Dr Oliver Mathematics
Further Mathematics
Rational Inequalities

Past Examination Questions

This booklet consists of 20 questions across a variety of examination topics.
The total number of marks available is 162.

1. (a) Sketch the graph of y = |x — 2a|, given that a > 0. (2)
Solution
Y
2a
2a x
(b) Solve |z — 2a| > 2x + a, where a > 0. (3)
Solution

Tr—2a > 2% + a:

T—2a>2r+a=x<—3a.

—(x —2a) > 2z + a:

—x+2a>2x+a=>a>3x:>x<§a.

2a

fis
Hence 2 < %a.




2. (a)

3. (a)

On the same diagram, sketch the curve with equation y = |22 — 4| and the line with
equation y = |2z — 1|, showing the coordinates of the points where the curve meets
the axes.

Solution
Y
4
0.5
—2 0.5 2 Z
Solve |z? — 4| = |2z — 1], giving your answer in surd form as appropriate.
Solution
2 —1=2x—1:

-4 =20 —-1=2>-2r—-3=0
=(x—-3)(z+1)=0

=zx=—1orzx=3.

2 —1=—(2z—1):

?—4=-20+1=2>+22=5
=2’ +2r+1=6
= (z+1)?2=6
—z+1=+V6
=2z =-1+6.

Hence, or otherwise, find the set of values of x for which |2% — 4| > |2z — 1|.

Solution
Hence z < =1 — /6, -1 <z < —14++/6, or z > 3.

Use algebra to find the exact solutions of the equation

222 + 7 — 6| = 6 — 3x.
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Solution

202 +x —6 =6 — 3z

2%+ —6=6—-3r=22>+4x—-12=0
= 2(2® + 22 —6) =0
=224+2r—6=0
=22+ 2 +1="7
= (z+1)?%*=7
=r+1=+V7
=z=—1+7

—(22% +x —6) = 6 — 3

202 —r+6=6—-3r=0=22>—2z
= 0=2z(x—1)

=g =0o0rx=1.

(b) On the same diagram, sketch the curve with equation y = |22% + 2z — 6| and the line
with equation y = 6 — 3z.

Solution

-2

15 N =

(c) Find the set of values of x for which

1222 + 2 — 6| > 6 — 3z.
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Solution
r<—-1—-+70<z<1 orz>—1++/T7.

4. Figure 1 shows a sketch of the curve with equation

22 -1 Lo
= , X —
Y |z + 2|
)
: e
-2 T 1 1 =
2?2 —1
Figure 1: y = ——
S N ]
The curve crosses the xz-axis at * = 1 and x = —1 and the line z = —2 is an asymptote
of the curve.
(a) Use algebra to solve the equation
2 —1
— =3(1 —x).
|z + 2| ( )

Solution




x+2
7 -1 31—a) =2 —1=3(1—2)(z +2)
= —x)=>x" —1= —x)(x
T+ 2
=7°—1=32-2—17%
=22 —1=6—3x — 322
=422 +3x—-7=0
= 4z +T7)(z—1)=0
=>x=—£ora:=1.
-l 3(1 - )
—(z+2)
2 -1

m=3(1—az)=>.r2—1=—3(1—x)(33+2)

=2°—1=-312—1z— 2%
=22 -1=322+32z—-6
=0=22>+32z-5
=0=2z+5)(x—1)

5

=z =—3. (x =1 is not a solution)

Hence, or otherwise, find the set of values of x for which

Solution

-2 T 1IN x

Hencex<—%or —£<x<1.




5. Find the set of values of x for which

z+1 1
< .
2 — 3 z—3
Solution
z+1 1 z+1 1

< = — <0
2r—3 zx—3 2r—3 x-—3

(x+1)(x—3)— (2z — 3)

- —3
(22 =22 —-3)—2x+3
w—3)2r—3
x? — dx
o —3
x(x —4)

= 3 —3

and so the four critical values are 0, %, 3, and 4.

\x<0 O<z<3 3<z<3 3<z<4 z>4

x — - + + +
r—3 - - + + +
x—3 - — - + +
x—4 z g 7 — +
z(r —4) N B N B N

(x —3)(2z — 3)

HenceO<:L‘<%or3<rc<4.

6. (a) Simplify the expression
(x 4+ 3)(z +9)
rz—1

— (3z = 5),
giving your answer in the form

a(x +b)(x + ¢)
Rl

?

where a, b, ¢ are integers.



7.

Solution

(x +3)(z+9) (x+3)(z+9)— Bz —5)(x—1)

—(3r —5) =
r—1 (32 —5) r—1
(2? + 122 4+ 27) — (32* — 8z + 5)
B r—1
| =227 + 20z + 22
B rx—1
_ —2(z% — 10x — 11)
24 r—1
2@ 1)z + 1)
B x—1 ’
hence, a = =2, b= —11, and ¢ = 1.
b) Hence, or otherwise, solve the inequalit
Yy
3 9
BECRICEIEALECSs
r—1
Solution
50 3 9 2 11 1
@)@ 9) | (g, g 2EErD
z—1 z—1
lz<—-1 —-l<z<1 l<z<1l z>11
r+1 - + + +
r—1 — — + +
r—11 — — — +
—2(zx —11 1
G-+ | - . -
z—1

Hence z < —1lor 1l <ax < 11.

(a) Find, in the simplest surd form where appropriate, the exact values of = for which




Solution

T 4
—+3=—
2+ T

4
+3=—-=2"+6x=38
T
=2 +6r—8=0
= (2 +62+9)—17=0
= (z+3) =17
=z =-3+1T.

But x = —3 — /17 is not a solution (because we’ve flipped the left-hand part
of the graph).
Y.
2 " x

4
~4+3=—=21"+6z=-8
2 T

=22 +62+8=0
= (r+2)(z+4)=0

=z =—4orzxz=—2.

The three correct solutions are x = —4, —2, or — 3 + +/17.

4
(b) Sketch, on the same axes, the line with equation y = §+3 and the graph of y = ‘—‘, (3)
x
x # 0.

Solution




(c¢) Find the set of values of x for which

T
—+3>|—].
2+ T
Solution
4 <x<—-2o0rx>-3+17
8. Find the set of values of x for which
23+ br — 12
— > 1.
r—3
Solution
3 /4 3 _
x° + bz 12>4:>x + bx 12_4>0
r—3 r—3
3 _ 19 _ _
7 +5r —12 —4(x 3)>0
T —3
3
:>x +x>0
r—3
2
:>:r;(x +1>>O,
r—3

and so the two critical values are £ = 0 and 3.

‘x<0 0O<x<3 >3

T - + +
r—3 # — +
a(2® +1) _ N
z—3

Hence z < 0 or z > 3.

9. (a) On the same diagram, sketch the graph of y = x + 2 and the graph of y = ‘ﬁ|

Indicate on your sketch the coordinates of any points at which the graphs cross the
axes, and state the equations of any asymptotes.



Solution
)
L —7
et N R o T T

(b) Find the set of values of x for which

1
+2< .
v :z:—2‘
Solution
— <r+2<
xr—2 7 xr — 2
1
1
- 2<x+2=>—1<(m+2)(x—2)
xi
= -1<z2?—14
= 3 < 22
= /3 <z <43
x+2<ﬁ:

xi2:>(x—|—2)(x—2)<1

T+ 2<

=22—-4<1
=122 <5

:>—\/5<ZL‘OI‘JZ>\/5.

By taking a look at part (a), we can see that —/3 < z or v/3 < 2 < /5.

10. Figure 2 shows the graph of y = 10 + 3z — 2 and the graph of y = |3z — 1].
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10 B

/" N
Figure 2: y = 10 + 3z — 2? and y = [3z — 1]

The graphs intersect at the points A and B.
(a) Use algebra to find the exact z-coordinates of A and B.

Solution
10+ 3z — 22 =3z — 1:

10+3r—22=3c—-1=11 =22

=1 = ++V11;

thus, B = V1.
10 +3z — 22 = —(3x — 1):

10+3z—2°=-3v+1=0=2>—62—9
= 0= (2 -6z +9) — 18
=0=(zx—3)7-18
=z —3=+43V2
=z =3+ 3V2;

thus, A = 3 — 34/2.

(b) Find the set of values of x for which

10 4+ 3z — 2% > |3z — 1|.

Solution

11



11.

3—-3V2 <2 </11.

(c) Find the set of values of z for which |10 + 3z — 2?| < |3z — 1.

Solution

Y

Figure 3 shows the graph of y = |10 + 32 — 2?| and the graph of y = [3x — 1].

10

-2

5 T

Figure 3: y = [10 + 3z — 2?| and y = |3z — 1|

So, to take the four values of x,

V1l <x<3-3vV2and V11 <z < 3+ 3v2.

(a) Find the set of values of = for which

+4 > .
v T+ 3

Solution

12



2
x+4> =r+4— >0
z+3 z+3
_ (a:+3)(x+4)—2>0
x+3
2 _
:>(x + Tx + 12) 2>0
T+ 3
2 4+ Tz + 10
= >0
r+3
_ (x + 2)(x + 5) -0,
x4+ 3
and so the three critical values are x = —5, —3, and —2.

\az<—5 S<r<-3 -3<z<-2 x>-2
r+5 A + + +
T +3 — — + +
T+ 2 — — - +
2 5
(x4 2)(z +5) (o N B N
T+ 3

Hence
—-Hh<zx<-3o0rz>-—2.

(b) Deduce, or otherwise find, the set of values of = for which

T +4>

|z + 3|

Solution

Consider the geometry of the problem. Nothing changes for x > —2 since both
sides of the original inequality were already positive. For —5 < x < —3, both
sides were negative so the introduction of the modulus on the right means that

we lose these possible solutions. Hence x > —2.

12. Find the set of values of = for which

3 r—4
> .
r+3 T
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Solution

3 r—4 3 x—4
> = —
T+ 3 x T +3 x
i333—(:)3+3)(93—4)
z(z + 3)
3z — (2? —x —12)
=
z(zx + 3)
12 + 4z — 22
z(z + 3)
N (6—2x)(2+x)
z(z + 3)

>0

>0

>0

> ()

> 0,

and so the four critical values are x = —3, —2, 0, and 6.

r<-3 -3<xrx<-2 2<z<4 0<x<6 x>6

x+3 — + + + +

T+ 2 — — + + +

x — - - + +

6—x + + + + —~

(6 —2)(2+ 2) B L. a N B
z(z + 3)

Hence -3 <z < —-2o0r 0 <2z <0.

13. Find the set of values of z for which

‘xQ — 4| > 3.

Solution
x? —4 > 3
2?2 —4>3rx=2"-3x—-4>0
= (z+1)(z—4)>0

=zx<—1orzx>4

14



—(2? — 4) > 3

22 4+4>3r=0>2>+3x—4
=0>(x+4)(z—1)
= 4 <x<l.

Hence
r<1orxz>4.

14. Use algebra to find the set of values for which

6x 1
> .
33—z r+1

Solution
6z 1 6x 1
> = — >0
3—x z+1 3—z x+1
6 (3 _
z(r+1)—(3 x)>0
(r+1)(3—1x)
_d 6x” + 7Tx — 3 =0
(x+1)(3—x)
(3x — 2)(2z + 3)
(x+1)(3—1x)
and so the four critical values are x = —%, -1, %, and 3.
r<—-3 —S<r<-1 —-l<az<i 2<z<3 z>3
2r + 3 — - + + +
z+1 — — - + +
3x — 2 — — — + +
3—x + - + + —
3x —2)(2
(3x — 2)(2x + 3) B N B N B
(x+1)(3—x)
Hence—%<x<—1or§<x<3.
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15.

(a) Use algebra to find the exact solutions of the equation

‘2m2+6x—5‘=5—2x.

Solution

22 + 62 — 5| =5 — 2z = (22° 4+ 62 — 5)* = (5 — 22)°
= 4" + 242° + 162° — 60z + 25 = 42® — 202 + 25
= 4x* + 2423 + 1202 — 402 = 0
= 4z(2° + 62° + 3z — 10) = 0
= 4x(x — 1)(2* + Tz + 10) = 0
=dz(z—1)(x+2)(z+5)=0

and hence
r=-—5,—2,0, or 1.

(b) On the same diagram, sketch the curve with equation y = |222 + 6z — 5| and the
line with equation y = 5 — 2z, showing the z-coordinate of the points where the
line crosses the curve.

Solution

16



(c¢) Find the set of values of x for which

|22% + 62 — 5| > 5 — 2a.

Solution
Using (a) and (b), z < —=5,—-2 <z <0, or x > 1.

16. Using algebra, find the set of values of x for which

2
3r —5 < —.
T

Solution
2 2
3r—5h<—=3r—-5——-—<0
x e
3r—5)—2
:—x(x 5) <0
x
322 — bx — 2
= — <0
x
3 1(x—2
_BrrE-2)
x
and so the three critical values are x = —%, 0, and 2.
lz<—3 —f<2<0 0O<z<2 z>2
3z + 1 — + + +
T - - + +
xr—2 — — — +
3x+1)(x—2
G D=2 | R .

Hencex<—%or0<a:<2.

17. Use algebra to find the set of values of x for which

32 — 19z + 20| < 22 + 2.
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Solution

32% — 192 + 20 = (3x — 4)(x — 5) and so we can consider two cases.

T < % or x = 5: 3z2 — 192 + 20 > 0 and hence the inequality becomes

322 =192 +20 <22 +2 =322 — 21z + 18 < 0
=22 —Tr+6<0
= (z—1)(z—6)<0
=]l<x<6

andhence1<x<§0r5<$<6.
% < x < b: 322 — 192 + 20 < 0 and hence the inequality becomes

—(32% =192 +20) < 2 + 2 = 327 — 172 + 22 > 0
= 3r—11)(z —2) >0

$x<20rx>1—31
and hence % <x<2or % < x < 5. So the full solution is

1<m<20r13—1<x<6.

18. (a) Use algebra to find the set of values of x for which

12
xr+ 2> .
T+ 3

Solution

12
=r+2— >0

T+ T+ 3
:>(x+2)(x+3)—12
T+ 3

(:v2+5x+6)—12>
T+ 3

22 +5x—6
= ——>0
T+ 3

:>(x+6)(x—1)

T+ 3

T+ 2>

>0

0

=

>0,
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and hence the critical values are —6, —3, and 1.

\x<—6 6<zr<-3 -3<z<l z>1

z + 6 — + - +
T +3 — — + +
r—1 — — - +

(x+6)(x—1) ¢ N B N
x+3

Hence -6 <z < -3 orz > 1.

(b) Hence, or otherwise, find the set of values of x for which

Solution

Consider the geometry of the problem. Nothing changes for > —3 since both
sides of the original inequality were already positive. For x < —3, both sides
were negative so the introduction of the modulus on the right means that we
lose these possible solutions. Hence x > 1.

19. Use algebra to find the set of values of x for which
x 2

< .

z+1 x+2

Solution

T 2 T 2

< = — <
z+1 T+ 2 r+1 x+2
z(r +2) —2(x + 1)

0

i@+ O
)

S aiar2 Y

L @-VAEtvD)

(x+1)(x +2)
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and hence the critical values are —2, —/2, —1, and /2. (Table 1 on page 21 shows
the details.) Hence
—2<x< 20 —1<z<V2

20. Use algebra to find the set of values of = for which
T —2 12
< .
2 +2)  z(x+2)

Solution
xr—2 12 x(r—2)—24
< =
2 +2)  z(x+2) 2z(x + 2)
2 — 21— 24
———— <0
2z(x + 2)
(x—6)(z+4) _
2u(r +2)

and the critical values are —4, —2, 0, and 6.

r<-—-4 Ad<r<-2 -2<z<0 0<zx<6 z>6

z+4 — + + - +
T+ 2 — — + + +
x ~ Y r + +
z—06 - - — — +
-6 4
EEOCET I - . .
2z(z + 2)
‘ r=—4 T =—2 z=0 =0
5 (’; ;22) % undefined — % 1
% % undefined undefined }1

Same? ‘ the same undefined undefined the same

So the full solution is
4 <r<-2o0r0<x<<6.
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(¢ +)(1+2)

N|NH

-1 OI9®L

+
|

(¢c+x)(1+2)

N|N,&.

l_l
l_l
l_l

++ + +

l_l
l_l

l__l

Qzla

[+

(A

¢t

ch<r TN>T>T1— [—->T>gN— TN—>T>7— mlv.i
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