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Applied Mathematics: Differentiation

The total number of marks available is 49.
You must write down all the stages in your working.

1. Differentiate, and simplify as appropriate,

(a) (3)fpxq “ expptan 1
2
xq, where ´π ă x ă π,

Solution

fpxq “ expptan 1
2
xq ñ f 1pxq “ expptan 1

2
xq ¨ sec2 1

2
x ¨ 1

2

ñ f 1pxq “ 1
2

sec2 1
2
x expptan 1

2
xq.

(b) (3)gpxq “ px3 ` 1q lnpx3 ` 1q, where x ą 0.

Solution

u “ x3 ` 1 ñ
du

dx
“ 3x2

v “ lnpx3 ` 1q ñ
dv

dx
“

3x2

x3 ` 1

gpxq “ px3 ` 1q lnpx3 ` 1q ñ g1pxq “ 3x2 ¨ lnpx3 ` 1q ` px3 ` 1q ¨
3x2

px3 ` 1q

ñ g1pxq “ 3x2 lnpx3 ` 1q ` 3x2.

2. (5)Given that
y “ lnp1` sinxq,

where 0 ă x ă π, show that
d2y

dx2
“

´1

1` sinx
.
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Solution

y “ lnp1` sinxq ñ
dy

dx
“

cosx

1` sinx

u “ cosxñ
du

dx
“ ´ sinx

v “ 1` sinxñ
dv

dx
“ cosx

ñ
d2y

dx2
“
p1` sinxqp´ sinxq ´ cosxpcosxq

p1` sinxq2

ñ
d2y

dx2
“
´ sinx´ sin2 x´ cos2 x

p1` sinxq2

ñ
d2y

dx2
“
´ sinx´ psin2 x` cos2 xq

p1` sinxq2

ñ
d2y

dx2
“
´ sinx´ 1

p1` sinxq2

ñ
d2y

dx2
“
´p1` sinxq

p1` sinxq2

ñ
d2y

dx2
“

´1

1` sinx
,

as required.

3. (a) (2)Given
fpxq “ x tan 2x

for ´1
4
π ă x ă 1

4
π, obtain an expression for f 1pxq.

Solution

u “ xñ
du

dx
“ 1

v “ tan 2xñ
dv

dx
“ 2 sec2 2x

2
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and

fpxq “ x tan 2xñ f 1pxq “ pxqp2 sec2 2xq ` p1qptan 2xq

ñ f 1pxq “ 2x sec2 2x` tan 2x.

(b) (3)Show that
f2pxq “ 4 sec2 2xp1` 2x tan 2xq.

Solution

u “ 2xñ
du

dx
“ 2

v “ sec2 2xñ
dv

dx
“ p2 sec 2xqpsec 2x tan 2xqp2q “ 4 sec2 2x tan 2x

and

f 1pxq “ 2x sec2 2x` tan 2x

ñ f2pxq “ p2xqp4 sec2 2x tan 2xq ` p2qpsec2 2xq ` 2 sec2 2x

ñ f2pxq “ 8x sec2 2x tan 2x` 4 sec2 2x

ñ f2pxq “ 4 sec2 2xp1` 2x tan 2xq,

as required.

(c) (4)Hence find the exact value of

ż

1
6
π

0

1` 2x tan 2x

cos2 2x
dx.

Solution

3
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ż

1
6
π

0

1` 2x tan 2x

cos2 2x
dx “

ż

1
6
π

0

sec2 2xp1` 2x tan 2xq dx

“ 1
4

ż

1
6
π

0

4 sec2 2xp1` 2x tan 2xq dx

“ 1
4

“

2x sec2 2x` tan 2x
‰

1
6
π

x“0

“ 1
4

”´

4
3
π `

?
3
¯

´ p0` 0q
ı

“ 1
12

´

4π ` 3
?

3
¯

.

4. Differentiate the following, simplifying your answers as appropriate.

(a) (3)fpxq “ e2x tanx, ´1
2
π ă x ă 1

2
π.

Solution

u “ e2x ñ
du

dx
“ 2e2x

v “ tanxñ
dv

dx
“ sec2 x

fpxq “ e2x tanxñ f 1pxq “ pe2xqpsec2 xq ` p2e2xqptanxq

ñ f 1pxq “ e2xpsec2 x` 2 tanxq.

(b) (4)gpxq “
cos 2x

x3
.

Solution

u “ cos 2xñ
du

dx
“ ´2 sin 2x

v “ x3 ñ
dv

dx
“ 3x2

4
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gpxq “
cos 2x

x3
ñ g1pxq “

px3qp´2 sin 2xq ´ pcos 2xqp3x2q

px3q2

ñ g1pxq “
x2p´3 cos 2x´ 2x sin 2xq

x6

ñ g1pxq “
´3 cos 2x´ 2x sin 2x

x4
.

5. Differentiate the following, simplifying where possible.

(a) (3)fpxq “
1` sinx

1` 2 sinx
, 0 ď x ď π,

Solution

u “ 1` sinxñ
du

dx
“ cosx

v “ 1` 2 sinxñ
dv

dx
“ 2 cosx

fpxq “
1` sinx

1` 2 sinx
ñ f 1pxq “

p1` 2 sinxqpcosxq ´ p1` sinxqp2 cosxq

p1` 2 sinxq2

ñ f 1pxq “
cosxrp1` 2 sinxq ´ p2` 2 sinxqs

p1` 2 sinxq2

ñ f 1pxq “
´ cosx

p1` 2 sinxq2
.

(b) (2)gpxq “ lnp1` e2xq.

Solution

gpxq “ lnp1` e2xq ñ g1pxq “
1

1` e2x
¨ e2x ¨ 2

ñ g1pxq “
2e2x

1` e2x
.

6. (3)Given the curve

y “
x

x2 ` 4
,

5
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calculate the gradient when x “ 2.

Solution

u “ xñ
du

dx
“ 1

v “ x2 ` 4 ñ
dv

dx
“ 2x

y “
x

x2 ` 4
ñ

dy

dx
“
px2 ` 4qp1q ´ pxqp2xq

px2 ` 4q2

ñ
dy

dx
“

4´ x2

px2 ` 4q2
.

Finally,

x “ 2 ñ
dy

dx
“

4´ 22

p42 ` 4q2
“ 0.

7. (2)Given that
y “ sinpe5xq,

find
dy

dx
.

Solution

y “ sinpe5xq ñ
dy

dx
“ cospe5xq ¨ 5e5x

ñ
dy

dx
“ 5e5x cospe5xq.

8. (4)Find the gradient of the tangent to the curve

y “ 2x
?
x´ 1

at the point where x “ 10.

6
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Solution

u “ 2xñ
du

dx
“ 2

v “ px´ 1q
1
2 ñ

dv

dx
“ 1

2
px´ 1q´

1
2

Now,

y “ 2x
?
x´ 1 ñ

dy

dx
“ p2xq

„

1
2
px´ 1q´

1
2



` p2q

„

px´ 1q
1
2



ñ
dy

dx
“ px´ 1q´

1
2 rx` 2px´ 1qs

ñ
dy

dx
“ px´ 1q´

1
2 p3x´ 2q

and

x “ 10 ñ
dy

dx
“ 28

3
.

9. (3)Given that
y “ e5x tan 2x,

find
dy

dx
.

Solution

u “ e5x ñ
du

dx
“ 5e5x

v “ tan 2xñ
dv

dx
“ 2 sec2 2x

y “ e5x tan 2xñ
dy

dx
“ pe5xqp2 sec2 2xq ` p5e5xqptan 2xq

ñ
dy

dx
“ e5xp2 sec2 2x` 5 tan 2xq.

10. (5)A curve is defined by

y “
sinx

2´ cosx
for 0 ď x ď π.

7
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Find the exact values of the coordinates of the stationary point of this curve.

Solution

u “ sinxñ
du

dx
“ cosx

v “ 2´ cosxñ
dv

dx
“ sinx

y “
sinx

2´ cosx
ñ

dy

dx
“
p2´ cosxqpcosxq ´ psinxqpsinxq

p2´ cosxq2

ñ
dy

dx
“

2 cosx´ cos2 x´ sin2 x

p2´ cosxq2

ñ
dy

dx
“

2 cosx´ pcos2 x` sin2 xq

p2´ cosxq2

ñ
dy

dx
“

2 cosx´ 1

p2´ cosxq2

and

dy

dx
“ 0 ñ

2 cosx´ 1

p2´ cosxq2
“ 0

ñ 2 cosx´ 1 “ 0

ñ cosx “ 1
2

ñ x “ 1
3
π (only)

ñ y “
?
3
3

;

hence, the exact values of the coordinate are p1
3
π,

?
3
3
q.
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