Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2005 November Paper 2: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. Variables V' and t are related by the equation
V = 1000e™",

where k is a constant.

Given that V' = 500 when ¢t = 21, find
(a) the value of k, (2)

Solution

V =500,t = 21 = 500 = 1000e~2t*

—21k _ 1
= e =3
:—21k=ln%

_ _ 13,1
=k = 211n2

= k = 0.0330070086 (FCD)
— k = 0.0330 (3 sf).

(b) the value of V' when t = 30. (2)

Solution

Now,

V= 10006—0.033...><30
— 371.4985723 (FCD)

= 371 (nearest whole number).




2. The line
r+y=10

meets the curve
y =22 +4

at the points A and B.

Find the coordinates of the mid-point of AB.

Solution
Now,
r+y=10=y=10—=z
and
Yy’ =2r+4=(10—2)* =20 +4

x ‘ 10 —x

10 100 —10xz

—x | =10z +2?
e.g.,

= 100 — 20z + 2° = 2z + 4
= 77 — 222+ 96 =0

add to: —22

multiply to: +96 } —6,-16

= (x —6)(z—16) =0
=x=06orxz=16

=y=4ory=—6;
so, A(6,4) and B(16,—6).

Finally,

AB = +/(16 — 6)2 + (—6 — 4)?

o




(a) Given that
y =1+ In(2z — 3),

obtain an expression for —.
dx
Solution
dy 2
=1+1In(2z—-3 — = .
Y n(2z —3) = dr 2z -3

(b) Hence find, in terms of p, the approximate value of y when z = 2 + p, where p is

small.
Solution
Well,
dy
=2=-=Z=2
T = i’
and
oy ~ % X 0w

4. The function f is given by

f:x— 2+ 5sin3z, for 0° < x < 180°.

(a) State the amplitude and period of f.

Solution
The amplitude is 5 and the period is

360

3

= 120°.

(b) Sketch the graph of y = f(z).

Solution

(3)




X
19 \/ 180
_3»

5. The binomial expansion of
(1 + px)",
where n > 0, in ascending powers of x is
1 — 12z + 28p%a + q2® + .. ..

Find the value of n, of p, and of ¢.

Solution

(1+pz)" =1+ (n)(px) + w(pzf + nin - 13)'(71 —2) (px)® + ...

=1+ npz + tn(n — Dp’z® + tn(n — 1)(n - 2)p°z® + ...

x? term:
in(n—1)=28=n(n—1) =56
=n?—n=>56
=nl—-n—-56=0
add to: -1
multiply to: —56 } =8 +7
e.g.,

= n—-8)(n+7) =0

=n=8orn=—"1.

But n > 0son=_8.




Now, z term:

Finally, 2% term:

12
- _19 __z
np =P 3
=p= —%
q= %n(n —1)(n—2)p*
L®T)(6)(-3)°
= —18&89

6. It is given that

and that

Evaluate p and k.

AU
A_<5p)
A+ A =4I

where p and k are constants and I is the identity matrix.

Solution
Well,

and

Now,

A+A!

1

T 3k-5

1

~ 3k-5

det A =3k -5

-1
A7 - (

31 .
5 p ) TS

ﬁ[(i&k—@(i

(15—

15k — 25 3kp—5p

(

9k — 15+ p
15k — 30

p -1
-5 3 '

p -1
-5 3
1 j%
p)+(—5

)

3k —6
3kp—>5p+3

)




Now,

Next, (1,1) entry:

and

(1,2) entry =0=3k—6=10
=3k =6

=k = 2.

7z (9% — 15+ p) = 35—=[9(2) — 15 + p]

3k—5 2)
=3+p

7. In the diagram,

e OP =p,

« 0 =q,

° WZ%@, and

o ON = 200.

(a) Given that 0X = mO—M), express OX in terms of m, p, and q.

Solution




(b) Given that PX = nﬁ\f, express OX in terms of n, p, and q.

Solution
Now,

PN = PO + ON
= —OP + 204
=-p+iq

SO

OX = OP + PX
:(75+nﬁ’v
=p+n(-p+3q)
= (1—n)p+ q.

Hence evaluate m and n.

Solution
We will take p and q separately:

Zm=1-n (1)
sm=3 (2).

Now,

\]



and

(a) Find the value of each of the integers p and ¢ for which

3
25\ "2
2 — 9P q,
(16) X 5

Solution
Well,

w

_3 3
25\ "2 (162
16 —\25

1

hence, p = 6 and ¢ = —3.

(b) (i) Express the equation

as a quadratic equation in 2%.



Solution

47 2"t =3 = (22)* —27.2' ~3 =0
= (292 -2.2" -3 =0,

as required.

(ii) Hence find the value of z, correct to 2 decimal places.

Solution
Let y = 2*. Then

(272 —2-2"-3=0=9y"-2y—3=0

add to: —2 3 41
multiply to: —3 ’

e.g.,

= (y—3)(y+1) =0
=y=3ory=—1

= 2% = 3 or 2¥ = —1 (not possible)
=z = log, 3

— 2 = 1.584962501 (FCD)

=z = 1.58 (2 dp).

9. The function
f(z) = 2° — 627 + ax + b,

where a and b are constants, is exactly divisible by (z — 3) and leaves a remainder of

—55 when divided by (x + 2).
(a) Find the value of a and of b.

Solution

We use synthetic division twice:

1 -6 a b
! 3 -9 3a — 27
1 -3 a—9 3a+b-—-27




and so
3a+b—-27T=0=3a+b=27 (1)

b5a =50 = a =10

and
-211 -6 a b
I 16 —2a — 32
1 -8 a+16 —2a+b—32
and so
—2a4+b—32=-55= —2a+b=-23 (2).
Do (1) — (2):

Solve the equation f(z) = 0.

Solution
Well,

—b+Vb? — 4ac
I:
2a
C3+4/(-3)2—4x1x1
N 2% 1
3445
Yo7
3+4/5
=1r =3, 5

2? —62°+ 100 -3=0= (z—3)(z> -3z +1) =0

10



10. A curve is such that )
d7y
@ = 6.7) — 2.
The gradient of the curve at the point (2, —9) is 3.

(a) Express y in terms of z.

Solution
Well,

d*y dy
CY _p_2= Y
22 7° " Az

for some constant c¢. Now,

=322 -2z +¢,

d
x:2,d—i=3:>3=3(22)—2(2)+c
=3=12—-4+c¢

=c=—-5H
SO q
£=3x2—2x—5.
Next,
%_ 2 _ _ _ 32
=3z —2r—b=y=2a"—2"—br+d,
dx

for some constant d. Well,
r=2y=-9=-9=2"-22-52)+d
= -9=8-4-10+d
=d=-3

SO
y=a3—a2? — 5z —3.

16

(b) Show that the gradient of the curve is never less than —3.

Solution

11



We complete the square:

d

d—y=3x2—2x—5

i

=3[2" — 22] -5

=3[2* 2o +5-3%]-5
= 3[(x — 1)~ 4] -5
=3z —4)"—1-5
=3(z—-1)2-18
2_@ 3 3

when ¢ = %

11. Each day a newsagent sells copies of 10 different newspapers, one of which is The Times.
A customer buys 3 different newspapers.

Calculate the number of ways the customer can select his newspapers

(a) (i) if there is no restriction,

Solution

10
No restrictions = ( )
2

oS W

|

(ii) if 1 of the 3 newspapers is The Times.

Solution

The Times =

)

I
g <3

(b) (i) Calculate the number of different 5-digit numbers which can be formed using

the digits 0, 1, 2, 3, and 4 without repetition and assuming that a number
cannot begin with 0.

12



Solution

Cannot begin with 0 = 4 x 4!
= 96.

(ii) How many of these 5-digit numbers are even? (4)

Solution

Even = starts 1, even + starts 2, even + starts 3, even + starts 4, even
=Bx1Ix3)+2x1x3)+Bx1x3)+(2x1x3!
=18+12+ 18+ 12
= 60.

EITHER

12. The diagram, which is not drawn to scale, shows part of the curve
y =22 — 10z + 24

cutting the z-axis at Q(4,0).

yA

5 (0, 15)
y=x2-10x + 24

=
Q
~
=Y

(3.75,0)

The tangent to the curve at the point P on the curve meets the coordinate axes at

S(0,15) and at T'(3.75,0).
(a) Find the coordinates of P. (4)

13



Solution
Now,

150
S 0-3.75
= 4

mesr

and the equation of the line joining S and T is

y = —4x + 15.
Now,

22— 10 +24=—dor+15=2>—6x+9=0
= (r—-3)?2=0
=xr=23
=y =3

hence, P(3,3).

The normal to the curve at P meets the z-axis at R.
(b) Find the coordinates of R.

Solution
Well,
d
y = 2% — 102 + 24 = L — 22 — 10.
dzx
Now,
r=3= Mtangent = 4

= Mnormal = — "4

= Mnpormal =

and the equation of the line joining R and P is

(x—3)=y—3=

_1
:>y_4q;

o

1
y—3=13

1
4

el 8

14



Next,

hence, R(—9,0).

(c) Calculate the area of the shaded region bounded by the z-axis, the line PR, and

the curve PQ).

Solution

Let S(3,0). Then

4

shaded region = triangle PSR + f (2% — 102 + 24) dz

3

= (1 x [3—(=9)] x 3) + [12® — 52® + 24z],_

=36+ (& —80+96) — (9 — 45+ 72)
=36+ 13

:?ii

3

OR

13. A curve has the equation

where 0 < z < %7?.

d
(a) Obtain expressions for d_y and —=
T

Yy = 2cosx — cos 2z,

d2y
dz?’

Solution

d
Yy = 2cosx — cos2r = d_y = —2sinx — 2sin 2z
x

d2y

= 12 = —2cosx — 4 cos2z.

15

(5)



(b) Given that sin 2z may be expressed as 2sinz cosz, find the z-coordinate of the

stationary point of the curve and determine the nature of this stationary point.

Solution

Now,

j—z =0= —2sinx —2sin2x =0
= —2sinz — 2(2sinzcosx) =0
= —2sinz —4sinxcosx =0
= —2sinz(l —2cosz) =0

1

= sinx =0 or cosx = 3

Now, 0 <z < %ﬂ' which rules sinz = 0 out so we are left with

cosx = % =7 = %7‘(‘
and )
d%y
/gl orCod
x—37r:>dx2 =1>0
and we conclude that is a minimum.
(c¢) Evaluate
n
f ydx.
g
Solution
%ﬂ— . 1 - lﬂ'
ydz = [QSmx — 581n2x]2 )
%71- r=37

16



