Dr Oliver Mathematics
Mathematics: Advanced Higher
2026 Paper 2: Calculator
1 hour 30 minutes

The total number of marks available is 80.
You must write down all the stages in your working.

1. Differentiate
f(z) = 3sin! 7x.

Solution
Well,
" / 7
f(z) =3sin"" 7Tz = () =3 X —————
1 —(7Tx)?
Lf(r) =
V14922

2. Write down the binomial expansion of

and simplify your answer.

Solution

Now,

2
:x8—20x5+150x2—@+2.
X i
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3.

(a) Find and simplify the Maclaurin expansion, up to and including the term in z?, for:

(i) e,

Solution
Well,

e =1+ (3z) + 5,(32)* + £ (32)° + . ..
=143z + 2+ 2% + ...

(i) In(1+ z).

Solution

In(l+z)=x—32>+1° +. ...

(b) Hence find and simplify the Maclaurin expansion, up to and including the term in

23, for

1
e3mln< )
1+«

Solution

Now,

1
e In (—
1+2x

)

=eln(1+xz)"

—e*In (1 + ))
=—(1+3z+27+22°+.. )z—-12+ 17+ ..)

x | 1 +3z  +32z? +3s8
x x +322 —i—%x?’
—Llg20 1, 3p3 L.
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4. (a) Use the Euclidean algorithm to find d, the greatest common divisor of 1428 and
567.

Solution
Well,

1428 = 2 x 567 + 294
567 = 1 x 294 + 273
294 = 1 x 273 + 21
273 = 13 x 21 + 0,

and so the greatest common divisor of 1428 and 567 is 21.

(b) Find integers a and b such that

1428a + 567b = d.

Solution
Now,
21 = 294 — 273
= 294 — (567 — 294)
=2 x 294 — 567

= 2(1428 — 2 x 567) — 567
=2 x 1428 — 5 x 567;

hence, a = 2 and b = —5.

5. Given
y =",

use logarithmic differentiation to find d—y
x

Write your answer in terms of x.

Solution




6.

Logarithmic differentiation:
y=2%=Iny =Inz"™

= Iny =4xrlnz

quotient rule:

y dx x
1
= —% =4+4lnx
y do
= dy _ (4 + 41Inz)z*.
dx

(a) An arithmetic sequence has terms
usz = 6 and u;; = 10.

For this sequence, find the:

(i) common difference,

Solution
Let the first term be a and let the common difference be d. Then,

a+2d=6 (1)
a+10d =10 (2).

8d:4:>d=%.

(ii) first term, and

Solution




Now,

(iii) sum of the first 109 terms.

Solution
Next,
Sio9 = 3n[2a + (n —1)d]
1% 109 x [(2 x 5) + (108 x 3)]
L % x 64
= 3488.

ll

(b) The terms
v3 = 18 and vy = 27

form part of a geometric sequence.

For this sequence, find:

(i) common ratio,

Solution
Let the first term be a and let the common ratio be r. Then,

ar? =18 (1)
ar® =27 (2).
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(ii) first term, and

Solution




Next,

<
[
N1
oo
~—
[\
l
—_
oo

I
Q ko Q
Q
Il
%

Il
oo

(iii) an expression, in terms of n, for the sum of the first n terms.

Solution
Well,

8[(3)" — 1]

(c) Find algebraically the least value of n such that the sum of the geometric series

exceeds the sum of the first 109 terms in the arithmetic sequence

Solution
Now,

S, > 3488 = 16[(3)" — 1] > 3488
= ()" —1> 218
= (2)" > 219
= logo(2)" > logy, 219
= nlogyy 2 > logy,219
log, 219
10g10%
=n>13.29...;

=>n >

hence, n = 14.

7. A curve is defined parametrically by

=32t + 1), y =t — 5t*, where t > 0.
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d
(a) Find an expression for d_y
T
Simplify your answer.

Solution
Well,
dx 6
=3In(2¢t + 1 — =
T=3m@t D) = =5
and q
—t- 1Yy
Y 28 T
Now,
d
dy _ @
dz
dx S5
1—1¢
CALE 4
2t+1

— L2t 1)(1 - 1),

(b) Find the coordinates of the stationary point on the curve.

Solution
Next,
dy 1
52036(%4_1)(1_%):0
=2t+1=00rl1l—¢t=0
=1= —% ort=1.
Then,
t = —% = 1 = undefined
and

t=1=>x=31n3,y=%;

hence, the coordinates of the stationary point on the curve are (31n 3, %)

8. The volume, V' cubic metres, of water held in a reservoir is given by
V =18(2+ Vh)® — 1152,

where h metres is the depth of water.



Water is pumped out of the reservoir at a constant rate of 0.6 m?s1.

Find the rate of change of the depth of water in the reservoir when the depth is 9 metres.

Solution
Well,
1
V =182+ Vh)® —1152 = V = 18(2 + h2)® — 1152
dV 1 1
= a = 108(2+h2)5 X %h 2
dV 1 1
— =54h72(2+ h2)®
= ah ( + )
and av
— = —0.6.
dt
Now,
dV dV  dh 1 1 dh
— = — x — = —0.6 =54h72(2+ h2)® x —
at an Ca (2+h2)" x5
dh —0.6
54h™2(2 + h2)>
Next,
dh 0.6
h=9= —=—— "
T a T 52+ 3
dh _
i —93—1750 ms .
9. Express
34425
in base 9.
Solution




Well,

34425 = (3 x 5°) + (4 x 5%) + (4 x )
=375+ 100 + 20 + 2
:497107

and

49710 = (6 x 9%) + 11
=(6x9%) +(1x9)+2
= 612y.

+ 2

10. A curve is defined by the equation

z2e% + 2 +y = 50.

(a) Find j—y in terms of = and y.
T

Solution

Implicit differeniation:

z2e% + 22 +¢° = 50

dy d
= 6x’e 6ydx +5 4di —2x — 22e%
2 6y 4 dy_ 6y
= (6x% +5y)d———2x(1+e )
x

dy — —2z(1+e%)
dz 622y + 5yt

dy dy
27)(e%) + (a2 0 <) 422 + 5yt == =
= (2z)(e™) + (z7) (66 x> T+ 9y . 0

(b) Given x > 0, explain why the derivative is never zero.

Solution

Hence, the derivative is never zero.

Well, €% > 0 and 5y* > 0 so the denominator is always positive.




11. Find

2r + 4
J<x2+4> 5

Solution
Well,

[Cr) e[ G) o [ (5
[ () e

=In|2* + 4] + 2tan~ ' (2

s

i) o

)

12. Prove by induction that

™+ 2
is divisible by 3 for all n e N.
Solution
n=1:
r2=7+2
=9
=3 x 3,

so the result is true of n = 1.

Suppose the result is true for some n = k, i.e.,
7" + 2 = 3m,

for some integer m. Now,

" +2=3m=T7"=3m-2
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and
TR 2 =T x 712
=7(3m —2)+2
=2lm—14+2
=21lm — 12
= 3(Tm — 4),

and 7! + 2 is divisible by 3.

Hence, by mathematical induction, 7" + 2 is divisible by 3 for all n € N.

(a) Express using partial fractions
T+ 3
(x +T)(x+5)

Solution
Well,

A B Az +5) Bz +7)
@+7) @45 @+N@+5)  @trN@+5)
_ Ar +5A+ Bx + 7B
=T @+ D)@ +5)
(A+ B)xz + (bA+T7B)

(x +T7)(z+5) ’

SO
A+B=1 (1)
5A+7B =3 (2).
Now,
A+B=1=B=1-A (3)

and insert in to (2):

5A+T7B=3=5A+7(1-A)=3
=b5A+T7T-TA=3
= —2A=-4
= A=2
= B = —1;
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hence,
x+3

2 1

(x+7)(x+5) (x+7) (x+5)

(b) Hence find the particular solution of the differential equation

1

dy (2,
dz r+3 y_(:z;

given that y = 0 when z = 3.

h =0,
T 5 (@3 e

Solution
Integrating factor:

Now,

dy (2
dx z+3

d
= (:p+3)2[£+

dx

= % [y(ac + 3)2]

= M$+$2=J

Next,

r=3,y=0

= Lyt =

IF = S35

_ e2 In(z+3)
eln(achB)2

= (z + 3)%

1
(x+7)(x+5)(x+3)

(xi3)y]:(x+ﬁ;§+5)

r+3
(x 4+ T7)(x+5)
2 1

(x+7) (z+5H)
2 1
Qx+n‘(m+@)d”

y:

= y(z+3)?=2In(z+7) —In(x +5) +c

=0=2In10—-1In8 +¢
= —In100+In8 =¢

29 p 4
:In%—c.
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Hence,

y(z+3)*=2In(z+7) —In(z+5) +InZ
~2In(z+7) —In(z +5) +In 2
B (z + 3)? '

14. The plane 7 contains the points P (2,3, —4), Q(3,5,1), and R(6,0, —6).

(a) Determine the Cartesian equation of 7.

Solution
Well,
1 4
PO=| 2 |and PE=| -3
5 -2
Now,
i j k
POxPR=|1 2 5
4 -3 -2
= 11i + 22j — 11k
= 11(i+2j — k),

so, 1+ 2j — k is a normal vector.

Next,

T+2y—2z=2+2(3)—(—4)
= 12;

hence, the Cartesian equation of 7 is

x4+ 2y —z=12.

The line L has symmetric equations

r—8 y+2 z+2
"¢ CACLCLCLEETC

L intersects 7 at the point S.
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(b) Find the coordinates of S.

Solution
Well,
x—8_y+2_z+2_)\
2 -1 3
and that gives us
-8
x2 =A=x—8=2\
= =2\+8,
2
%:)\:y+2=—)\
=y=—-\—2
2
Z;’ A= z42=3)
=z =3\—2.

Substitute into m:

r+2y—2=12= 2X+8) +2(-A—-2) - (3A—-2) =12
=2\+8—-2\—-4-3\+2=12
= —-3\=6
= \= -2

Hence, the coordinates of S(4,0, —8).

Calculate the size of the acute angle between L and 7.

Solution
The direction vector is
2
d= —1
3
Now,
nd=2-2-3
= -3,

In| = /12 4+ 22 4+ (—1)2
= /6,

14



15. Let r be a positive real number and consider the following statement:

16.

and

|d| = /22 + (—1)2 + 32
~ V14

Finally,

cosf = S =0
V6 x \/14
But it says “the size of the acute angle”:

109.106. .. — 90 = 19.106 6054 (FCD)
— 19.1° (3 sf).

= 109.106 6054 (FCD).

If r is irrational, then /7 is irrational.

(a) Write down the contrapositive of the statement.

Solution

If \/r is rational, the r is rational.

Hence prove that the statement is true.

Solution
Suppose that /r is rational. Then,

where p, ¢ € Z. Now,

so r is rational.

Hence,
if r is irrational, then +/r is irrational.

(a) Given

y =1In(cosz), 0 <z <

N =

15



show that

dy ‘
— = —tanx
dx
Solution
Well,
dy 1 .
= = x (—sinz
dr cosz ( )
/ sinx
 cosx
= —tanuz,
as required.

For a function g(x), it is known that

f:);g(x) dz = 2z tan 2z — JQtaan dz.

(b) (i) Determine the exact value of

=) X
D=
3

xg(r)de.

Solution
Well,

rg(zr)de

o 2
=
3

1 6"
— [23; tan 21’]320 — J 2tan 2z dx
0
lﬂ'
T x V3 — 0) — [~ In(cos 22)]8_,
= Jr—(-In} +0)

7r+ln%.

I
/N

o5

3

(ii) Find an expression for g(z)

in terms of z.
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Solution
Think about

Juv’ zuv—fu’v.

So
u =z and v = 2tan 2z.
Finally,
v = 2tan 2z = v’ = 4sec® 2x;
hence,

g(r) = 4sec? 2.
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