Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2008 June Paper 2: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. The equation of a curve is given by
y =12°+ax + 3,

where a is a constant.

Given that this equation can also be written as

y=(r+4)>+b,

find
(a) the value of a and of b, (2)
Solution
Well,
x |z 44
r | 22 44z
+4 | +4z +16
SO
y=(r+4)>2+b
= (2> +8x+16) + b
=22 + 8z + (16 + b).
Hence,
a=38
and
166+b=3=0b=—-13.




(b) the coordinates of the turning point of the curve. (1)

Solution
The coordinates are (—4, —13).

2. (a) Hlustrate the following statements using a separate Venn diagram for each.

(i) AnB=(, (1)
Solution
E.g.,
&

(i) (C'uD)c E. (1)

Solution
E.g.,

(b) Express, in set notation, the set represented by the shaded region. (2)



Solution
Eg, XnY)u(X'nY).

3. Find the coordinates of the points where the straight line
y=2x—3

intersects the curve
? + % + xy + x = 30.

Solution
X ‘ 2z -3
2¢ | 422 —62
-3 | —6x +9
SO

2+ +ay+a =230

2* + (22 — 3)* + 2(22 — 3) + . = 30

2% + (42° — 122+ 9) + (22° — 32) + . = 30
T2* — 14z —21 =0

7(z* =22 —3) =0

by




4.

add to:

—2 }—3, +1

multiply to: —3

= T(x—-3)(z+

1) =0

= x—3=0o0rzxz+1=0

= gxg=30rx=

—1

insert the values in to the straight line:

= y=3ory=

hence, the coordinates are (3,3) and (—1, —5).

(a) Sketch, on the same diagram, the graphs of

y=x—3andy = |2z —9|.

Solution
Y
é\\
\\ //
O 4.5
3
(b) Solve the equation
|20 — 9] = = — 3.



Solution

Well,
20 —9=2x—-3=2x=6

and
—(2z-9)=2-3=-2x+9=2x-3
— 3 = —12

= = 4.

The solutions are
z=4and z = 6.

5. Find the coefficient of 23 in the expansion of

(a) (14 3z)%,

Solution
Well,

(14+32)° — .. + (2)(1)6(31;)2 + (i)(1)5(3x)3 b

= . 425227 + 15122 + .. .;

hence, the coefficient of 22 is 1512.

(1 — 42)(1 + 32)°.

Solution

X \ 25222 4151223

1 oy +151223
—4z | —100823

Hence, the coefficient of 23 is

1512 — 1008 = 504.




6.

(a) Given that

sinx = p,

find an expression, in terms of p, for sec? x.

Solution

sinz = p = sin®z = p?
=1—cos’z =p?

= —cos’x = —1+ p?

= cos?z =1—p?
1

1—p?

= SeC2 T =

(b) Prove that

sec A cosec A — cot A = tan A.

Solution
1 1 cos A
sec Acosec A — cot A = (cos A) (sin A) -
A 1 cos A
“ sindAcos A sinA
2, 1 cos? A
“ sinAcosA  sinAcos A
_ 1—cos®*A
~ sinAcos A
_ sinA
" sinAcos A
_ sinA
~ cos A
= tan 4,

as required.

7. The diagram shows part of the curve



The point P(z,y) lies on this curve.

(a) Write down an expression, in terms of x, for (OP)%.

Solution

(b) Denoting (OP)? by S, find an expression for ((ii_S
x

Solution

32
S=x2+—4:S=:c2—|—32x’4
T
ds

Xz

— =21 — 12827°.
:>d a ua

(c¢) Find the value of = for which S has a stationary value and the corresponding value

of OP.

Solution




d
45 0= 9p — 12807 — 0
dx
128
x
64
:>.Z'—E
= 25 =64
=1 =12
but x = —2 is not on the curve so x = 2. Hence,
2 g | 92 2
(OP)* =2 +§:>(OP) =6
= OP = /6.

8. Solve the equation
(a) 22x+1 — 20’

Solution
222+ = 90 = log, 2***! = log, 20

= 2z + 1 = log, 20

= 2z = log, 20 — 1

= 1z = 3(log, 20 — 1) or 1.66 (3 sf).

(b)
54y71 125y+3
25y . 252
Solution




take logs:

5iy—1  9nu+3 U=l (53)y3
95y 252w  (2)y  (52)2
5y—1 53(y+3)
52y 52(2—y)

= 54y=1)=2y _ 53(y+3)-2(2—y)

— 521 _ goy+13

=2y—1=5y+5
= —6 =3y
=y =2

9. Given that

A 4 1

g

e

2 3
calculate
(a) AB,
Solution
4 1 3 -5
AB:(Q 3)(0 2)
(12 —18
N 6 —4 /)
(b) BC,
Solution
3 -5 4
so=(5 5 ) (1)
(7
={ 5 )




(c¢) the matrix X such that AX = B.

Solution
AX=B=X=A"'B
(3 -1 3 -5
=X=1n < 2 4 0 2
9 —17
=X =1 < —6 18 )
09 —1.7
5 ( —0.6 18 )
10. Find
(a) (i) -
J Gz — 1)1 40
Solution
12
— = _dz =122z -1)"*
J(2$_1)4dx J(ZC ) dx
=12[-12z -1 +¢
=22z -1 +ec
(ii)
Jx(:z: —1)*da.
Solution
X ‘ r -1
X ZEQ —X
1| -z +1

10



SO

J .7:—1 Ja:x—Zx%— ) dx

=Jx — 22 + z)dz

=:E—:E+:E+c

(b) (i) Given that

show that
dy  3(z+1)
de Vo +4°
Solution
Product rule:
du
=2(z — — =2
u=2z-5)= o
1 dv 1
= 4 2 — = 1 4 )
v (x+)=>x s(x+4)
SO
dy 1 1 1
P [2(z = 5)][5(z +4)2] + [2][(z + 4)2]
-5 1
LI L0 (R0
(x+4)2

8
+
N

r—5+2x+8

Vo +4
B 3z + 3
Vo t4
3(z+1)

Vr+4

as required.
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(ii) Hence find

Solution

11. The function f is defined by

Find

f(z) = (z +1)* +2, for x > —1.

(a) the range of f,

Solution
f(x) = 2.

(b) £2(1),

Solution

an expression for £~ ().

Solution

y=(x+1)2+2=>y—2=($+1)2

= FTyy—2=x+1

=t\/y—2—-1=ux.

12



Which is it: plus or minus? Hence,

y=+vVr—2-—1, forx > 2.

The function g is defined by

g(x) = ok forz >0
Find
(d) g7(2),
Solution
20
Yy = =zr+1=—
r+1 Y
20
=T =——
Y
and so 50
g (1) == ~1
x
Finally,
20
'2)="-1=9
g (2) = 9
(e) the value of = for which
fg(r) =38

Solution

fg(z) = f(g(x))
:f(le)
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Now,

20
= +1=

x+1
A 20 s

sl

1 1
:>x+1 4
=v+1=4
=z =23
EITHER
12. The diagram shows the curve

y = 4o — 22,

which crosses the x-axis at the origin O and the point A.

v A

(1,3) y=4x-x

s/
/

@)
kS
=Y

The tangent to the curve at the point (1, 3) crosses the z-axis at the point B.
(a) Find the coordinates of A and of B.

Solution

14



For A,

e —2*=0=2(4—-12)=0

=xr=0o0rz=4.

So, A(4,0).
For B,
y—4x—x2:>% =4 -2z

dx
and d

Y

=1l=—=2
v = e

Now, the equation of the tangent is

y—3=2x—-1)

and
y=0=-3=2(x—1)
:>—% =zr—1
=z =—3z
So, B(—3,0).

Find the area of the shaded region.

Solution

Area = area under [—3,1] + area under [1,4]
4
=(3x3 x3)—i—f (4 — 2%) dz

1

15



OR
13. The points A(—2,2), B(4,4), and C(5,2) are the vertices of a triangle.

The perpendicular bisector of AB and the line through A parallel to BC' intersect at the

point D.

Find the area of the quadrilateral ABC'D.

Solution

The perpendicular bisector of AB:

Well,
—-24+4 2+4
— | =(1,3
(2425 -0
and
- 4 —2
"I
_1
3
and
mnormalz_g‘

The perpendicular bisector of AB is
y—3=-3x—-1)=y—3=-3x+3
=|y=-3x+6 (1).

The line through A parallel to BC:

and the line through A parallel to BC' is
y—2=-2@+2)=y—2=—-20—4
=|y=-2r-2 (2).

O=—-2+8=2=238
=y = —18;

16

(10)



hence, D(8, —18).
As AC' is horizontal,

area of the quadrilateral = area of ABC + area of ACD
= (3 x7x2)+ (3 x7x20)
=7+70
- 17.
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