNO, where O is the origin.

Solution

x “ 1:

x “ 1 ñ
dy

dx
“ 3

4

ñ mnormal “ ´4
3

and
x “ 1 ñ y “ 1

2
.

Now, the normal to the curve at the point where x “ 1 is

y ´ 1
2

“ ´4
3
px ´ 1q

and it meets the x-axis at

´1
2

“ ´4
3
px ´ 1q ñ x ´ 1 “ 3

8

ñ x “ 13
8
;

so, Mp13
8
, 0q.

x “ ´2:

x “ ´2 ñ y “ ´4,
dy

dx
“ 0

and the tangent to the curve at the point where x “ ´2 is

y “ ´4.

So, Np0,´4q.

Finally,

area of the triangle MNO “ 1
2

ˆ 11
8

ˆ 4

“ 23
4
.

OR
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13. A curve has equation
y “ ex´2

´ 2x ` 6.

(a) (6)Find the coordinates of the stationary point of the curve and determine the nature
of the stationary point.

Solution

y “ ex´2
´ 2x ` 6 ñ

dy

dx
“ ex´2

´ 2

and

dy

dx
“ 0 ñ ex´2

´ 2 “ 0

ñ ex´2
“ 2

ñ x ´ 2 “ ln 2

ñ x “ 2 ` ln 2

ñ y “ e2`ln 2´2
´ 2p2 ` ln 2q ` 6

ñ y “ eln 2
´ 4 ´ 2 ln 2 ` 6

ñ y “ 2 ` 2 ´ 2 ln 2

ñ y “ 4 ´ 2 ln 2;

so, the coordinates of the stationary point is

p2 ` ln 2, 4 ´ 2 ln 2q.

Next,
d2y

dx2
“ ex´2

and

x “ 2 ` ln 2 ñ
d2y

dx2
“ e2`ln 2´2

ñ
d2y

dx2
“ eln 2

ñ
d2y

dx2
“ 2

ñ
d2y

dx2
ą 0;

hence, the nature of the stationary point is a minimum.
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The area of the region enclosed by the curve, the positive x-axis, the positive y-axis, and
the line x “ 3 is

k ` e ´ e´2.

(b) (5)Find the value of k.

Solution

ż 3

0

pex´2
´ 2x ` 6q dx ñ

“

ex´2
´ x2

` 6x
‰3

x“0

ñ pe ´ 9 ` 18q ´
`

e´2
´ 0 ` 0

˘

ñ 9 ` e ´ e´2;

so, k “ 9.
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