Dr Oliver Mathematics
Applied Mathematics: Differentiation

The total number of marks available is 49.
You must write down all the stages in your working.

1. Differentiate, and simplify as appropriate,

(a) f(z) = exp(tan 32), where —1 <z <,

Solution

f(z) = exp(tan iz) = f'(z) = exp(tan iz) - sec® 1z - 1

= f'(z) = §sec® sz exp(tan 1x).

g(z) = (z* + 1) In(z® + 1), where z > 0.

Solution
d
u=x3—|—1:—u=3x2
dx
dv 3x2
_ 3 _
v=hn@ ) == mT

gx) = (2 + 1) In(z® + 1) = g'(z) = 32 - In(2® + 1) + (2 + 1) - 3°

= ¢'(z) = 32 In(2”® + 1) + 32°.

(23 +1)

2. Given that

y = In(1 +sinz),

where 0 < z < 7, show that

d*y -1

dz?  1+sing’




3.

Solution

y=1In(l +sinz) =

as required.

dy cos x
dx 1+sinx
du .
U=CoST = — = —singx
dx
. dv
v=1+sinr = — =cosz
dx

d’*y (1 +sinx)(—sinz) — cos z(cos x)

= =

dz? (1 +sinx)?

d’y —sinz —sin’z — cos?z
Az (14 sinz)?

d’y  —sinz — (sin®z + cos® z)
Az (1 + sinx)?
N d?y _ —sinz — 1

dz?2 (1 + sinx)?
_ d*y _ (I +sinz)
dz?2 (1 +sinz)?
d?y -1
= = )
dz?2 1 +sinx

(a) Given

f(z) = xtan 2z

for —3m <z < i, obtain an expression for f'(z).

Solution

d
u=x:—u:1

dx

v
v =tan2r = — = 2sec’2x
dx




and

f(z) = ztan 2z = {'(2)
= f'(z)

(z)(2sec? 2z) + (1)(tan 27)
2x sec? 2x + tan 2z.

(b) Show that

f’(z) = 4sec? 22(1 + 22 tan 2z).

Solution
du
—or = S o9
u €r = dx
d
v = sec’ 21 = d_v = (2sec2x)(sec 2r tan 22)(2) = 4sec? 2x tan 2z
T
and
f'(x) = 2z sec’ 2x + tan 2z
= {’(z) = (22)(4sec? 2z tan 22) + (2)(sec? 22) + 2sec® 2z
= f"(x) = S8wsec’ 2x tan 27 + 4 sec’ 27
= f{"(x) = 4sec® 2z(1 + 22 tan 2z),

as required.

(c) Hence find the exact value of

x.

1
fé“ 1+ 2z tan2x d
0 cos? 2x

Solution




1 1
6" 1+ 2xtan?2 6"
J w dz = f sec® 2z(1 + 2z tan 2z) da
0 cos* 2x

1
67T
4sec® 2z(1 + 2z tan 2z) dw

||
h

1

2x sec? 2 + tan 2x] o

|
(5 ¥8) ~0+0)]
(47r+3\f>.

Sl

4. Differentiate the following, simplifying your answers as appropriate.

_ 2 1 1
(a) f(x) = e*tanz, —5m < < 7.

Solution
du
_ o2z =9 2z
U =e = e
dv
v=tanzr = — = sec’x
dx
f(z) = e* tanz = f'(z) = (*)(sec’ z) + (2¢*)(tan x)
= f'(z) = e**(sec’ z + 2tan ).
Ccos 2x
8(z) = —5—
Solution
d
U = COoS 2T = o —2sin 2z
dx
dv
3 2
frd _— 3
v=2x" = . T




cos 2x _ (2%)(—2sin2z) — (cos 2z)(32?)
23 (29)2

2?(—3 cos 2x — 2x sin 2x)

26
—3cos2x — 2xsin 2x

xrd

5. Differentiate the following, simplifying where possible.

1+sinx
f = T O< < )
(a) £(z) 1+ 2sinz’ TS
Solution
) du
u=1+snzr = — =coszx
dx
d
v:1+2sinx=>—U=2cosx
dx
1 +sinz = () = (1 + 2sinx)(cosz) — (1 + sinx)(2cosx)

1+ 2sinz

(1+ 2sinz)?
cosz[(1+2sinz) — (24 2sinz)]

f! =4
) (14 2sinz)?
—COST
£/ D E—
= () (1+ 2sinz)?
(b) g(z) = In(1 + ).
Solution
1
8(0) = In(1 +62) = ¢/(2) = 7 6¥ 2
2629:
/ JE—
= g( ) - 1 _"_ 621-'
6. Given the curve
T
y x2 44’



calculate the gradient when x = 2.

Solution
du
—rs— =1
u=1z=
d
v=1’+4= Sy 2z
dx
W/ % 2 (22 +4)(1) — (z)(27)
VT4 do (22 +4)2
dy 4 — 22
= — = -
de (22 +4)?
Finally,
dy 4 — 22
—9=J o T g
T=2= g T @wrap Y
7. Given that
y = sin(e™),
dy
find —=.
"
Solution
d
y = sin(e’) = ﬁ = cos(e’) - 5e’”
d
= ﬁ = 5e™ cos(e”).

8. Find the gradient of the tangent to the curve

at the point where x = 10.

y=2zvr—1



Solution

v
Now,
y=2xvVr—1
and

du

u=2x:>£:2
1 d 1
z(x—1)2:>£=%(a:—l)_2

1

a g_y _ (22) l%(w _ 1)—5] L (2) [(x - 1)%]

i

1
R j_i (- 1) 2z 4 2z — 1)]
1
= j—z =(x—1)"2(3z—2)
dy
=10=>— =2,
o :>dx 3

9. Given that

dy
find —.
. dz

y = > tan 2z,

Solution

d
w=e" = " = 55T
dx
v 2
v =tan22x = — = 2sec” 2z
dx

d
y = e’ tan 27 = d—y = (e"")(2sec? 2x) + (5e°*)(tan 27)

X
dy
YW _

S5z 2
= 2 2z + Stan2x).
= (2sec” 2z an 2z)

10. A curve is defined by



Find the exact values of the coordinates of the stationary point of this curve.

Solution
) du
u=snr= — =cosz
dx
dv _
vV=2—cosT = — =sinxw
dzx
_ sinw 4, dy  (2—cosx)(cosx) — (sinz)(sinz)
Y= 9 cosz  dr (2 — cosx)?
dy 2cosx —cos’z —sin’x
> — =
dz (2 — cosx)?
dy 2cosz — (cos®x + sin® x)
- — =
dz (2 — cosx)?
dy 2cosx — 1
=y < o 00
dz (2 —cosz)?
and
dy 2cosx — 1
—=0=—"-—-=0
dz - (2 — cosx)?

= 2cosz—1=0




