Dr Oliver Mathematics
Further Mathematics
Second Order Differential Equations
Past Examination Questions

This booklet consists of 37 questions across a variety of examination topics.
The total number of marks available is 435.

1. Find the general solution of the differential equation

d%y dy ot

Solution

Complementary function:

m?>—6m+8=0=(m-2)(m—-4)=0=>m=2o0rm=4
and hence the complementary function is
y = Ae* + Be'.

Particular integral: try

d d?
y = Ce’ = d_y =3Ce* = d—‘z = 9Ce?,
x x

Substitute into the differential equation:
9C —-18C+8C =1=C=—1.

Hence the particular integral is y = —e3%.

General solution: hence the general solution is

y = Ae* + Be' — .

2. Find the general solution of the differential equation



Solution

Complementary function:

m? —8m + 16 =0 = (m — 4)> = 0 = m = 4 (repeated root)
and hence the complementary function is
y = (A + Bx)e™.

Particular integral: try

d d?
yzC’x+D=>—y=C:> J_o.

dx dz?

Substitute into the differential equation:

oo~

0-8C+16(Cx+D)=4c=C=1,D =
Hence the particular integral is y = %Ll' + é.

General solution: hence the general solution is

y=(A+ Bz)e” + 1z + L.

(a) Find the general solution of the differential equation

P’y dy
—= 4+ 2=+ 17y = 17 36.
122 + dr + 17y T +

Solution
Complementary function:

m>+2m+17=0= (m+1)*+16=0=m = —1 £ 4i
and hence the complementary function is

y =e “(Asindx + Bcos4x).




Particular integral: try

dy d*y
= D= —= — =0.
y=Cr+ D = e C = P 0

Substitute into the differential equation:
04+2C+17(Cx+D)=17x+36=C =1,D = 2.

So the particular integral is y = x + 2.

General solution: hence the general solution is

y=e “(Asindzr + Bceosdx) + x + 2.

(b) Show that, when x is large and positive, the solution approximates to a linear

function and state the equation of the linear function.

Solution
For all z,

—V A2 + B2 < Asindx + Bceosdr < VA% + B2,
Since e™* — 0 as © — 0,

e “(Asindx + Bcosdz) — 0
as x — o0. Hence

y=e “(Asindr + Beosdx)+x+2 >z +2as x — 0.

4. Find the general solution of the differential equation

d?y dy )
22 —1—45 + 5y = 65sin 2z.

Solution

Complementary function:

m?+4m+5=0=(m+2)?+1=0=>m=—-2+i




and hence the complementary function is
y=e *(Asinz + Bcosz).

Particular integral: try

d
y = Csin2x + D cos 2z = d_y = 2C' cos 2z — 2D sin 2z
x

&y

2 = —4C'sin 22 — 4D cos 2x.
T

Substitute into the differential equation and equate like terms:

sin2x: —4C —-8D +5C =65=C —-8D =65
cos2x: —4D+8C+5D=0=8C+D =0.

Solving gives C' = 1 and D = —8 and hence the particular integral is
y = sin 2o — 8 cos 2x.

General solution: the general solution is

y =e *(Asinx + Bcosx) + sin 2z — 8 cos 2.

5. The variables z and y satisfy the differential equation

(a) Find the complementary function.

Solution
The auxiliary equation is

m*—6m+9=0= (m—3)?2=0=m =3 (repeated root)
and hence the complementary function is

y = (A + Bx)e™.

(b) Explain briefly why there is no particular integral if either of the forms y = ke3® or

y = kxed®.



Solution

Both of these functions are part of the complementary function and so they
each satisfy the equation

dy  .dy
(c) Given that there is a particular integral of the form y = kz%e¢3*, find the value of k. (5)
Solution
dy _ (2kz + 3kz?)e®” and @ = (2k + 12kz + 9kz?)e”
dz da?

Substitute into the differential equation and equate like terms:

e 2k5+0+0=1=>k:=%

ze® : 12k — 12k 4+ 0 = 0 (giving no information)

7%’ . 9k — 18k + 9k = 0 (giving no information).

6. Solve the differential equation (10)

d’y  dy
— —2—= —3y=2""
da? dz T Fe

: dy

given that y — 0 as x — oo and that Qe —3 when z = 0.
x
Solution

The auxiliary equation is
m>—2m—-3=0=(m-3)(m+1)=0=m=—-1lorm=3
and hence the complementary function is
y = Ae™" 4 Be*.
Since e™* is part of the complementary function, for the particular integral try

d d?
y=Cre = d—y = (C—-Cz)e™® Y

= 13
T dx

= (Cx —2C)e™".




Substitute into the differential equation and equate like terms:

et —20-20=2
ze ®: C+2C —3C =0 (and this gives us no information).
and hence C' = —%. So the general solution is

M — 32 1, .—
y = Ae " + Be” — jze ",

Since y — 0 as x — o we need B = 0 or else the function will become unbounded

as 3 — o0 as ¥ — 0. Now

dy - .

P Ae ™ + (—1 + 2z)e
So q

Yy 1 5

x—O,az—i’;j— =-A-53=2A=3
Hence
yzge_x—%xe .

d
— 142 =127

(a) Find the general solution of the differential equation.

Solution

The auxiliary equation is
m*+4m=0=m(m+4)=0=m=0o0r m=—4
and hence the complementary function is
y=A+ Be ™.

For the particular integral try
2

d d
y = Cre* = d_y = 2Ce* = d—‘g = 4Ce**.
x x

Substitute into the differential equation:

41C0+8C=12=C=1.




So the particular integral is y = e2* and hence the general solution is

y = A+ Be ' &%

(b) It is given that the curve which represents a particular solution of the differential
equation has gradient 6 when x = 0 and approximates to y = ¢?* when z is large
and positive. Find the equation of the curve.

Solution
% = —4Be ™ + 2¢** and hence r = 0 = % =-4B+2= B = —1.
dz dx

Since y is approximated by e** we also need A = 0. Hence

—4x

y=—e e

8. A differential equation is given by

°y dy
r—2 — 2sinwcosr—— + 2y = 2sin*xcosx, 0 < x < 7.

dz? dz

(a) Show that the substitution y = wsinz, where u is a function of z, transforms this
differential equation into

sin®

du .
EP) + u = sin 2z.
T

Solution

Yy . u
— = UCOSXT + SINT—
dx dx

d’y d [(dy
dz?2  dz \dz

_ d L du
=7 U COS T smazd

and

T T

U ) n du i d%u
= —CoSz —usinz + cosr— -+ sin —
dz dz dz?
du y - d%u
=2cosz— —usinx + sin —.
dx dx




Hence
2

d
sin? x—y — 2sinx cos Jc—y + 2y = 2sin* z cos x
da? dx

) du . . d2’LL
= SN~ r 2COS$——USIH$+SID—2
dx dx

du
— 2s8Inxcosx (ucosx+51nxd— + 2usinz = 2sin* z cosx

T
.3 . 43 d2u . 2 . -4
= —usin’x + sin xp—Zusm:ccos T+ 2usinx = 2sin” x cosx
T
.3 .3 d*u . 2 .4
= —usin’x + sin IF—FQusmx(l—cos x) = 2sin" x cosx
T
.3 d*u . 3 4
= sin"r—— + usin r = 2sin"xcosx
dx
d%u .
= —2+u:2smxcosx
dx
d*u )
= —2+u=81n2x,
dx

as required.

(b) Hence find the general solution to the differential equation

2

: : d :
sin® x—2 — 2sin x cos x—y + 2y = 2sin* zcosx
da? dx

giving your answer in the form y = f(x).

Solution
The auxiliary equation is

m?>+1=0=m=+i
and hence the complementary function is
u= Asinx + Bcosuz.

Since the differential equation involves only the function and the second deriva-
tive for the particular integral we can try

d%u

u = Csin2z = Ly 8 2C cos2x = — = —4(C'sin 2x.
dz dz?




Substitute into the differential equation:
—4C'+C’=1:>C'=—%.
So the particular integral is u = —% sin 2x and hence the general solution is
u= Asinx + Bcosz — %sian.
Since y = usinz,

y =sinx (Asinx + Bcosz — %sian).

9. The differential equation

Y s 4y — sk
— = sin kx
da? %

is to be solved, where k is a constant.

(a) In the case k = 2, by using a particular integral of the form az cos2x + bx sin 2z, (7)
find the general solution.

Solution
The auxiliary equation is

m?*+4=0=m=+2i
and hence the complementary function is

y = Asin2x + B cos 2x.

d_y = qcos 2 — 2az sin 2x + bsin 2x + 2bx cos 2z
x

% = —4asin 2x — 4ax cos 2z + 4b cos 20 — 4bx sin 2.
Substitute into the differential equation and equate like terms:
sin 2z : —4a+0=1=>a=—%
cos2z: 4b+0=0=b=0
xsin2z:  —4b+ 4b = 0 (giving us no information)
rcos2z: —4a+4a =0 (giving us no information).
So the particular integral is y = —%x sin 2 and hence the general solution is

y = Asin2x + B cos2x — %xsinQ:c.




(b) Describe briefly the behaviour of your solution for y when x — co.

Solution

ly| — 0 as © — o0 as the the terms in sin 2z and cos 2z are bounded but the
final term is unbounded.

(c) In the case k # 2, explain briefly whether y would exhibit the same behaviour as
in part (b) when x — co.

Solution

No: if &k # 2 then the particular integral would have the form y = C'sinkx +
D cos kx and this, like the terms in the complementary function, is bounded.

10. The variables x and y satisfy the differential equation

d23/ dy 2
2—= + 3—= — 2y = he ",
dz? * dz y ¢

(a) Find the complementary function of the differential equation.

Solution

The auxiliary equation is
2m* +3m—2=0= 2m—1)(m+2)=0=m =1 orm = -2

and hence the complementary function is

1 2
y = Ae2” + Be ",

(b) Given that there is a particular integral of the form y = pre™*, find the constant
.

Solution
d d?
T = d—i = (p — 2px)e™** = d_xz = (—4p + dpx)e .

Substitute into the differential equation and equate like terms:

Y= pxe*2

e —8+3p+0=5=p=-1

ze ™ 8p—6p—2p=0 (giving no information).

10



d
(c¢) Find the solution of the differential equation for which y = 0 and d—y = 4 when (5)
x
r=0.

Solution
The general solution is

z 2 2
y = Ae2” + Be " — xe ",

Now y = 0 when z = 0 and hence A + B = 0. Next,

d 1
d—y = %Aef —2Be ¥ — 7% 4 Qge™
x
. dy 1 .
and, since — = 4 when x = 0, we have 4 = ;A — 2B — 1. Solving these
x
simultaneous equations gives A = 2 and B = —2. So the solution is
1
y = 2e2" — 2 % — ge
11. Find the solution of the differential equation (11)
d’y dy
— +3—=+by=¢e"
dz? " Cde TV T

for which y = ? = 0 when x = 0.
x

Solution

The auxiliary equation is
m*+2m+5=0=(m+ 1) +4=0=>m=—1=+2i
and so the complementary function is
y =e “(Asin2z + Bcos2x).

For the particular integral, try y = Ce™*. (Note that this is not part of the com-
plementary function: both e *sin2x and e * cos2x are but not e”® on its own.)

Then )
dy y . d?y .
1r = —Ce ™ and T2 =(Ce™™.

11



Substitute into the differential equation:
C—3C+5C=1:>C=%.
So the particular integral is y = %e‘x and hence the general solution is
y =e *(5 + Asin 2z + Bcos2x).

Now, since y = 0 when x = 0, we have

0= %—l—B = B = —%.
Next,
dy _ —e (L + Asin2z — % cos2z) + e *(2A4 cos 2x + 2 sin 27).
dz 3 3 3
So,
dy 1

So the solution is
y=e"(3 — 5 cos2z).

12. The variables x and y satisfy the differential equation

d2
d_:vz + 16y = 8cos4x.

(a) Find the complementary function of the differential equation.

Solution
The auxiliary equation is

m?+16 =0=m = +4i
and so the complementary function is

y = Asindx + Bcos4x.

(b) Given that there is a particular integral of the form y = pxsindx, where p is a
constant, find the general solution of the differential equation.

12
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(a)

Solution
2

d d
Y psindx + 4px cos 4x and CLiL L 8pcosdx — 16px sin 4x.
dx da?

Substitute into the differential equation and equate like terms:

xsindx :  — 16p + 16p = 0 (and this tells us nothing)
cosdr: 8p+0=8=p=1.

So the particular integral is y = x sin4x and hence the general solution is

y = Asindx + Bcosdx + xsin4x.

d
Find the solution of the equation for which y = 2 and Y — 0 when z = 0.

dx
Solution
x =0 and y = 2 tells us that B = 2.
dy ) )
P = 4A cosdxr — 8sindx + sindx + 4x cos 2z
T

d
and so x = d_y = 0 tells us that A = 0. Hence
z

y = 2cosdx + xsindzw.

Find the general solution of the differential equation

d’y _dy
— 2 452 2y = 27 +13.
3dw2+5dx Y x+ 13

Solution

The auxiliary equation is
3m*+5m—2=0=Bm—1)(m+2)=0=m=1%orm=—2

and hence the complementary function is

1 2
y = Ae3” + Be ",

13



For the particular integral, try

dy d%y

Substitute into the differential equation and equate like terms:
5C —=2(Cx+D)=—-2x+13=C=—1and D = —4.

So the particular integral is y = —x — 4 and the general solution is

1
y = Ae3” 4+ Be ™ — g — 4.

d
Find the particular solution for which y = —% and d_y = 0 when z = 0.
x
Solution
r=0y=—-I=-1=A+B-4
Differentiate:

d 1
% = 1Ae3” —2Be™ —1=0=1A-2B.

Solve these simultaneous equations to get A = % and B = ﬁ. So the solution is

Write down the function to which y approximates when x is large and positive.

Solution
Since e72* — (0 as x — 00, we have

1
y=32e3" —z—4.

(a) Find the complementary function of the differential equation

d2y ..
s = cosec .
dz? 4

14



Solution

The auxiliary equation is
m*+1=0=m=+i
and so the complementary function is

y = Asinz + Bcosx.

(b) It is given that
y = p(Insinz) sinx + gz cos x,

where p and ¢ are constants, is a particular integral of the differential equation.
(i) Show that

p—2(p+q)sin’x = 1.
Solution
y = p(Insinx) sinz + gz cos x
= Er pcosz + p(Insinz) cosz + gcosx — qrsinx
d’y ' : : 2 .
= Qe s — p(Insinz) sin z + p cos” z cosec x — 2gsinx — qr cos .

Since this satisfies the differential equation,

— psinz 4 pcos? x cosec & — 2gsinx = cosec x

— psinz — 2gsinx + p(1 — sin? T) COSeC T = COSeC T
— psinx — 2gsinx + pcosecx — psin T = cosec T
— 2psin®x — 2gsin?z +p =1

R

p—2(p+q)sin®z =1,

as required.

(ii) Deduce the values of p and q.

Solution
Since this an identity,

r=0=p=1and z =

B}
U
(S
Il
|
—_

15



15.

(c) Write down the general solution of the differential equation. State the set of values
of x, in the interval 0 < z < 2x, for which the solution is valid, justifying your
answer.

Solution
The general solution is

y = Asinz + Bcosx + (Insinx)sinx — z cos z.

y does not exist when sin x = 0 and hence the required range of values for x is

O<z<mand 7 <z < 27.

(a) Find the general solution of the differential equation

giving your answer in the form y = f(¢).

Solution

The auxiliary equation is
m>—6m+10=0=(m-3*+1=0=m=3+i
and hence the complementary function is
y = e*(Asint + Bcost).
For the particular integral try
d?y

y = Ce* = % = 2Ce? = i 4Ce?,

Substitute into the differential equation:
4C—-12C0+10C =1=C =3
and hence the particular integral is y = %e%. So the general solution is

y = e (Asint + Bcost) + 1e*.

16
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1
(b) Given that x =t2, x > 0, t > 0, and y is a function of x, show that

d*y Py dy
QY _ 29 0%
e Ttw

Solution
de dt = dt dt 2 dt
and hence
Py _ d (dy
dz?2  da \dz
d 1dy
= — (2122
dx ( t)
d 1dy dx
= — ([ 2t2—=2 ) — —
dt ( t dt dt
_1dy 1d%y L1
AT AP AL L
(o i) = (¢
dy =~ d%
=22 + 4t—=
a

as required.

1
(c) Hence show that the substitution z = ¢2 transforms the differential equation

dzy 2 dy 3 3 22
x@—(mx —I—l)a—l—éle y = 4x’e
into 9
dy  dy 2t
Y 6L 410y =
T ULCCET”
Solution

17



xi—(mx +1)d + 4023y = 42
dz? dz
= 4 (41&3% + 2%) — (12t + 1) (2t§ %) + 40t%y — 42
442 % + 2t'% —24th i‘? . 25% 40ty — 4362
= 4t3% — 24t2 % + 40t2y _ gpret
= (;; 6%+10y—e
as required.

(d) Hence write down the general solution of the differential equation

d*y 2 dy 3 3,222
x@—(mx —1—1)54—403: y = dxve”.

Solution

12,

3z? 2 2
y = e (Asinz” + Bcosz”) + 3

16. (a) Show that the substitution x = e’ transforms the differential equation

d? dy
2dxg 4xd— + 6y = 30 + 20sin(In z)
mto )
d“y dy :
@ —5E +6y = 3+2OSlHt.
Solution

This is a standard substitution and you need to know how to do this both
correctly and quickly:

dy dy dx:ﬁxet—x%

& dz &t dzx dz

18



and

Py _d(dy) _d [ dy
az _ar\at )~ ar \Tax
d dy dx
dx dzx dt
( ") e

d’y
_ % 24y
z dx+$dx2

Finally, z = e’ and so t = Inz. Hence

QSZZ 4:1:3— + 6y = 30 + 20sin(In )
= <:r; % + x%) — 53:3—1; + 6y = 3+ 20sin(Inz)
% —5% + 6y = 3 + 20sint,
as required.
(b) Find the general solution of
3; 5% + 6y = 3 + 20sint.

Solution
The auxiliary equation is

m?>—5m+6=0=(m—-2)(m—-3)=0=m=2o0rm=3,
and hence the complementary function is
y = Ae* + Be™.

For the particular integral, try

d
y=C+ Dsint + Ecost = d—i{ = Dcost — E'sint
d?y

= —— = —Dsint — F cost.
dt?

19



17.

If we substitute into the differential equation and compare like terms:

constant : 66’23:>C'=%
sint: —D+4+5E+6D=20= 5D +5FE =20
cost: —E—-5D+6FE=0= —-5D+5FE =0,

and hence D = 2 and F = 2. Hence the particular integral is
Yy = % + 2sint + 2cost

and so the general solution is

y = Ae* + Be*t + % + 2sint + 2 cost.

(¢) Write down the general solution of

d? d
:c2d—;§ N 4xd—i +6y = 3+ 20sin(Inz).

Solution

By ‘write down’ they are not suggesting that you cannot have a line of working,
merely that you are in a position to answer this from your previous work. We
just need to replace e by x and note that, for example, e* = (e')? = 22. Hence

y = Az + Bz® + 1 + 2sin(Inz) + 2 cos(Inz).

(a) Show that the transformation y = vz transforms the equation

2 dzy dy

2 5
x@—2x£+(2+9x)y=x ()
into the equation
d*v 9
@ + 9v = x°. (i)
Solution
dy dv
== — =0+ T—
Y dz dz

20



and
d*y dv d*v
—= =2— 1.
da? dz da?
Substitute into ():

dv d*v dv
2 [odU AU\ dav 2 _ .5
x (de—kxde) 2 (v+wdx> + (24 92%)(vz) = @

d d? d
= 2x2£ + x:”d—;; — 2vx — 2x2£ + 2ux + vz’ = 2P
d2
= x3d—;2) + 9oz = 2°
d%v
= — +0p=2%
dz?

(b) Solve the differential equation (}) to find v as a function of x.

Solution

Complementary function: The characteristic equation is

m*+9=0=m=+3
and so the complementary function is v = Asin 3z + B cos 3.

Particular integral:

d d
UZ/LZE2+VI+52>£=2[LI+V=>@Z2M

and now
2n+9(pa* vz +§) =" =p=3v=0¢=-%

and we have

General solution:

v = Asin3x + Bcos3x + %xz — 811.

(c) Hence state the general solution of the differential equation (7).

21



18.

Solution
Hence the general solution of the differential equation () is

y = x(Asin3z + Bcos3x + %xz — %az — %)

(a) Find the general solution of the differential equation

A’z dx
- — 4+ 2z =2t )
e + 5dt + 2x +9

Solution
Complementary function:

2m* +5m+2=0= 2m+ 1)(m+2) =0

:>m=—2orm=—%,

and the complementary function is
lt
v = Ae " + Be 2",

Particular integral:

t+b= - :>d2a:
T =aq — =g = —
dt d¢?

and
0+ba+2at+b)=2t+9=a=1,b=2

and the particular integral is
z=1+2.

General solution: Hence, the general solution is

1
x=Ae ?+ Be 2" +¢+2.

—1 when t = 0.

22

d
(b) Find the particular solution of this differential equation for which = 3 and d—f

(4)



Solution
dx y ? s,
< —24e7* —1Be72" +1
and
3=A+DB+2 (1)
-1=-2A-1B+1. (2)
Solve:
B=1-A=-1=-24-1(1-A)+1=-$=-34
and so
A=1,B=0.
Hence
r=e+t+2.

The particular solution in part (b) is used to model the motion of a particle P on the
z-axis. At time ¢ seconds (t = 0), P is x metres from the origin O.

(¢) Show that the minimum distance between O and P is 1 (5+1n2) m and justify that
the distance is a minimum.

Solution
d
0= 24 1=0
dt
= o %
= -2t ln%
=1 = —% ln%
=1 = %ln 2.
Now,
A’z o,
@ = 46 > O

and this is a minimum and

23




19. Given that 3z sin 2z is a particular integral of the differential equation

d?y
— + 4y = kcos 2z,
da? A

where k is a constant,

(a) calculate the value of k, (4)

Solution
Particular integral: try y = 3x sin 2x:

d d?
& _ 3sin 2z + 6z cos 2z and 212 12 cos 22 — 122 sin 2.

dz da?
Now,
(12 cos 2z — 12z sin 2z) + 4(3x sin 2x) = k cos 2x
= 12cos2x = kcos2z
= k=12
(b) find the particular solution of the differential equation for which at x = 0, y = 2, (4)

T

and for which z = 7, y = 7.

Solution
Complementary function: The characteristic equation is

m? +4=0=m=+2
and so the complementary function is y = Asin 2z + B cos 2x.

General solution: Hence the general solution is

y = Asin2x + Bcos2x + 3z sin 2.

r=0,y=2:2=0+B+0= B =2.
=2 y=2:Z=A+0+¥=A4=-1
Hence, the particular solution of the differential equation is

y = —7sin2x + 2 cos 2z + 3z sin 2.

20. A scientist is modelling the amount of a chemical in the human bloodstream. The
amount x of the chemical, measured in mg [}, at a time ¢ hours satisfies the differential

24



equation

d? dr\’
Qxd—;—ﬁ(d—f) =22 -3z > 0.
1
(a) Show that the substitution y = — transforms this differential equation into
d%y
e +y=3. (f)

Solution
dy _dy do__2de
dt dz dt x3 dt
and
d?y d [dy
iz a(a)
. d 2 dx
73 (‘; a)
6 (dz\? 2 d%
= (a) T
Now,

w3de2 x4\ dt 2
d2y
R A
d2y
T @ Y

(b) Find the general solution of the differential equation ().

Solution
Complementary function:

m>+1=0=m=+1

25



and the complementary function is y = Acost + Bsint.

Particular integral: We try y = ¢

d’y dy
de2  dt
and y = 3.

General solution: So, the general solution is

y = Acost + Bsint + 3.

d
Given that at time t = 0, z = % and d—f =0,

(c) find an expression for z in terms of ¢,

{ t+3 . L
— = cos =t s —
2 cost + 3

1
AT V cost + 3’

because © = 0.

Solution
1
y = Acost+ Bsint +3 = — = Acost + Bsint + 3.
x
Now,
x=%,t=0=>4=A+0+3:>A=1.
Next,
1 2 d
— = Acost + Bsint + 3 = _L —Asint + Bcost
x? x3 dt
and q
x=%,—f=0:>0=0+B:>B=0.
Hence,

(d) write down the maximum values of x as ¢ varies.
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Solution

21. For the differential equation

d*y _dy
A L A 3
da:2+ da:+ y z(x + 3),

d
find the solution for which x = 0, d_y =1,and y = 1.
x

Solution

Complementary function:

m?>+3m+2=0= (m+1)(m+2)=0

=m=—1orm=—2,

and so we have
y = Ae ?* + Be .

Particular integral: Try

2

22:20=2=C=1.
xz: 6C+2D=6=D =0.
constant: 2C +3D +2FE =2= F = —1.

Hence,
y=1x%—1.

General solution: The general solution is

y=Ae ™ + Be ™" + 2% — 1.

Now,

r=0y=1=1=A+B+0—-1=A+B=2.

y=C’x2+Dx+E:>%=20x+D:>%:20,
dx da?
Now,
2C + 3(2Cz + D) + 2(Cx* + Dx + E) = 22° + 6.
Solve:
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Differentiate:

% = 24e % — Be™* + 2z
dx
and
1=-2A-B+0=2A+B=—1.
Solve:
2A+(2-A)=—-1=A=-3,B=5
and

y=—3e* 5% +2%— 1.

(a) Find the general solution of the differential equation

Solution
Complementary function:

3m*—m—2=0= (3m+2)(m—1)=0

jmz—gormzl,

and so we have )
y = Ae 3" + Be”.

Particular integral: try

d d?
y=C$2+DC(]+E=>—y:20x—|—D:>_y:20‘
dx da?
Now,
3(2C) — (2Cz + D) — 2(Cx® + Dz + E) = 2°.
Solve
x?: —2021:0__%
v —2C —2D=0=D =1
constant: 6C' — D — E=O:>E=—£
Hence,
y=—12"+ 3z — I




General solution: The general solution is

2
— Ae—357 e 1,2 1. 7
y = Ae 3% + Be" — 51° + 51 — .

d
(b) Find the particular solution for which, at x = 0, y = 2 and d—y = 3.
x
Solution
r=0y=2=2=A+B-1=A+B=1
Now,
d 2
d_i = 243"+ Be" —x + 3
and
74D 1 2 _5
Solve:
15 2 15 5
5 5
= T34 =7y
= A= %
= B = 3;
Hence, the particular solution is
2
y=3e3"+3"— 17+ 1x -1

23. (a) Find, in terms of k, the general solution of the differential equation

A%z dx
— +4—+3x=kt+5
12 + 1 + ox + o,

where k is a constant and ¢ > 0.

Solution

Complementary function:

m*+4m+3=0= (m+1)(m+3)=0

=m=—1orm= -3,
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24.

and so we have
z = Ae 3 + Be™t.

Particular integral: try try

dx A’z
Now,
0+4C+3(Ct+ D) =kt+5=C=3k,D=2—3

General solution: The general solution is

x=Ae® + Be ' + 1kt + 2 — 3k

k.

For large values of ¢, this general solution may be approximated by a linear function.

(b) Given that k = 6, find the equation of this linear function.

Solution
k=6=x=Ae 3 +Be ' +2t—1

and hence the linear function is

T~ 2t—1.

d’y  dy
SY 4% 5y = 4em.
dz? + dz oY ¢

(a) Show that Aze” is a particular integral of the differential equation, where A is a

constant to be found.

Solution
Particular integral: try y = Aze”:

dy N x d2y T x
£=)\xe + e andﬁz)\:ne + 2Xe”.
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Now,

AT + 2\ + 4(Az + N) — 5(A\x)] e® = 4e”

= M +2A+4(Az+ ) -5 x) =4
= 6A=141
= )\=§.

Find general solution of the differential equation.

Solution

Complementary function:

m*+4m—-5=0= (m+5)(m—1)=0

=m=—-5orm=1,

and so we have
y = Ae™® + Be”.

General solution: The general solution is

y = Ae™™ + Be” + %xex.

and the particular solution is

__ 2,5 _ 8. 2,.,T
y =3¢ g€ T 3x€".

d
Find the particular solution for which y = —% and d_y = —% at x = 0.
x
Solution
2 2 2
r=0y=-3=-3=A+B+0=A+B=—3.
Now,
d
é = —5A4e™" + Be” + 2z6” + 2¢°
and
0, W _ 4 4 544 B2 5A44B=—2
L=V ATt e eT, TP =
Solve:
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25. Find the general solution of the differential equation

Az dz
— +6— + 10z =e "
az Va T

Solution

Complementary function:

=m=—3+1,
and so the complementary function is
x =e *'(Acost + Bsint).

Particular integral: try z = Ce™:

dx d’z
dt dt?

Now,
(16C —24C + 10C)e ™ = e = 20 =1

and so the particular integral is

General solution: The general solution is

m?>+6m+10=0= (m+3)*+1=0

— =4Ce ¥ and —= 16Ce™“.

x=e "(Acost + Bsint) + 1e7 ™.

26. Find the general solution of the differential equation

d*z 6% L 0 — 5eost
—_— —_— = COST.
a " Ca "

Solution

Complementary function:

m>+6m+9=0=(m+3?2=0=>m=

—3 (only)
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and the complementary function is

z = (A+ Bt)e ™.

Particular integral: try x = C'cost + Dsint:

2

d
d—f = —C'sint + Dcost or d_t;C = —(C'cost — Dsint.
Now,
sint —D—-6C+9D=0= —-6C+8D =0
cost —(C+4+6D+9C=5=8C+6D = 5.
Solve:

(2] )

4 0 3
C=§D:%D=5:D=E,C=

and we have
_2 3 g
r =z cost + 35 sint.

General solution: The general solution is

_ —3t 2 3
= (A+ Bt)e™™ + Zcost + j5sint.

27. L 1
T T

— — = 2!,

1 + 5dt + 6z e

d
Giventhatxz()andd—:;:Qatt:O,

(a) find z in terms of t.

Solution
Complementary function:

m*+5m+6=0= (m+2)(m+3)=0
=m=—-30rm= —2,

and so we have
x = Ae 3 + Be 2,

Particular integral: try z = Ce™":
dx d*z

—t —t
Ez—C’e 01‘@206 )
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Now,

(C-5C+6Ce " =2"=C=1

and we have
xr=e "

General solution: The general solution is

x=Ae ¥ + Be™? 4+ et

Particular solution:

r=0t=0=0=A+B+1=A+B=-1.

Now,
d
& —3Ae™ 3 —2Be™% — o7t
dt
which means
dx
sz,E=2:>2=*3A*2B*1:>*3A*2B=3.

Solve:
B=-A-1=-34A-2(-A-1)=3=-A=1=A=-1,B=0,

and we have

The particular solution in part (a) is used to model the motion of a particle P on the

x-axis. At time t seconds, where t > 0, P is x metres from the origin O.

23
9

(b) Show that the maximum distance between O and P is m and justify that the

distance is a maximum.

Solution

— =0=3 " —et=0
dt
= e (3 —e*) =0
et =3

=t = %1113.
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28.

Now,
3 1
T = e 2ln3_i_e—21r13
1 3
—1n32 372
—e In3 _elnd
1 3
=3 2—-32
Iy 174
V3 33
_ 2V3
9
2
dzx
—7 = —9e73 4 o7t
dt
and )
d €T 3 1
—2) —21
F = —9¢ 2n3+e 21132—%§<0,
t x:lln3
2
and this is a maximum.

(a) Find the value of A for which y = Axsin bz is a particular integral of the differential

equation
d2
d—x‘z + 25y = 3cosbz.
Solution
dy ‘
— = Asinbx + 5\x cos Sz
dx
and
d2y . .
i S5Acosbx + bAx cosbr — 25 x sin bz = 10\ cos bx — 25z sin Hx.
Then

10X cos bz — 25 \x sin 5z + 25( Az sinbx) = 3 cos bx
10A cos bz = 3 cos bz

_ 3
A= 15

U

U

(b) Using your answer to part (a), the general solution of the differential equation
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Solution
Complementary function:

m?+25=0=m=+5i
and so we have the complementary function is
y = Acosbx + Bsinbzx.

General solution: The general solution is

y = Acosbx + Bsinbx + f—oxsin5x.

d
Given that at x =0, y = 0, and d_y =5,

xT

(c) find the particular solution of this differential equation, giving your solution in the

form y = f(x).
Solution
r=0y=0=0=A+0+0=A=0.
Now,
Y _ 5B cos5s + 2 sinbz + Lx cosh
a— CcOS x+msm x+§xcos X
and
dy
r=0-—-=5=5=5B+0+0=B=1.
dx
Hence

_ . i .
Y = sindx + {52 sin Hz.

Sketch the curve with equation y = f(x) for 0 <z < 7.

Solution
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29. The differential equation
d*z dx
@+6E+9x=cos3t,t>0,
describes the motion of a particle along the z-axis.

(a) Find the general solution to this differential equation.

Solution
Complementary function:

and the complementary function is
z = (A+ Bt)e ™.

Particular integral: try o = C' cos 3t + D sin 3t:

2
dt dt?

Now,

cost: —9C+18D+9C =1=D =

and this gives

_ 1
r =13 sin 3t.

General solution: The general solution is

x = (A+ Bt)e ™ + i sin3t.

m?>+6m+9=0= (m+3)°=0=m= -3 (only)

de = —3C'sin 3t + 3D cos 3t and de = —9C cos 3t — 9D sin 3t.

sint: —9D—-18C+9D =0=C =0,

L
187
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(b) Find the particular solution of this differential equation for which, at ¢ = 0, z = 3 (5)

dx
d —=0.
an i
Solution
r=3t=0=>1=A4+0+0=A4=1
Now,
dx -3t | 1
E:(—3A+B—3Bt)e + 5 cos 3t
and
d$ A 1 4
t=0,5=0=0=-3 +B+3=B=3.
So we have
T = (% + %t)e_?’t + % sin 3t.

On the graph of the particular solution defined in part (b), the first turning point for
t > 30 is the point A.

(c¢) Find the approximate values for the coordinates of A. (2)
Solution
Now,
dz 3t 1
i (—=3A+ B —3Bt)e ™ + ;cos 3t
which means
@ ~ 1 cos 3t
&t

and we want

cos3t=0=>3t=%7r,%7r,..., 5

1 3
@t:é’ﬂ',gﬂ',...,

Now,

/ 180
%ﬂ'>30:2n—1>—
T

180
=2n>—+1
T

11180

m
— n > 29.14788976 (FCD),
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59

67Tand

so we take n = 30 which gives ¢t =

x = (1 +3t)e 30 + Zsin3(3%F) ~ — 1.

—_

|

30. Find the general solution to the differential equation

d’z 58 6 — 2cost —sint
o —= €r = COSUT —sInt.
FERT

Solution

Complementary function: The characteristic equation is

m> +5m+6=0= (m+2)(m+3)=0

=m=—-2orm=—3

and so the complementary function is z = Ae™3 + Be %,
Particular integral: try x = C'cost + D sint:

d d?

d—f = —(C'sint + Dcost and d—f = —(C'cost — Dsint.
Now,

sint: —D-5C+6D=-1= -5C+5D = —1,

cost: —C+5D+6C=2=5C+5D =2,

3 1
and this gives C' = {5, D = 15. Thus,

T = f—ocostJr —smt

General solution: The general solution is

r = Ae ™ + Be % + 130 cost + 15 Smt

(a) Find the value of A for which A\t?e® is a particular integral of the differential equation
d’y  dy

Y650 4oy —6e¥ t >0,

ae  Car YT
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Solution

Particular integral:

dy d2y
—Z — I\t 3t 3>\t2 3t~ I
e’ + e, 12

; 223t + 120t + 9Nt2e?!

If we substitute into the differential equation and compare coefficients:

t2e* 9\ — 18X\ + 9\ = 0 (and this tells us nothing)
te* : 12\ — 12\ = 0 (and this, again, tells us nothing)
M 22 =6=)A=3

(b) Hence find the general solution of the differential equation.

Solution

Complementary function: The characteristic equation is

m?>—6m+9=0=(m—-3?%*=0
and so the complementary function is y = e3(A + Bt).

General solution: Hence the general solution is

y = e”(A+ Bt + 3t%).

d
Given that when ¢t = 0, y = 5 and d—gz =4,

(c) find the particular solution of this differential equation, giving your solution in the
form y = £(¢).

Solution
t=0,y=5=A=5.
dy

i 3¢’ (5 + Bt + 3t%) + e’ (B + 6t)

and so

t=0,%=4:15+3=4:3=—11.
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32. (a)

Hence the particular solution is

y = (5 — 11t + 3t%).

Show that the transformation y = vz transforms the equation

d*y dy

2 2 4
4x@—8x£+(8+4x)y=x (1)
into the equation
d*v
Solution
dy (! dv
=vr=—=0+1—
Y dz d
and

Substitute into (1):

dv dv dv
2 [ o4V avy av 2 _ 4
4 (de—i—xde) 8z <v+xdx) + (8 + 4a%)(vz) =«
dv dv dv
L L _q.2d9v Avrd — 24
= 8z P + 4x L2 Svxr — 8x P + vz + 4vx T

2
)
= 4d*— +dvrd =1z
dz?
2
v
= 4— +4v =1x.
dz?

4

Solve the differential equation (i) to find v as a function of z.

Solution
Complementary function: The characteristic equation is

dm?+4=0=m = +i

and so the complementary function is

v=Asinz + Bcosz.
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33. (a)

Particular integral: For the particular solution, try v = Cx + D:

WP
de ' dz?

and substitute:
0+4(Cz+D)=z=C=1D=0.

General solution: Hence the general solution of (1) is

v=Asinz + Bcosz + ;1195.

Hence state the general solution of the differential equation ().

Solution
y = z(Asinz + Beosz + 1z).

Show that the substitution z = e* transforms the differential equation

d%y dy
24y a5
x dm2+2xdx 2y =3Inz,x > 0, (1)
into the equation
dzy dy
dz2 dz 2y =32 (1)

Solution

This is a standard substitution and you need to know how to do this both
correctly and quickly:

dy _dy dv_dy oy

dz dz  dz dx ¢ :xd:r

42



and

dy A (dy) _d(dy
dz2  dz \dz/) dz xdx
d dy dx
e p— Tr— X —
dx dx dz

dy d2y
- (a = xa) X

_ o dy  LdYy
_$dx+ el
Hence we can rewrite (f) as
d’y  dy d’y  dy| | dy
2 2
x@+2x£—2y=3lnx:[x@—an]—i—xa—mjziﬂnx
d’y  dy .
@+d——2y:3ln(e)
d’y  dy
AL Coy _ 3
&2 4 VT

Find the general solution of the differential equation (1).

Solution
Complementary function: The characteristic equation is

m*+m—-2=0=(m+2)(m—-1)=0=m=—-2or1

and hence the complementary function is

y = Ae™* + Be®.

Particular integral: For the particular integral, try
dy

d2
y=0Cz+D=—==C= Y

~J_9
dz dz?

and substitute into (1):
0+C—-2(Cz+D)=32=C=-3D=-3

General solution: Hence the general solution is

| —2z z 3 3
y—Ae +Be—§z—z
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34.

(c) Hence obtain the general solution of the differential equation (f) giving your answer

in the form y = f(x).

Solution

_ —2z z 3 3
y—Ae +Be—§Z—Z

= A@) 7 +B(e) - 323

=Ax72+Bx—%lnx—%.

(a) Find the general solution of the differential equation

d’y _dy
— + 22 + 10y = 27e"".
dz? + dz y ¢

Solution

Complementary function: The characteristic equation is

m*>+2m+10=0=m=—1+3i
and hence the complementary function is
y=e¢ “(Asin3z + Bcos3x).

xT

Particular integral: For the particular integral, try y = C'e™™:

dy . Ay e
@ = —Oe ,@ = C'e

and substitute this into the differential equation:
Ce™ —2Ce " +10Ce™ = 27e™"
and hence C' = 3. So the general solution is

y=-e “(Asin3z 4+ Bcos3z) + 3e™".

d
(b) Find the particular solution that satisfies y = 0 and d_y = 0 when z = 0.

T
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Solution
r=0=B+3=0= B=-3.

d
d_y = —¢ “(Asin3x — 3cos3x) + e “(3Acos 3z + 3sin3z) — 3¢
T

d
and so < = 0=3+34A—-3=0= A =0. So the particular solution is

y =3e “cosdr + 3e” .

35. (a) Show that the transformation x = e* transforms the differential equation

d’ d
2° Y 7Yy 16y = 2na, x>0, (1)

v dz? dz

into the differential equation

d’y  _dy

— 8=+ 16y =2 1I).

T2 8du + 16y U (11)
Solution

dy dy dx dy u dy

=2 x — =L xe¥=g2

duv dx du dz dx
and

dy d (dy\ d [ dy
du?2  du \du/) du JEdu
d dy dx
dx dx du

dy  d%y
- (d—+d—> o
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Finally, z = e" and so u = Inz. Hence

d2y dy

2

x _d:pz — 7x_da: + 16y =2Inx

dzy dy dy

= (22—2 + -2 ) —8x—= + 16y = 21
(:17 2 x 3:) 8z . 6y nT
dQ?J dy

—=—2 _ 82 4L 16y =2
du? 8du Oy Y

as required.

(b) Find the general solution of the differential equation (II), expressing y as a function

of u.

Solution

Complementary function: The auxiliary equation is

m?>—8m+16=0= (m—4)>=0=m =4,
and hence the complementary function is
y = (A + Bu)e™.

Particular integral: For the particular integral, try

dy d2y

= 0.
Substitute into the differential equation:
0—8D+16(C+ Du) =2u=D =4,C = £

u.

o=

So the particular integral is y = & +

General solution: Hence the general solution is

y = (A+ Bu)e™ + & + Lu.

(c) Hence obtain the general solution of the differential equation (I).
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Solution

y=(A+Blhz)e™ + L +ilnz=2"(A+Bhz)+ L + llna

(a) Show that the transformation = e* transforms the differential equation

d*y dy
2 —2
x —2—2x—x+2y——x

into the differential equation

, x>0, (1)

d’y  dy

—2 3L 4 9= —¢ 2 IT

du? du ey ¢ (I
Solution

dy dy da dy dy

—~ =2 x— =T xe¥=gp2

dv dx du dz dx
and

Py d (dy) _d [ dy
du2  du \du/ du xdu
d dy dx
= —|z— ] x —
dx dx du

dy d2y

Finally, z = e" and so u = Inz. Hence

d?y  dy
2 -2

2

PA) dy dy u\2

I _3p—2 L9y = —

:(:1: daz? dx) Bxdx—i_ 2 (")
d2y dy 2
— — 3=+ 2y=—e
du? du+y °

as required.

(b) Find the general solution of the differential equation (II).
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Solution
Complementary function: The characteristic equation is

m?>—3m+2=0= (m—1)(m—2)=0

=m=1lorm=2

and so the complementary function is y = Ae* + Be?“.
Particular integral: try y = Ce™ 2%

dy -2 dy -2
/s = 2 u e P ) u
” Ce™ " and . Ce

and substitute into (1):
(4C+6C+2C)e ™ = - = (C=—-2%
and the particular integral is
- o—2u

General solution: Hence the general solution is

y = Ae" 4+ Be®™ — 1—126_2“.

(c) Hence obtain the general solution of the differential equation (I) giving your answer (1)
in the form y = f(x).
Solution
U 2u 1 .—2u 2 -2
y = Ae" + Be™ — 5e =A$+Bw—1—12:c :
37. (a) Find the general solution of the differential equation (8)
d%y dy )
@ > 2@ = 26 sin 3.
Solution

Complementary function: The characteristic equation is

m?>—2m=0=m(m—2)=0=m =0 or 2
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and hence the complementary function is
y = A+ Be*.

Particular integral: try y = C' cos3x + D sin 3x:

dy . d2y .
— = —3Csin3z + 3D cos3x and —= = —9C cos 3z — 9D sin 3x.
dz dz?
Now,
sin3z: —9D +6C =26
cosdr: —9C —6D =0,

and this gives C' = % and D = —2. The particular integral is

Y = %COS3.’B*2Sin3£B.

General solution: Hence the general solution is

y = A+ Be™ + %COS31‘*281H3[L’.

dy

(b) Find the particular solution of this differential equation for which y = 0 and T 0
x

when z = 0.

Solution

t=0,y=0=0=A+B+3
and

2x 4 : dy 20 .
y=A+ Be™ + 3 cos3r — 2sin 3w = P 2Be™ — 4sin 3x — 6 cos 3z
x
= 0=2B—6.

Sove:

B=3andA=—1—33

and the particular solution is

y = —13 4 3e* + 1 cos 3z — 2sin 3.
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