Dr Oliver Mathematics

Mathematics: Advanced Higher

2012 Paper
3 hours

The total number of marks available is 100.
You must write down all the stages in your working.

1. (a) Given
3r +1
f(z) = =——
(z) 2+ 1’

obtain f'(z).

Solution
(z) = (224+1)-3—Bx+1) 2z
a (22 +1)2
(32 + 3) — (62” + 2x)
a (22 +1)2
3 -2z — 327
(22412
(b) Let

g(x) = cos® zexp(tan ).

Obtain an expression for g’(z) and simplify your answer.

Solution

g'(z)
= —sin 2z exp(tanz) + exp(tanx))

(1 — sin 2x) exp(tan x).

2

—2coszsinz) - exp(tanz) + cos? = - (sec z exp
(

(tanx))

2. The first and fourth terms of a geometric series are 2048 and 256 respectively.

(a) Calculate the value of the common ratio.



(a)

Solution
Well, a = 2048 and ar® = 256 and so

Given that the sum of the first n terms is 4 088, find the value of n.

Solution

Given that (—1 4+ 2i) is a root of the equation

2+ 5224112415 =0,

obtain all the roots.

Solution

Now, (—1 — 2i) is another root.

X ‘ z +1 —=2i

z 22 +z =2z

+1 | +2 +1 -2
+21 | 4221 +21 44




4.

Hence,

Now,

which means the third root is —3.

(z+1—=20)(2+1+2i) = 2%+ 22 +5.

224522+ 11z + 15 = (22 + 22 4+ 5)(2 + 3)

(b) Plot all the roots on an Argand diagram.

Solution
Im
1 3 M
I 1
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J N
O
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1 p3 %

(a) Write down and simplify the general term in the expansion of

Solution

The general term is

(b) Hence, or otherwise, obtain the term independent of x.



Solution

which means
3r—18=0=17r=06.

Hence,

(—1)3 (2) 26 = —5376.

5. Obtain an equation for the plane passing through the points P(—2,1,—1), Q(1,2,3),
and R(3,0,1).

Solution
PQ = 3i+j+4k and PR = 5i—j+2k.
Now,
ik
POxPR=|3 1 4
5 -1 2
= 6i + 14j — 8k.

So, an equation is

6z + 14y — 8z = (61 + 14j — 8k).(3i + k)
=18+0-38

and so
6 + 14y — 8z =10 = 3z + Ty — 42 = 5.

6. (a) Write down the Maclaurin expansion of e® as far as the term in z3.

4
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Solution

ef=1+z+i?+i%+. ...

(b) Hence, or otherwise, obtain the Maclaurin expansion of (1 + ¢*)? as far as the term
3

mn z°.
Solution
Now,
l+e*=24+z+i” +32°+ ...,
X 2 +r 2 43ad
2 4 +2x  +a? +%:p3
+z | 42z +2®  +ixd L
+3x? | 42?432
+ga? | +32°
Hence,
(1+e") =4+4x+32> + +32° + ...

7. A function is defined by
f(x) = |z + 2| for all z.

(a) Sketch the graph of the function for —3 < x < 3.

Solution
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(b) On a separate diagram, sketch the graph of f'(z).

Solution

Y
=4
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A
=4
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8. Use the substitution £ = 4sin 8 to evaluate

2
f V16 — 22 dz.
0



Solution

x
— 4 1 _— = 4
T sin § = 0 cos

= dz = 4cos6db.

Now,
r=0=sinf=0=060=0,
x=2:>sin0=%:>0=%7r.
Finally,

1
2 =T
f V16 — z2dz = JG A/ 16 — (4sin0)? (4 cos 0) db
0 0

s

- | " \/16 — 16sin2 6 (4 cos §) db

= J V16 cos? 6 (4 cos 6) df
0

=16 (1 + cos26) do

= 8f (1 + cos 26) do
0

5‘% S

8 +1 5 Sin 29]

{( 7r+f> 0+0)}

%W—FQ\F

9. A non-singular n x n matrix A satisfies the equation

A+A =T,

7



where I is the n x n identity matrix.

Show that

and state the value of k.

Solution
A+ Al =I=A1=1I-
Now,
I=AA""!
=A(I-A)
—A—A?
and
A?=A-1
- A1
Finally,
A=A 1= A =T
hence, k = —1.

10. Use the division algorithm to express 1234, in base 7.

11.

Solution
1234 =176 x 7T+ 2
176 =25 x7+1
25 =3x7+4
3=0x7+3;
hence,

123449 = 34125.

(a) Write down the derivative of sin™! z.



Solution
d

dx

—(sin"'z) =

V1 — a2

(b) Use integration by parts to obtain

.
sin”" 1 - ——— dz.
f V11— a2
Solution
u—sin_lxﬁd—u—;
B de 1 — 22
dv T
D S — 1 22
o *1_952:}1} \/ T
Now,

1 T
sin” ' - ————
J V11— 22

der = —sin" 'z -vV1—22+

= —sinlx-\/l—xz—l—fldx
=—sin 'z V1l—224+z+ec

1
Jﬁ \/1—x2dx

12. The radius of a cylindrical column of liquid is decreasing at the rate of 0.02 ms~!, while

the height is increasing at the rate of 0.01 ms

-1

Find the rate of change of the volume when the radius is 0.6 metres and the height is

2 metres.
Solution
Now,
dVv dr dh
= 7r? — =7 | 2r— 2.
Vv ﬂrh:dt ﬂ[rdtfH—r dt]




Finally,
dr dh dVv

—_— = — —_— —_— . . J— . 2 .

i 0.02, T =0.01 = i —7'('[2 0.6 - (—0.02) - (2) + (0.6) (0.01)]
dVv
i ——2151(}07r m3s~!

13. A curve is defined parametrically, for all ¢, by the equations
a:=2t+%t2 and y = %t3—3t.

d d?
(a) Obtain Y and <2 as functions of ¢,

dz dz?
Solution
dx dy
— =2+tand = =t - 3.
T +t an T 3
Now,
dy _ &
dx ‘gi—f
=3
27
and
d’y d (dy>
dz?2  dzdz

d /dy\ dt
Za(@)a

d [t*—3 1
:&(2+t)'2+t
2+t)(2t)— (t*=3)(1) 1

(2 +1)2 2+t
(4t + 2t%) — (2 — 3)
(2+41)3

34t
o 2+)3
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14.

(b)

Find the values of ¢ at which the curve has stationary points and determine their
nature.

Solution
dy 2 -3
2 0= —
dx 24+t
=1’ -3=0
=t = i\/g.
Next,

da?

d2
o v s

dz?

Hence, (3_3\@, 24/3) is a minimum turning point and (%ﬁ, —24/3) is a maximum

turning point

Show that the curve has exactly two points of inflexion.

Solution

@:0:>3+4t+t2 _

da? (2+1)3
=344t+t°=0
= B+t)(t+1)=0

=t=—-3ort=—1;

hence, the curve has exactly two points of inflexion, as required.

(a) Use Gaussian elimination to obtain the solution of the following system of equations

in terms of the parameter \.

dor + 62z =1
20 =2y + 4z = -1
—r4+y+Az=2.

11
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Solution

Do RQ—%X R, and R3+;11R1:

Do Ry + 3Ry:

12




Hence,
3
3 2
A+2)z=5=2= o
N 3
5=
2\ +2)
3
—9 - _3
BT W) R
3
2y = 3
STy
2
ooy = 3+3A+2)
2(\ +2)
3A+9
= 2
2(A+2)
32 +9
YT it 2)
18
4 =
BEETE )
1
=4r=1- s
2(\+2)
4. 2(A+2)—18
2(A+2)
2\ — 14
= 4x =
2(A+2)
A=T
xr = .
4N +2)
(b) Describe what happens when A = —2.
Solution
When A = -2, 0 = % and so there are no solutions.

When A = —1.9, the solution is

x = 2225 y =825 2 = 15.
(¢) Find the solution when A\ = —2.1.
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15.

(a) Express

Solution
For A = —2.1,

(d) Comment on these solutions.

Solution

Hence, the system is ill-conditioned near A = —2.

Although the values of A are close, the values of x, y, and z are radically different.

(x —1)(z +2)?

in partial fractions.

Solution

1 A B C
(1:—1)(&:4—2)2:x—1+x+2+(:c+2)2
Az +22+ Bz —1)(z+2)+C(x —1)

(x —1)(z +2)2

and hence
1=A(z+2)%*+ Bz —1)(x+2) + C(z —1).

(b) Obtain the general solution of the differential equation

dy r—1
1L oy =
(= )dx Y (x+2)%

expressing your answer in the form y = f(z).

14



Solution

(_1>dy_ oz —1 :>dy+ 1 _ 1
’ dx y_(x+2)2 dx r—1 y_(:t+2)2

IF = el de

jdi(xgl) - (x—1)1m+2)2

x
1 1 1
Y 9 9 3
= = - — d
r—1 J(w—l T+ 2 (IB+2)2) ’
:xgl =sthnfz—1—fInjz+2[+3(x+2) " +c

and, hence,

y=(x—-1)[tn|z—1-ihnjz+2[+i(z+2)"" + ]

16. (a) Prove by induction that

(cosf +isinf)" = cosnb + isinnd,

for all integers n > 1.

Solution
n=1: (cosf +isinf)! = cosd + isinf and so the solution is true for n = 1.

Suppose the solution is true for n = k, i.e.,

(cos B + isin 0)* = cos kO + isin k6.

15



Then,

cos ) + isin §)***

(

(cos@ + isinf)(cos @ + isinh)*

(cos @ + isin@)(cos k6 + isin k)

=(cos kf cos  — sin k0 sin 0) + i(cos kf sin 6 + cos 0 sin k)
=cos(k + 1)0 +isin(k + 1)0

and so the result is true for n = k + 1.

Hence, by mathematical induction, the expression is true for all n € N, as
required.

(b) Show that the real part of

(cos Lo 4+ isin iﬂ)n
18 18

(Cos %W + isin %7‘(‘)4

1S zero.

Solution

(cos %87r + isin %ﬂ')ll (cos %7? 4+ 1sin Hﬂ)

? 18

(cos o= + isin %71’)4 (cos §m + isin §m)
7. (cos %71‘ + 1sin %W) (Cos %71’ —1sin %W) .
a (cos %7? +1sin éﬁ) (cos %ﬂ' —1sin %71’) ’

Hence, the real part is

11 1 i 11 s L
COS 187T COSs 97T — S 187T Sin 97T

11 1
= cos(ixm — =T
(0052 %71’ + sin? %ﬂ') (18 9 )
= cos(3m)

as required.
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