Dr Oliver Mathematics
Further Mathematics
Reduction Formulae

Past Examination Questions

This booklet consists of 24 questions across a variety of examination topics.

The total number of marks available is 281.

1.
G2 f 2*(Inz)"dz, n = 0.
1

(a) Prove that, for n > 1,

1.3 1
]n = §€ - gn_[n_l.

Solution

We use integration by parts:

du n(lnz)* ! dv
= 1 n _— —— _— =
u=(lnx)" = = " and e

Hence

r=1 3

= (32 -0) - %J 2*(Inz)" ' da
1
- %63 - %n-[n—lu

as required.

I, = [32*(ln2)"]°_ — QJ 2*(Inz)" da
1

(b) Find the exact value of I3.

Solution
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=3 — 3 [32°].,
=30 -3 -
= 217 + %63.

I, —J (a—x)"cosxdx,a>0,n=0.

(a) Show that, for n > 2,
I, =na" ' —n(n—1)I,_,.

Solution
We use integration by parts:

du
doz dx
Hence

L, =[(a—z)"sinz]l_, + nf (a—2)" 'sinzdz

0
a

=(0-0) +nf (a — )" 'sinzdz
0

a
= nf (a—2)" 'sinzde
0

=n {[(a —z)" eosz]l_ — (n—1) f(a — )" 2 COS$dx}
=n{0—(=a"") = (n—1)I,_}

=na"' —nn - 1)1,_,,

as required

d
u=(a—z)" = = —n(a—z)"* and S0 = cosa = v = sina.




(b) Hence evaluate

Solution
We use part (a) with a = 7:

[QZQX%—QIU

E
2
=7m—2 cosz dx
0

s

— 7 —2[sinz] 2,
=71—2(1-0)

=7 — 2.

(a) Prove that, for n > 1,

Solution

We use integration by parts:

Then

as required.

(b) Find, in terms of e, the exact value of

1
f x2e? dz.
0



Solution
Let

Then

So

1
J, = J z"e*® dz.
0
_ [1,n 2¢]1 1
Jp = [2:15 e ]ac:O 5Nn 1
_ (1.2 1
= (56 — O) — ianfl
1.2 1
= 56 — §an_1
JQ = %62 — J1
- 1.2_ (1.2 _ 1
= 3¢ (26 2‘]0)
1
_ 1 2z
= 3 . e“r dx
ol /! [1629:]1
1,2

I,

(a) Prove that, for n > 2,

1
f (1 —x)"coshadz, n = 0.
0

I, =n(n—1)1, 5 —n.

Solution

u=(1-2)"=

du

i

We use integration by parts:

= —n(l—z)" ! and d_v = coshx = v = sinh z.
T




Hence

1
I, = [(1 — z)"sinh :E]i,zo + nJ (1 — )" 'sinhzdz
0
1

=(0-0)+ nJ (1 — )" sinhzdz
0

. {[(1 —a)"teosha]', + (n—1) fu gy coshxd:z:}

=n{(0—-1)+ (n—1)I,_}

=n(n—1)1, 2 —n,

as required.

(b) Find an exact expression for I, giving your answer in terms of e.

Solution
Iy =121, —4
=12(2Ih—2) -4
=241, — 28

1
= 24f coshxdz — 28
0

= 24 [sinhx]._, — 28
= 24sinh 1 — 28

e—et
=24 — 28

= 12¢ — 12¢7 1 — 28,

5. Given that

4
I, :J x"v4 —xdr,n =0,
0

(a) show that
8n

=—I,1,n>=1
n+3 1, T

n



Solution
We use integration by parts:
d d 1 3
u—x”@ﬁ =nz""" and é =(d-2)2=v=-34—-2)2.
So
374 4
I, = l—% ”(4—x)5] + %nfo 2" (4 —2)2d
=0
g 1
=(0-0)+ %nfo "4 —-2)(4—2)2da
= %n[n,1 3n]n.
Then
31, = 8nl,_, — 2nl, = (2n + 3)I, = Snl L— "
n = ONlp_1 — aNdy = (4N n = ONlp1 = Ipn = o -1ln-1,
! ! on+3 """
as required.

Given that

4
J Vi—zde=1,
0
(b) use the result in part (a) to find the exact value of

4
J 224 — xdx.
0

Solution

6. Given that y = sinh" ' 2 cosh z,



(a) show that
dy s 1.n—2 eI
— = (n—1)sinh""“ x 4+ nsinh" z.

dx
Solution
We use the product rule:
d d
w=sinh" !z = S0 = (n —1)sinh" ?z coshx and v = coshz = Y _ sinha.
dx dx
Hence
d
d—y = sinh™ z + (n — 1) sinh™ % 2 cosh® =
x
= sinh" z + (n — 1) sinh" ? z(1 + sinh® z)
= (n—1)sinh" ?z + nsinh” z,
as required.

The integral I,, is defined by

arsinh 1
: n
I, = f sinh” xdxz, n > 0.

0

(b) Using the result in part (a), or otherwise, show that

nl, = V2 — (n—1)1,_2, n>2.

Solution
You probably don’t like the look of the upper limit, arsinh 1, do you? Well, be

of good cheer:
sinh(arsinh 1) = 1

and, since
cosh?(arsinh 1) — sinh?(arsinh 1) = 1,

we have

cosh(arsinh 1) = \/1 + sinh?(arsinh 1) = V1 + 12 = v/2.




The trick is now to use the result in part (a) and integrate each side:

d
— (sinh" "2 coshz) = (n — 1) sinh" >z + nsinh" z
x

=0

0 0

=2 = (n—1)1,_2 + nl,,

and hence
nl, = V2 —(n—1)1,_s,

as required.

inh1 arsinh 1 arsinh 1
. — arsin . — .
= [sinh" "' z cosh z ] =(n—-1) J sinh" ?zdz +n f sinh" z dz

(c) Hence find the exact value of 1.

Solution

1= 4 (v2-31)
~1 2—%x%<\/§—lo>

arsinh 1

=—§\/§+%f ldx

0
= —1V2 + 2(arsinh 1 — 0)
= —%\/ﬁ + %arsinh 1.

5 1
n = J 2" (2x —1)"2dx, n = 0.
1
(a) Prove that, for n > 1,

(2n+ 1)L, =nl,—1 +3 x 5" —1.

Solution

We use integration by parts:

N =

1
u=a"=— =na"! andd—z(Qx—l)’§:>v:(2x—1)




lx"(Q:z: — 1)515 — nf " (22 — 1)% dx

=1 1

5 1
=3x5"—1-— nJ "2z —1)(20 —1)"2dx
1

5 1 5
=3><5”—1—2nf a:"(23:—1)_5dx+nj

1 1
=3xb5"—1—-2nl, +nl,_q,

and we can rearrange to get

2n+ 1)1, =nl, 1 +3x5"—1,

as required.

1 l
2" (2r—1)"2dx

Using the reduction formula given in part (a), find the exact value of Is.

Solution

Jozf(zx—l)—%dx: [(2x—1)%r 5_1-2

=1
Now
5[2:2[1+74:>[2: %[14-%
and
3h=I+14=1 =1+
Hence

2 (1 14 74 14
F(Ex2+3)+ % =163

Iy

I, = J(lnx)” dz, n > 0.
(a) Show that

I, =a(nz)" ' —nl, 1, n>1.

Solution




We use integration by parts:

du n(lnz)* ! dv
1 n — =1 = .
u= (Inz) e . and P =0=21x

Hence

I, — a(lnz)" — f (”“rl—‘”)"l . x) do

— z(lnz)" —n f (Inz)" ! dz

=z(lnz)" —nl, 1,

as required.

(b) Hence calculate the exact value of

J "(Inz)* da.

1

Solution

I,,, for part (a), is an indefinite integral but here we are asked to find the exact
value of a definite integral. My own preference, therefore, is to give this definite
integral a different name and then to use the result of part (a) to set up a
reduction formula. Let

Iy = J (Inz)"dx, n = 0.

1
Then, using part (a),

g, = [x(lnx)"fl]izl —ndp_1=e—nd,_1.

10



So
J3=€*3J2

=e—3(e—2Jy)

=—2€+6J1

= —26+6(6—J0)

246—6J0

=4e—6j ldzx
1

=4e —6(e — 1)

=6 — 2e.

9. Given that 4
I, = f x"V16 — 22dxn = 0,
0

(a) prove that, for n = 2,
(n+2), = 16(n — 1)1, .

Solution
We use integration by parts:

d d
= uz(n—l)xn_2andd—vzx 16 —22=v=—

- 1
dx x 3

4 4

3
2" 2(16 — 2%)2 da

3
I, = [—éx”—l(m — x2)§]

» +3(n— 1)J0

—(0-0)+L(n—1) F 2(16 — 22)(16 — 2%)2 da

s ’ 1 4 1
(n—1) f 2" %(16 — 2*)2dz — 1 (n — 1) f 2"(16 — )2 dw
0 0

(n—1)I—5 — 5(n — 1)I,.

“lm s

Hence

3, =16(n— 1)1, o — (n— 1)L, = (n +2)I, = 16(n — 1)1,,_o,

as required.

(16 — 2?)

3
2.

11



(b) Hence, showing each step of your working, find the exact value of I5.

Solution .
I = F V16 — 22 dx = l—%(m - :U?)%] =0-(-%) =
0 =0
Iy = %1,
= 6—74 X %II
= 13072 or 124832

10.

(a) Prove that, for n > 2,

Solution
We use integration by parts:
du 1

_ v .
u=x"= — =nx 1and—=sm2x:>v=—50082x.
dx dx

n

Hence

jus

s 4
[—%xn CoS 2:8]3 + %nJ 2" ! eos 2z dx

I

=(0-0)+ %nj4 2" eos 2z dr
0

s

jus 4
= in {[— g sinZgL*]é1 —3(n— 1)f0

n (% X (%)n_l — 0) — n(n — 1)1, o,

N[

2" 2 ¢in 2z dx}

as required.

12



(b) Find the exact value of I5.

Solution

S
|
=
X
[N]
X

L 19 Jil
=3T3
1 _1
=37 73
T Lo D s
RIS

X
[\
X
S

13
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|
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&.
=
[\
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o,
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N [—=

]
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—~
|

(¢) Show that Iy = &;(7® — 24w + 48).

Solution

1.3
64

=51 (T

L= (3) 30
- g -3 (dr ]

— 247 + 48),

as required.

11.

Vo Jsin" i

(a) Prove that, for n > 2,

dx, n = 0.

I, =+ (=sin" ' zcosz + (n—1)I,).

Solution
We use integration by parts:

1 2

u=sin"""z = d—u = (n—1)sin""

T

dv .
z cosz and P =s8inx = v = —COSZI.
x

13



Hence
I, = —sin" tzcosz + (n—1) Jsinn_2 rcos zdx
= —sin" 'xcosx + (n— 1) Jsin”_2 z(1 —sin®z) da
= —sin" trcosx + (n—1)1,_o — (n—1)I,,
and hence

nl, = —sin" 'wcosz + (n—1)I,_o = I, = 2 (—sin" " zcosz + (n — 1),»),

as required.

Given that n is an odd number, n > 3,
(b) show that

T

J2sin”xdx= (n_1)<n_3)---6><4><2.
0 nn—2)(n—4)...7x5x3

Solution
Let

w3

J, = f sin” x dzx.
0

Then, using (a),

o= s weonalf (- 1)

= L{0-0)+ (n— 1)Ju2}

—1

_(n )JH
and so

(=D (n-3

J, = ¢ X (n_2)=]n74

- _ (n=1)(n—3)...6 x4x2

T T —2)(n—4).. . Tx5x3""
Finally,

14



and hence

as required.

(c¢) Hence find

™
2 .5 2

sin® x cos” x dzx.
0

Solution

w3

sin5xcoszxdx=f sin® z(1 — sin z) da

0
=Js — Jq

4x2 6x4x2

5x3 Txdx3

_ 16
35

o ]
B

|oo Giloo

1

o

5

ll

12. Given that -
I, = f e’sin" xdx, n = 0,
0

(a) show that, for n > 2,
~n(n—1)

n?+1

n—2-

Solution
We use integration by parts:

. u . o v
uw=sin"r= — =ncoszsin” 'z and — = ¢&*

dx dx

T

=V =¢€".

15



Hence
U
I, =[e*sin" x| _,—n f e® cos wsin !z dx
0

(0—-0) — nj e® coswsin ' xdx
0

s
—-n f e cos zsin™ !z dx.
0
Hmm. You may not like the look of this but that’s too bad: we are going to
have to use integration by parts here. But you need to make a sensible choice
so that, first, your approach is actually do-able and, second, so that you are not
merely reversing your steps.

dv - -

. Uu - e .
u = sin” 1$cosx=>d—= (n—1) cos® xsin"? x —sin™ r and L o¢=v=e
x x

Then

I, =—-n {[6’”(sin”_1 T Cos x)];r:() - f e* ((n—1) cos® sin" >z — sin" z) dx}
0

s

= —n{(O—O) —(n— 1)] excoszxsin”_Q:Bd:v+In}
0

I
|
N

—(n—1) J e (1 —sin*z) sin" ? x dx + In}

=n(n—1)l,—2 —n(n—1)I, —nl,
n

as required.

(b) Find the exact value of .

Solution

16



12
L =1y

12 2
7 X 51o

iy
_ 24 x
—85J e’ dx
0
_ 24y 2T
_85[6]95:0

= Z(e" - 1).

13. Given that

(a) show that

24n ]
n — n—1, L =
3n+4 "1
Solution
We use integration by parts:
d d 1 4
u—x"jﬁznxnfl andéz (8 — )3 :v:—%(S—x)?).
Hence
478 8 4
I, = [ 327(8 :13)5] +%nf 2" (8 — x)3 dx
=0 0
8 1
=(0-0)+ %nf 2" 8 —2)(8 —x)3 dx
0
= 6nl,_1 — %n[n.
So
AL, = 24nI,_; — 3nl, = (3n + 4)I, = 24n] =2 g
n = Nip—1 — ONiyp = n n = Nip1 = 1p = 7 ——Ipn-1,
y ! 3nt+4 "t

as required.

(b) Hence find the exact value of

Jjﬂx+®@—xﬁdm

17



14.

Solution

8 1 8 1 8 1

J x(a:—l—5)(8—x)§dx=f x2(8—x)§dx+5f (8 —z)3dx

0 0 0
=1, + 51,

= %Il + 51
= %[1

_ 49 24
_5X7IO

8 1
sz(S—xﬁdx

_ 18 [_g(s - x)‘é]
- 188 (0 _ (~12))
= 403%.

8

z=0

I, = Jx”coshxdx, n = 0.

(a) Show that, for n > 2,

I, = 2" sinhx — nz" ' coshz + n(n — 1)1,_,.

Solution
We use integration by parts:

u=2a"=— =ni"

_ v .
l'and — = coshz = v = sinh z.
dx dx

S0
I, = 2" sinhx — nfa:"_l sinh x dx
= z"sinhz —n {x”_l coshx — (n —1) fx"_Q coshxdx}
= 2" sinhz — na" ' coshx + n(n — 1) fx”_Z cosh z dx

= 2" sinhz — na" ' coshx + n(n — 1)1, o,

18



as required.

(b) Hence show that
Iy = f(x)sinhz + g(z) coshz + ¢,

where f(z) and g(z) are functions to be found, and ¢ is an arbitrary constant.

Solution

I, = z*sinh x — 422 cosh z + 121,

ztsinhz — 423 coshx + 12 (:c2 sinh x — 2x cosh x + 2[0)

= (2" + 122% + 24) sinh v + (—42° — 24x) coshz + ¢.

(z* + 122%) sinh & + (—42® — 247) cosh x + 24 f cosh x dx

(c¢) Find the exact value of

J z* cosh z dz,

giving your answer in terms of e.

Solution

Using (b),

Jx4 coshzdz = [(z* + 122° + 24) sinhz + (—42® — 24x) cosh z |
= (37sinh 1 —28cosh1) — (0 —0)

1
z=0

1 1
:37<e e )_28<6+€ >
2
_ 9 65 —1
—56—36 .
15. Given that \
I, = JSI?WE dr, n > 1,
sin

(a) prove that, for n > 3,

I,=1, 5= JZcos(n — 1)z dz.

19



Solution

4 - f
sin nx sin(n — 2)x

Iy — 1, 5 = - do — g dz
sin x sinzx

[ sinnx — sin(n — 2)x

= _ dz
sin
[ 2cos 3(nz + (n — 2)z)sin 2 (nz — (n — 2)z) ds
sin
[ 2cos(n—1)xsinz .

sinx
.

|
[S— L [S— [S— [

2 cos(n — 1)z dz,

as required.

(b) Hence, showing each step of your working, find the exact value of

T
6 sin dx
- dz,
mosing
12

giving your answer in the form % (ar + bv/3 + ¢), where a, b, and c are integers to
be found.

Solution
Let

™

= JE sin nx dr.

mosing
2

—_

20



16.

Now,

Js — J3 = _ 2cosdx dx

J3

—Ji = _ 2 cos2x dx

&
Jl = fﬂ_ 1dx
12
= [2]° &
=12
i
Hence,
Js = (7 + 6v/3 — 6).
(a) Find
15
Jxeﬂ dz.
Solution
1
Jxe_§x2 de = —e 2% +¢
Given that

1
(b) prove that I,, = (n —1)I,,_9 —e 2, n > 2.

21



(a)

Solution
We need integration by parts:

du dv
=

- o n—2 DR
1 (n—1)z""“ and 1 = ke

-1
u=x"

Then

as required.

find the value of I3, leaving your answer in terms of e.

Solution
1
I5 = 4]3 —e 2
1 1
= (2[1 — e2> —e 2
1
=8 —be 2
2 ! 1
=38 l—e_ﬂ ] — be” 2 using (a)
z=0
1
=8 (—e 2 — (—1)) —be 2
=8 — 13e 2

sinx

Inzjsmnxdx,n>0,nez.

By considering I,,,5 — I,,, or otherwise, show that

2sin(n + 1)z

+ 1.
n+1

In+2 =

22



Solution

Love— I, = (sin(@ + 2)x dp f sign:v e
J sin sinz

( sin(n + 2)z — sinnx

- x
J sin x

( 2cos(n + 1)zsinx
J sin

=2 fcos(n + 1z de

dx

2sin(n + 1)z
n+1

b

and hence
2sin(n + 1)z

I,
n+1 +

In+2 ~

as required.

Note: if you are worried about the absence of ‘+c¢’ when the integration of
cos(n + 1)z was done you need not be since 1,5 and I,, are indefinite integrals
and the constant will then be added and subtracted when the integrals are
evaluated.

(b) Hence evaluate

3 5in6
fsmxdx’

-~ sinx
4

giving your answer in the form pv/2 + ¢v/3, where p and ¢ are rational numbers to
be found.

Solution
Let

Then, using part(a),

+ J,.

2sin(n + 1)z ]?
n+1

Jn+2 = l

xr=

a3

23



18.

So
2 o 3
Js = [5 sin 51];% + Jy
—2 <_73 _ —72)> +[2 SID3SL’]3:£ + Ja
) . 5 ) N 3 sin 2z
_5(_7+7>+§ 0_7>+ - sinw de
T
, . . 5 5 2sinzcosz
:5<_7+7>_T+ﬁ sinx dr
4
3
=§(—73+72>_\/T§+Jﬂ 2cosxdx
I
:§<_73+72>—‘/T§+[28i1’1.1’]3 E
2 3 2 \/i
—5<—7+7>—?+ \/g_\@)
=12+ 4V3.

]*f_ﬁi_m
IV
(a) Show that nl, = 2" W1+ 2% — (n—1)1,,_2, n > 2.

Solution
We use integration by parts:

n—1

du
U=2z =

dx
Then

I,=2""'V1+ 22— J(n — 12" V1 + 22dx

n—21 2
=" 'W1+22—(n—1) %dm
x

=2 W1+ 22—(n—1) —$n_2 e dz
V1422

= 2" WL+ @ = (0= Dz — (n = D,

d
= (n—1)2"? and o = ——— =y =+/1+ a2

24



and hence

nl, = 2" V1422 — (n— 1), s,

as required.

The curve C' has equation

2
2 x

by &M 40s0m
4 V14 22 .

The finite region, R, is bounded by C', the z-axis, and the lines with equation x = 0 and
x = 2. The region R is rotated through 27 radians about the x-axis.

(b) Find the volume of the solid so formed, giving your answer in terms of 7, surds, (7)
and natural logarithms.
Solution
Let g
xn
Jp=] —dz
Jo V14 22
Then
Volume = 7
f V1+ :1:2
= 7T<]2
3
= z [l"\/ 1+ ZE2] — EJO
2 =0 2
3
s T 1
= — (3v10 — ——f ——dx
2 ( 2 o V1+ 2
3m4/10
_— — [arsinhz]’_,
2 xX
3 \/10
_— — (arsinh 3 — arsinh 0)
3 \/
T —In(3 + v10).
19. Given that I, = fsec”a:dx, (14)

(a) show that
(n—1)I, = tanzsec" 2z + (n — 2), 9, n > 2.

25



Solution
We use integration by parts:
n—2 du n—3 n—2
u=sec" "z = — = (n—2)sec" "z x secrtanz = (n — 2)sec” “zrtanw
x
and
dv 5
— =sec’r = v = tanwz.
dx
Hence
I, = tanwsec" 2z — J(n —2)sec" ? rtan® x dx
= tanxsec" ?x — (n — 2) fsec”_2 r(sec’ v — 1) dw
= tanxsec” 2z — (n — 2) J(sec" r —sec" % x)dx
=tanxsec" 2z — (n —2)1,, + (n — 2)1,_o,
and hence
(n— 1)1, = tanwsec” *x + (n — 2)I, o,
as required.

(b) Hence find the exact value of

5 3
sec” x dx,
0

giving your answer in terms of natural logarithms and surds.

Solution
Let

e

Iy = f sec® z dz.
0

Then, using (a),

(n—1)J, = [tanazsec"‘2 :17]6” +(n—2)J,_o.

26



20.

So

2J3 = [tan z sec x]§ + i

uy

— (243 -0) + J3 secx dx

0
= 2v/3 + [In|sec z + tan x”io

—2v3+In(2++/3) —In1
— 23+ 1In(2 +V3)

(a) Show that

n—1
I, = I, o, neZ,n=2.
Solution
We use integration by parts:
du dv
u=sin"""'r=— = (n—1)sin" ?rcosr and — = sinzr = v = — cos z.
dx dx

Then

(VB

Bl

I, = [~ coszsin® x| — J —(n —1)sin" ? x cos® x dz
0

8

VI o

=(0—-0)+(n— 1)J sin" ?z(1 — sin*z) dz
0
=(n-1) JZ sin"?xdr — (n—1) J2 sin” x dx
0 0
=(n—1I,_2— (n—1)1,,

and we can now rearrange:

nl, = (n - 1)]71—1 = [, =

27



21.

(b) Hence evaluate

2 6 2
sin® z(1 4 cos” z) dz,
0

giving your answer as a multiple of 7.

Solution

JQ sin® 2(1 + cos® z) dw = Jz sin® 2(2 — sin? ) dw
0 0
— 9l — Iy
=2l — {16 = 31
= % X 214 = }—214
= % X %IQ = g—i[z

— 45 17 _ 45
_64X2]0_12810

]

_ 45
= 158 ) 1dx

45 7w _ 45

128 X2 = 256"

(a) Prove that (2n+ 1)1, = 2nl,_1, n > 1.

Solution

We use integration by parts:

du dv

:1_2n -
u = ( a:):>dx

dx
Hence

1

I, = [z(1- 1:2)”’1]91::0 - J —2nz?(1 — 2*)" 'da
0

1

=(0-0) +2nf0 [1-(1-2°)](1—-2*)""dz

1

= ZnJ [(1—2*)"" = (1—2%)"] da
0

=2nl, 1 —2nl,,

= 2nzx(l—2*)""'and — =1=v =1
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and hence
(2n+ 1)1, = 2nl,_4,

as required.

(b) Prove, by induction, that

forallneZ™.

Solution

2
3
:(2><1

and so the result is true for n = 1.

For the inductive step, we need to show that

2k

2k + 2

<
2k+1 " 2k+3

()

as this will get us the inequality that we need. This follows readily from the
fact that

4k? + 6k < 4K* + 6k + 2 = 2k(2k + 3) < (2k + 1)(2k + 2)
2k 2k + 2
= < .
2k +1 2k +3

Suppose now that the result is true for some n = k, i.e.,

2k \*
I < .
g (2k+1)
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Then
2(k+1)

Ik+1 = m[k using part (a)
2k +2
2%k + 37"
2%k + 2 2k \"
< o i 3 X <2k . 1) by the inductive hypothesis
_2%+2 (2% +2 o R
< using (*
%+3  \2k+3 :

2k + 2\
\2k+3 ’
and so the result is true for n = k + 1.
Hence, by mathematical induction, the result is true for all n € Z*.

22.

arsinh 1
I, = J sinh" z, dz, n € N.
0

(a) Show that nl, = V2 — (n — 1)I,_y, n > 2.

Solution
We use integration by parts:

du

dx dx

Hence

arsinh 1

. — arsinh 1 . —

I, = [coshz sinh"" ] J (n — 1) sinh™ ? x cosh® v dz
=0

z=0 z=0

=vV2—(n—1)1,2— (n—1)I,,

and hence
nl, =2 — (n—1)I,_s,

as required.

. — ; o, v .
u=sinh" 'z = — = (n— 1)sinh" ?zcoshz and — = sinhz = v = coshz.

arsinh 1 arsinh 1
= [\/ 1 + sinh?® zsinh™ ! x] —(n—1) J sinh™ % z(1 + sinh®)z dx
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(b) Evaluate

arsinh 1
J sinh® z, dz,
0

leaving your answer in surd form.

Solution

= —11—5\/5 + 1% [cosh x]zrjionhl

arsinh 1
V4 1 8 : 2
& _ﬁ\/ﬁ+ B [\/1 + sinh x]

z=0

23.
1
I, = J x"vV1 —22dx, n > 0.
0

(a) Find the value of I;.

Solution

1 1

I = Jo V1 —z?2de = [—%(1 — xz)%]xzo = —3(0-1) =i
(b) Show that, for n > 2,
(n+2)1, =(n—1)1,—9.

Solution
We use integration by parts:

d d

u:x"’lsﬁ =(n—1)z"? andézx l—2%=0v=—-1(1-27):2.
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Hence

BT 1>f 21 — 2P s

0

0

= %(n — Do — %(n - 1)I,.

Hence

Il
=
|
=
_|_
SN
—~
S
|
N
© —_
S

3
N
—
|
S
N
N
(o
S

1 1
= %(n—l)f x"_2\/1—x2dx—%(n—1)f "1 —x?dx
0

3]n = (TL - ]-)In—Q - (n - 1)In = (TL + 2)In = (n — 1)In_2,

as required.

(c) Hence find the exact value of

1
f 2'vV1 — 22 dz.
0

Solution
Using parts (a) and (b),

6
I = 81,
247 _ 8
5 X 713 = 5713
8 o 2
a1 % 50
_ 36
= 315

ll

T
I, = f sin?" zdx, n e N.

0
(a) Calculate Iy in terms of 7.

Solution

(16)



(b) Show that
2n —1
[n 7 n2 [nflv n =1
n

Solution
We use integration by parts:

_ u . o
My = — = (2n—1)sin®* ?wcosx

dx

u = sin

and

d_v
dx

=sinNT = vV = —COSX

and so

s
I, = [— sin?" ! x cos a:]g — J (2n — 1)sin®*" "2 2 cos 2(— cos x) dz
0

=0-0)+(2n—-1) J sin® 2 z cos® v dw
0
=(2n-1) J sin®? z(1 — sin® r) d
0
=(2n-1) J (sin®? 2z —sin® z) da
0

=2n—-1I,—1 —(2n-1)I,

Hence 2nl, = (2n — 1)1, and so

2n -1
In = - ]n—la
2n
as required.
(c¢) Find I3 in terms of .
Solution
Igzglzzgx%]1:gjlzg><%]0:%ﬂ'

ll

The picture shows the curve with polar equation r = asin®6, 0 < # < 7, where a is a
positive constant.

(d) Using your answer to part (c), or otherwise, find the exact area bounded by this
curve.
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Solution

Area = %J

0

s

(asin®0)*df = ;a® J

0
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