Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2010 November Paper 1 Variant 1: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. The equation of a curve is given by
y = 22% + ax + 14,

where a is a constant.

Given that this equation can also be written as
y=2(z—3)2+b,

where b is a constant, find

(a) the value of a and of b, (2)
Solution
Well,
X ‘ T -3
x| 22 =3z
-3 | -3z 49
and so

2(x -3 +b=2(z"-6x+9) +b
= 22° — 12z + (18 + b).

Hence,
a=—12

and
184+b=14= b= —4.




(b) the minimum value of y.

Solution
-4

2. (a) Sketch, on the same set of axes, the graphs of
y = cosx and y = sin 2z

for 0° <z < 180°.

Solution

N VO
14t

(b) Hence write down the number of solutions of the equation
sin2z —cosz = 0

for 0° < x < 180°.

Solution
3.
3. Show that
CoS T CcoS T
- - = 2secx.
l—sinx 1+sinx

Solution
Well,




and so

COS T COsS T

X ‘ 1 +sinz

1 1 +sinz
—sinz | —sinx  —sin®z

cos (1 + sinx) cos z(1 — sinx)

as required.

+ =
l—sinz 1+sinz (1—sinz)(l+sinz) (1—sinz)(l+ sinz)

cosz(l + sinx) + cosz(1l —sinx)
(1 —sinz)(1 + sinx)
COST + SIN T CcoST + COsS T — Sin & cos &

1 —sin’z

2cosx

cos? x
2

COS T

2secz,

4. Factorise completely the expression

22% — 1122 — 202 — 7.

Solution

Let

Then

We use synthetic division:

so (z + 1) is a factor of f(z

f(xr) = 20 — 112 — 202 — 7.

f(1)=2—11-20—7 = —36
f(1) = —2—11+20—7 =0,

).




-1/2 —-11 =20 -7
| =213 7
2 =13 =7 0

and so
f(z) = (z +1)(22* — 132 — 7).
Now,
add to: —13
multiply to: (42) x (=7) = —14 } —14 4
and

f(z) = (z + 1)[22° — 142 + 2 — 7]
=(x+1)2x(x—7)+ 1(z—T7)]
=(x+1)2x+1)(x—7).

5. A curve has the equation
Yy =2rsinx + %7?.

The curve passes through the point P(%ﬂ', a).

(a) Find, in terms of 7, the value of a.

Solution
Well,

_ 1 _ _ 1
T=5my=a=0a=m+3T

— 4
= a = 37.

(b) Using your value of a, find the equation of the normal to the curve at P.

Solution
Product rule:

du
u=2r=—=2
dx
/ dv
v =s8nr = — = Ccosx
dx




and

d
d_i = (2z)(cosx) + (2)(sinx)
= 2rcosx + 2sinw.
Now,
dy
T = %71’ = T 2

N =

= Mpormal = —

Finally, the equation of the normal to the curve at P is

4
3

_ 1 19
=y = 2$+127r.

D=

- — _ 1 _ = _1 1
y—37=—5r—35m)=>y—371=—50+ 37

6. (a) Find, in ascending powers of z, the first 3 terms in the expansion of
(2 - 52)°,
giving your answer in the form
a + bz + ca?,

where a, b, and ¢ are integers.

Solution

(2—52)0 — (2)° + (f) (2)°(—52) + (S) (2)4(=52)2 + ..

= 64 — 960z + 6000z + .. ..

(b) Find the coefficient of x in the expansion of

(2 —52)5(1 + %3:)10.



7.

Solution
Well,
1.\10 10 10 9/1
(1+35z)" =(1)" + ) (1)°(52) + ...
=14+b5x+....
Now,
X ‘ 64 —960z
1 —960zx
+5x | +320x
and the coefficient of z is
320 — 960 = —640.

(a) Sets A and B are such that
o A={z:sinz =0.5 for 0° <z < 360°},
e B = {x:cos(z—30)° =-0.5 for 0° <z < 360°}.

Find the elements of

(i) 4,
Solution
Now,
sinz = 0.5 = x = 30, 150
and
A = {30, 150}.
(i) Au B.
Solution
cos(x — 30)° = —0.5 = = — 30 = 120, 240
= r = 150, 270,
and
B = {150, 270} .




Hence,

A u B = {30, 150, 270}.

(b) Set C'is such that

C’={x:sec23x=1for0°<a:<180°}.

Find n(C).
Solution
Well,
0° <2 <180° = 0° < 3z < 540°
and
sec?3r =1=sec3x = —1or sec3z =1
= cos3x = —1or cos3x =1
= 3z = 180, 540 or 3z = 0, 360
= 3x = 60, 180 or x = 0, 120;
hence,
n(C) = 4.

8. Variables x and y are such that, when Iny is plotted against In z, a straight line graph
passing through the points (2,5.8) and (6, 3.8) is obtained.

lny“
\

(a) Find the value of Iny when Inz = 0.



Solution

Now,
58 —3.8
m = —
2—-6
- _1
2
and the equation of the line is
1 1
Iny —5.8 = —é(lnx —2)=Iny—-58=—5nr+1

1
=Iny = —Elnav + 6.8.

Finally,
Inz=0=Iny =6.8.

(b) Given that

y = Aa?,

find the value of A and of b.

Solution
Well,

Iny = —%1nx+6.8 =lny + %lnx =6.8
1
=Iny+Inz2 =6.8
1
= In[yx2] = 6.8

1

= yr2 = %8

1
=y =72,

hence, A = e5% =898 (3 sf) and b = —3.

9. The figure shows a rectangular metal block of length 4z cm, with a cross-section which

is a square of side x cm and area A cm?.



xcm Acm

4xcm

xcm

The block is heated and the area of the cross-section increases at a constant rate of

0.003 cm?s~ 1.

Find

(a) % in terms of x,

Solution
dA

dx

I

(b) the rate of increase of x when z = 5,

Solution
Well,

dA  dA dt dA ¢
—_— = X — = — =
de. dt  dx dax 4

dA
A
d
dt &
dx  0.003
= — =
dt 2x5

= dr = 0.000 3.
dt

(c) the rate of increase of the volume of the block when = = 5.




Solution
Now,
V = (z)(x)(4r) = 42°
and qv
— = 1227
dx v
Next,
v _ v de
dt  dz = dt
= (12 x 5?) x 0.0003
= 0.09

10. The diagram shows a circle, centre O, radius 4 cm, enclosed within a sector PBC D P of
a circle, centre P.

e The circle centre O touches the sector at points A, C', and F.
e Angle BPD is %7‘(‘ radians.

(a) Show that
PA = 44/3 cm and PB = 12 cm.

Solution

Well,
/OPA=1x/APC = ir

2

10



and

Next,

and

= PA = T

tan 5T

= PA = 4v/3 cm.

Find, to 1 decimal place,

(b) the area of the shaded region,

Solution
Well,

Now,

and

shaded region = area of PABCDEP — area of PAOFE.

area of PABCDEP = % x 122 x %7?
= 247

area of PAOFE = 2area of PAO
=2 x (% x 44/3 x 4)
— 16+/3.

11



Finally,

shaded region = area of PABCDEP — area of PAOE
— 247 — 163
= 4768541077 (FCD)
= 47.7 cm? (1 dp).

(c) the perimeter of the shaded region.

Solution

Perimeter = AB + arc BCD + DE + OF + OA
= (12— 4V3) + (12 x im) + (12— 4V3) + 4 + 4
—4m +32-8V3
— 30.7099615 (FCD)
= 30.7 cm (1 dp).

11. (a) Find

1
J dzx.
1+2

Solution

1 1
J dz = J(l +z) 2de
1+

1
2

=2(1+2)2 +c
(b) Given that
2z
R
show that
dy A N Bz
dz = Vi+z (W1+2)¥

where A and B are to be found.

12



Solution
Quotient rule:

2 :>du
u=2r=—=
dz
1 d 1
v=(1+x)2=>d—Z=%(1+x)_2

and

dy  (L+ D)) - (30 +2)75)(20)

dz (1+x)
201+ a:)% z(l+ x)_%
C (Q+2) (14
2 T

Vitzr (\/1+x)3;

hence, A =2 and B = —1.

(c) Hence find

and evaluate

Solution

13



Well,

= f(%‘(ﬁﬁ)d -t

_ J x d 2 d 2x N
— dz = T — c
(V1+z)3 Vi+zx V1+a

x
= dr =4v1+ 2 — +c
J (V1+z)3 V1+x
Finally,
3 x
—————dr=8—-3+¢c)—(4—-0+c
Jy - @3- a0
=1
EITHER
12. A curve is such that d
Y 2
— =4 —0.
dx *
The curve passes through the point (3,1).
(a) Find the equation of the curve.
Solution
Well,
d
£=4x2—9:>y= §x3—9x+c,

where c¢ is some constant. Now,
r=3,y=1=1=36—-27+c¢
=c= -8

hence,

y=§x3—9x—8.

14



The curve has stationary points at A and B.
(b) Find the coordinates of A and of B.

Solution
Difference of two squares:

d
Y 0= 42?9 =0

dx
= (22+3)(2r-3)=0
=2xr+3=0o0r2z—-3=0
3 3

:>[E:—§OI'ZE:§

=y=1ory=—-17,
hence, the coordinates of A and of B are

(—2,1) and (2,-17).

(c¢) Find the equation of the perpendicular bisector of the line AB.

Solution
Now,
1— (=17
map = 3( 3 )
T2 2
2 18
- -3
=—06
and

1
Mpormal = 6°

Next, the midpoint of AB is

—34+3 117
2 "2 4 ).
( 9 ’ 2 ) - (Oa 8)

Finally, the equation of the perpendicular bisector of the line AB is

y+8=3(z—0)=y=¢z—-8

15



OR

13. A curve has the equation

y = Ae** + Be ™™ where z > 0.

d
At the point where x = 0, y = 50, and d—y = —20.
x

(a) Show that A = 10 and find the value of B.

Solution
Well,
2x —x dy 2x —x
y = Ae“ + Be™® = —= = 2A4e“” — Be
dz
and
r=0,y=50=A+B=50 (1)
dy
=0,—=-20=24—-B=-20 (2).
Z ’d.Z' = ( )
Do (1) + (2):
3A =30= A =10,
as required. Finally,
10+ B =50 = B = 40.

(b) Using the values of A and B found in part (a), find the coordinates of the stationary
point on the curve.

Solution
Now,

dy =0=20e* —40e™* =0
dz

= 20e* = 40e7 "
= e =9
= 3r=1In2

:>SL’=%1112

_1

2
=y = 10e3™? 4+ 40e"3™2,

hence, the coordinates of the stationary point on the curve are

2 1
($1n2,10e3 ™ + 40e3™?),

16



(c¢) Determine the nature of the stationary point, giving a reason for your answer.

Solution
Well,

d d?

ﬁ = 20e* — 40e " = d_x:z — 40e*® + 40e~"
and

d2
T=4n2= 2 = 95244...> 0

hence, it is a minimum.

17



