Dr Oliver Mathematics
Further Pure Mathematics
Induction
Past Examination Questions

This booklet consists of 30 questions across a variety of examination topics.
The total number of marks available is 227.

1.
f(n) =24 x 2" + 3*", ne N,

(a) Write down f(n + 1) — f(n).
(b) Prove, by induction, that f(n) is divisible by 5 for all n € N.

2. Prove, by induction, that

Z r(r+3) =in(n+1)(n+5)

r=1
for all n € N.
3. Prove, by induction, that (cosf + isin#)" = cosnf + isinnf, n € N,

4. Prove that the expression
™+4"+1

is divisible by 6 for all n € N.

5. Prove that the expression
4" 4+ 6n —1

is divisible by 9 for all n € Z™.

6. Prove that the expression
34n71 + 2477,71 + 5

is divisible by 10 for all positive integers n.

6z + 10
7. (a) Express in the form p + %, where p and ¢ are integers to be found.
x
. 6u,, + 10
The sequence of real numbers wuy, us, us, ...is such that u; = 5.2 and u,,1 = w3
Un,

(b) Prove by induction that w, > 5 for n e Z*.



8. Prove, by induction, that, for n € Z*,

10.

11.

12.

13.

14.

15.

Zn:r27"=2[1—|-(n—1)2”].

A —

o O =

1 2
11
01
Prove by induction, that for all positive integers n,

1 n i(n®+3n)
A"=10 1 n
0 0 1

n

Prove by induction, for n € Z7, 2(27“ —1)* = in(2n — 1)(2n + 1).

r=1

De Moivre’s theorem states that
(cosf +isinf)" = cosnb + isinnd, n € R.

Use induction to prove de Moivre’s theorem for n € Z+.

Prove by induction, for n € Z*,

i 1 _n
~ r(r+1) n+1
A series of positive integers uy, us, us, ...is defined by

uy = 6 and u,,1 = 6u, — 5, forn > 1.
Prove by induction that u, =5 x 6"~ ! 4+ 1, for n > 1.

Prove by induction, for n € Z*,

(a) cosf —sin@\" _ [cosnt) —sinnf

) \sing cosé ~ \sinnf cosnb )’
(b) (4n + 3)5™ — 3 is divisible by 16.

Prove by induction, for n € Z*,



16.

17.

18.

19.

20.

21.

22.

n

1 00 1 0 0
(a) [1 1 0 = n 1 0},
3 21 n(n+2) 2n 1

(b) (23" + 5) is divisible by 7.

Prove by induction, for n € Z*,

(a) f(n) = 5"+ 8n + 3 is divisible by 4,
3 -2\" [(2n+1 -2n

(b) (2 —1) B ( 2n 1—2n)'

A sequence of numbers is defined by

U1=27

Upi1 = DUy — 4, n = 1.

Prove by induction that, n € Z*, u, = 5" + 1.

f(n) =2" +6".
(a) Show that f(k + 1) = 6f(k) — 4 x 2.

(b) Hence, or otherwise, prove by induction that, n € Z*, f(n) is divisible by 8.

A series of positive integers uy, us, us, ...is defined by
up = 2 and w41 = 4u, + 2, forn > 1.

Prove by induction that u, = (4™ — 1).

(8) @ (1)>”: (3(3371— 1) (1))

(b) f(n)=7""1+5 is divisible by 12.
A sequence can be described by the recurrence formula
up = 1 and u,y1 = 2u, + 1, forn > 1.

(a) Find us and ug.

(b) Prove by induction that w, = 2" — 1.

Prove by induction, for n € Z*,

f(n) = 22"~ + 32"~ is divisible by 5.



23. (a) Prove by induction that, for n € Z*,
Z r(r+3) =3n(n+1)(n+5).
r=1

(b) A sequence can be described by the recurrence formula
u; =1 and upy1 = up, +n(3n+ 1), for n > 1.

Prove by induction that
u, =n*(n—1)+ 1.

24. (a) A sequence can be described by the recurrence formula
up = 8 and u,41 = 4u,, — 9n, for n > 1.
Prove by induction that, for n € Z*

u, =4" +3n + 1.

(b) Prove by induction that, for m € Z™,
3 —4\"_ [2m+1 —4m
1 -1/ m 1-2m)"
25. Prove by induction that, n € Z*,

>, r(2r = 1) = fnln + 1)(4n - 1).

26. Prove by induction that, n € Z™,
f(n)=8"—-2"
is divisible by 6.

27. (a) Prove by induction that, for n € Z*,

Y+ 127 = n2m,
r=1



28.

29.

30.

(b) A sequence can be described by the recurrence formula

Uy = 07
Ug = 32,

Upso = OUpy 1 — 8uy, n = 1.

Prove by induction that, for n € Z*,

Uy = 4n+1 o 2n+3'

(a) Prove by induction that, n € Z7,

(—11 g)" - (—i(; —1) 50"

(b) Prove by induction that, n € Z*,

Di(@2r—1)* = tn(4n® - 1).

(a) Prove by induction that, n € Z7,

to2r 41 1
2 SR
~ 2(r+1)2 (n+1)2

(b) A sequence of positive rational numbers is defined by
uy = 3,
Upi1 = 3Un + 5,n € LY.
Prove by induction that, n € Z*,
u, =5x (3" +14.
(a) A sequence of numbers is defined by

Uy = 6,
Uy = 27,

Upio = 06Uy 1 — u,, n = 1.
Prove by induction that, n € Z™,
up, = 3"(n + 1).
(b) Prove by induction that, n € Z*,
f(n) = 372 4 2% +!
is divisible by 19.



