Dr Oliver Mathematics
Further Mathematics
Further Differentiation and Integration
Past Examination Questions

This booklet consists of 54 questions across a variety of examination topics.
The total number of marks available is 427.

1

1. Given that f(x) =

Va? +4r — 12
(a) find J (2) dz. (4)
Solution
1
ff(x) dz = f dz
J Va2 + 4 —12
1
— x
J /(22 +4z+4) - 16
1
= dx
J (ZE + 2)2 — 42
2
= arcosh (x + ) +c.
4
(b) Hence find the exact value of (3)

Llo f(z)dex,

giving your answer as a single logarithm.

10 2\ 110
f f(x)de = [arcosh (x i >]
6 4 =6

= arcosh 3 — arcosh 2

=In(3 +v8) — In(2 + V3)

+(325)

Solution




2.

(a) Using the substitution u = €”, find

J sech z dz.

Solution

U
u=e"= —=¢"=du=¢e"dz
dx

Jsecha:da: = Jde
et +e 7

2e”

= d
fezl’—kl o

em
T I
f(e””)Z—i—ldmj

1
:2J du
u? +1

= 2arctanu + ¢

= 2arctan(e”) + c.

(b) Sketch the curve y = sech x.

Solution

@)

The finite region R is bounded by the curve with equation y = sech x, the lines x = 2

and x = —2, and the z-axis.

(c) Using your result from part (a), find the area of R, giving your answer to 3 decimal

places.

Solution




3.

2
J sechz dz = [2arctan(e®)]?__,
—2

=92 arctan(GQ) -2 arctan(e_z)
= 2.603520672 (FCD)
- 2004 (3 dp).

(a) Simplify (e” + e7®)% — (¥ — e™*)? and hence deduce that

cosh?z —sinh?z = 1.

Solution

(e +e ™) —(e"—e ™2 =(e*+2+e ) — (e -2+ %)

and

= 4" + ) (o7 — o))
=1
(b) Given that y = arsinh z, show that
dy 1
dr  rZ+1

Solution




4.

y = arsinhx = sinhy =«
d
= d—z = coshy
d
& A/sinh?y + 1
dy
d
—Y i var+1
dy
dy 1
= — = —F—.
dx x2 +1
(c¢) Find Jarsinhacdx.
Solution
d 1 d
uzarsinhm:—uz—and—vzlzvzx
dx 24+ 1 dx

Jarsinh rdr = J(arsinh zx 1)dz

inh f Y4

= rarsinhz — | ——dx
Va2 41

= garsinhz —va22 +1+c.

(a) Express 422 + 4z + 26 in the form (pz + q)? + r, where p, q, and r are constants.

Solution

42° + 47 4+ 26 = (42° + 4z + 1) + 25
= (27 + 1)* + 25.

(b) Hence determine

1
dzx.
J VAax? + 4z + 26



Solution

1 1
J dr = J dx
VAa? + 4z + 26 \/(2x + 1)2 + 55

20 +1
1 .
=§ar51nh< 5 )—I—c

5. Find Jx sech? r dzx.

Solution
d
u=a::>—u=1and—U=sech2x=>v=tanhx
dx dz

and

steCthdx = gtanhz — Jtanhxdx

= xtanhz — In(cosh z) + c.

42* + 4z +5 = (px + q)* + .

(a) Find the values of p, ¢, and 7.

Solution

4r° + 4r + 5= (4a” + 42+ 1) +4
= (22 +1)° + 4.

(b) Hence, or otherwise, find

[Frserstl
—dz.
42 +4x + 5



Solution

1 1
f4x2+4x+5dx:f(2x+1)2+22dm
1 2z +1
=Zarctan( 5 )+c.

(c) Show that

2x+1)+\/4x2+4x+5]+k,

2
J dz =1In [(
Vax? +4x + 5

where k is an arbitrary constant.

Solution

2 2
f dr = J dx
Vaxr? + 4z +5 v/ (2 +1)2 + 22

) (2x+1)
= arsinh +c
2
27 + 1 27 + 1\ 2
=In > + 5 +1| +¢

90 +1 A2 + 4z + 1
=In 5 + — +1|+c

2 + 1 40?2 + 42 +5
=ln | = — [ | +¢

=1In :§(2x +1) + 3vV4x? + 4z + 5] +c

=ln_(2x+1)+v4x2+4x+5— —In2+c¢
=In 7(2x+1)+\/4x2+4x+5ﬁ + k,

as required.

42° + 42 + 5 = (ax + b)*> + c,a > 0.

(a) Find the values of a, b, and c.



Solution

4o +4x + 17 = (42® + 40 + 1) + 16
= (22 +1)* + 16.

(b) Find the exact value of

1.5 1
—dx
J0.54x2—|—4x+17 '

Solution

1.5 1

—d
o5 (2 +1)2 +42 v

1.5 1
————dx
Jof) 4a? + 4z + 17

= —arctanl — 0

I
| —m
| —

i3] =

8. Figure 1 shows the curve with parametric equations

T =acos’H,y =asin®0,0 < 0 < 2r.

Figure 1: = acos®6,y = asin® 0

(a) Find the total length of this curve.



Solution

V(&

Now,

and

2 dy\?
- = _ 20 gj 2 in? 2
) + (dG) \/( 3a cos? fsin )% + (3asin® 6 cos 0)

= \/ 9a2 cos? O sin? @ + 9a2 sin* 0 cos? 6

= \/9@2 cos? 0 sin® f(cos? 0 + sin” 0)
— /942 cos? Osin? ¢

= 3acosfsind.

sz:HZgandxza:QZO

ol

total length = 4 f 3a cos @ sin 6 db
0

= 6a [Sin2 9]05:0
= 6a(1 —0)
— 6a.

The curve is rotated through 7 radians about the z-axis.

(b) Find the area of the surface generated.

Solution

Area — 2 x 27 | - (asin® 0)(3a cos O sin 0) df
0

ur
2

= 12a*7 cos B sin* 6 d6

12a? s
= g T [sm5 9]92=o
12a%w
- = L(1-0)
B 12a%w
.




9. (a) Find

JH_xdx
V1 —4x2

Solution
1t T f;dﬁdex
V1 — 422 V1 — 4z2 V1 — 422
— f; da + JL da
1 — (22)? V1 —4x?
= farcsin(2z) — V1 — 4% + ¢

(b) Find, to 3 decimal places, the value of

03 14 ¢

——dx.
0 \/1 — 422

Solution

0.3

1+z
———dz = [l arcsin(2z) — /1 — 43:2]
0o VvV 1 — 422 2 4

= (3arcsin0.6 — ) — (0 — 1)
— 0.3717505544 (FCD)
— 0.372 (3 dp).

10. Figure 2 shows the curve with parametric equations
x=acos’t,y =asin’t,0<t <2,

where a is a positive constant.

T

0] a

Figure 2: = acos®t,y = asin®t



The curve is rotated through 27 radians about the z-axis. Find the area of the surface

generated.
Solution
dz\?  [dy\’
\/(E) + <d_th) = \/(—Ba cos? tsint)? + (3asin®¢ cost)?

= \/ 9a2 cost tsin? t + 9a2 sin ¢ cos? t
= \/9@2 cos? tsin? t(cos? t + sin®t)
= \/9@2 cos?tsin?t
= 3acostsint.

Now,

T
x=0:>9:§andx=a:>0=0
and

NI

area = 27 | (asin®t)(3a costsint)dt

costsin® ¢ dt

I
)

S w)|=\ o >

™

a2

5
a’r
L 10
T
o2

=)

3

[Sin5 t] tg: 0

(=)

=)

1=

|-

11. Figure 3 shows a sketch of the curve with equation

y=wxarcoshz, 1 <x <2.

10



O 1 2 z

Figure 3: y = zarcoshz

The region R, as shown shaded in the figure, is bounded by the curve, the z-axis, and
the x = 2. Show that the area of R is

TIn(2 + V3) - ‘/73

Solution
uzarcoshxﬁj—z:%and%:x=>v=%x2,
f = arcoshx = x = coshf = d—z = sinh 0,
and

6 = arcosh1 = 0 and 0 = arcosh 2.

11



2 2 2
xarcosh x dx = [L2? arcosh 7 f e dx
L [2 ]x:l N
) B Jarcosh2 COSh2 (9

0 24/ cosh?6 — 1

rcosh2 _: 2
& h 6 cosh” 6
= QarcoshQ*J &dQ

0 24/sinh? 6

arcosh2 _: 2
— 9arcosh? — f sinh6cosh™6 1,
0 2sinh 6

sinh 6 df

= (2arcosh2 — % arcosh 1

arcosh 2
= 2arcosh2 — 1 J cosh? 6 d6

[\
o

arcosh 2

= 2arcosh2 — § J (14 cosh26)dé

o

1[0 + 3 sinh 26] Zr:gsm
= 2arcosh2 — 1 {(arcosh 2 + 1 sinh(2arcosh 2)) — (0 + 0)}
= Tarcosh 2 — £ sinh(2arcosh 2).

= 2arcosh 2 —

So, how do we do sinh(2 arcosh 2)? Well,

sinh(2 arcosh 2) = 2sinh(arcosh 2) cosh(arcosh 2)
= 4 sinh(arcosh 2)
= 4sinh(In(2 + v/3))

4w [% (eln(2+\/§) _ e—ln(2+\/§))]

=2<2+\F_

=2 x2V/3
= 4+/3.

)

Now,

2
J xarcosh z dx = garcoshQ > % x 44/3
1

= %arcoshQ — \/73

= Eln(Q—l—\/g)—‘/Tg.

12




12.

(a) Show that, for 0 <z < 1,

T B e aifp =T

a

Solution

hl(l—\/l—mQ) _ln(l—\/l—x2 y 1+\/1—x2>
x - x 1++v1—22

o8 (x(zg%))
- (1 + h)
= —In (H— V;_:’;Q)

(b) Using the definitions of cosh z or sech x in terms of exponentials, for 0 < z < 1,

1+ V1 —a?
arsechz =In{ ——— | .
T

Solution

y = arsechz = = = sechy
2
e¥ +e7Y
= ze® — 2+ 12 =0
2 + /4 — 422
2z
14++/1—2a2

ey = —————

x
(1+\/1—x2)
=y=In{—F"—"-"|.
x

= I =

=¥ = (since 0 <z < 1)

13. Evaluate

4 1
f dz,
1 VaZ =22+ 17
13

()



giving your answer as an exact logarthim.

Solution

4 1
J dx =
1 VI =22+ 17

4
1

[arsinh (mT_l) ]

1 d
x
A (x—1)2 442
4

r=1

= arsinh % -0

—ln2

14. (a) Show that artanh(sin Z) = In(1 + v/2).

x
Solution
dy 1 1
— = ———— X 0S8 = =secw
drz 1-—sin®z cos T
(c¢) Find the exact value of J sin x artanh(sin z) dz.
0
Solution
) du dv )
u = artanh(sinz) = — =secx and — =sinx = v = —cosz
dx dx

Solution

m 1
artanh (sin —) = artanh (—)
4 \/>

2
1
11n<1+\/_§>
1
2 1_\/_5

1In(3 + 2v2)
In(1 + v2).

d
Given that y = artanh(sinz), show that d—y = secz.

14



and

us

m 1
f sin x artanh(sin z) dz = [— cos x artanh(sin x) | 1_, + J ldz
0 0

= (—%ln(l +/2)—0) + [m]io
=—LIn(1++v2)+(£-0)
zg—%ln(l—i-\/i).

INE]

15. Figure 4 shows a sketch of the curve with equation

y = x? arsinh x.

R
O 3 z

Figure 4: y = 2 arsinh =

The region R, as shown shaded in the figure, is bounded by the curve, the z-axis, and
the x = 3. Show that the area of R is

9In(3 + v10) — 1(2 + 7V10).

Solution

d 1 d

u=arsinhx:>—u:—and—U=x2:>v=§a73,
dx 2 +1 dx
9 du
u=1x"+1= — =2z = du = 2xdz,
dx

and

r=0,u=1and z = 3,u = 10.

15



Now,

3 3 3
2 1,3 0 3 X
x arsinh x dz = | 22 arsinh = — —dx
JO [3 ]33:0 L 3 /33'2 +1
10 (u . 1)%

= (9arsinh3 —0) — %f

u—1

10
= 9arsinh 3 — %J
1

1
w2
0 X
= 9arsinh 3 — %J (u2 —u"2)du
1
= 9arsinh 3 —

= 9arsinh3 — &
= 9arsinh 3 — %(14\/1>0+ )
= 9In(3 + v10) — $(7V10 + 2).

1wz x 2u—1)z

16. The curve C' has parametric equations
r=t—Int,y=4/t,1 <t <4

(a) Show that the length of C' is 3 + In4.

Solution

V() () -

16



and

4 1
length = J (1 + ;) dt
1

=[t+1In |t|]?:1
— (4+1n4) — (1-0)
=3+ In4.

The curve is rotated through 27 radians about the x-axis.

(b) Find the area of the curved surface generated.

Solution

1

3
17. Evaluate J _—
1 Va2 +4x -5

dzx, giving your answer as a natural logarithm.

Solution

s 1 s 1
—_———dx = dx
1 Vo2 +4r -5 1 /(@ +2)2 — 32

2\ 13
= [arcosh <:c + >]
3 =1

= arcoshg — arcosh 1

-~ In3

17



18. The curve C has equation
y =122 —Inz),z > 0.

Find the length of C' from z = 0.5 to x = 2, giving your answer in the form a + bIn 2,
where a and b are rational numbers.

Solution
dy 2 1\°
1 — ] =4]/1 S —
\/ g’ (dx) \/ + <x 4x)
=A[1+ (22 ! + LY
- T T 1622
1 1
= 2 Z
\/x T3t 162
1\2
= $+E>
N 1
= X _
4x
and
2 1
length =J (x 4 —) dx
0.5 4
2
= [52" + 3 Infal],
=(2+iln2)— (5+1lnd)
—1—85 %an

19. Figure 5 shows a sketch of the curve with equation

y = arsinh+/x, z = 0.

18



O 4 z
Figure 5: y = arsinh y/z

(a) Find the gradient of C' at the point where = = 4.

Solution
dy 1 1
—arsinha/z = 2 = ———_ x 1,73
N dy 1
dr — 2y/zyV1+x
and B
dy 5
=4 == =",
S )

The region R, as shown shaded in the figure, is bounded by the curve, the z-axis, and

the z = 4.

(b) Using the substitution z = sinh? @, or otherwise, show that the area of R is
kIn(2 +/5) — /5,

where k is a constant to be found.

Solution

0 = arsinh /z = x = sinh®#
d
= d—z = 2sinh # cosh
= dx = 2sinh # cosh 6 d6,

r=0=0=0and r =2 = 6 = arsinh 2,

d
wu=0=L—1and &L —sinh20 = v = 1 cosh 26,
dz dz 2

19

(10)



and so we have

0
arsinh 2

@ sinh 26 d6

4 arsinh 2
J arsinh y/x dz J (2 sinh 6§ cosh 6) dd

arsinh 2

%9 cosh 265" — 1 f cosh 20 d6

0

arsinh 2

cosh 20 — smh 26’]0 0

(1+2 smh2 0) — 5 sinh 6 cosh 6
1
2

|

30

[56(

[%9 (142 smh2 — Lginh A1 + sinh? 6 :|arsmh2
(3

9

2

]arsmh 2

ar51nh2——><2><\/5)—(0—0)
In(2 + v/5) — V5.

20. Show that

d
d—[ln(tanh x)] = 2cosech 2z, z > 0.
T

Solution

sech? x

d
o [In(tanh z)]| = P

1

sinh « cosh x
2

2 sinh z cosh x
2

sinh 2z
= 2 cosech 2z.

21. Show that

5 1‘2—9 3

f 3+ dx:31n(2+f) V3 —

20



Solution

6 6 6
J 3t dxzf 3 dx—i—J x dx
5 Var =9 5 Va? -9 5 Va2 —9

= f6 3 2 dz + [mr

5 .TQ— 2
6
3arcosh§ +\/5L‘2—9]
=5
3 6
vy (“_ vx9>+ xQ_g]
3 x=>5
— (3In(6 + 3v/3) + 3v/3) — (3In9 + 4)
3In(2 +v/3) +3v3 — 4.

=5

I

22. The curve C has equation y = arsinh(z3), x > 0. The point P on C has z-coordinate

V2. Show that an equation of the tangent to C at P is

y =2z —2v2 + In(3 + 2v/2).

Solution
Well, z = v/2 = y = arsinh(2v/2) = In(3 + 2v/2). Now,

dy 32 32 d 5 dy
= = = and x = = —
de (23)?2+1 af+1 dz

=2

and we have

y—In(3+42v2) = 2(x —V2) = y = 22 — 2¢/2 + In(3 + 2V2).

23. Figure 6 shows a sketch of the curve with equation

y = 1Lo cosh z arctan(sinh x), = = 0.

21
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O 2 z

Figure 6: y = 1t cosh z arctan(sinh z)

The region R, as shown shaded in the figure, is bounded by the curve, the z-axis, and
the © = 2.

(a) Find J cosh x arctan(sinh x) dz.

Solution
; ('h):»du coshz 1
u = arctan(sinh z — = =
dz  sinh?’z+1 coshz’
d
v coshx = v = sinh x,
dx
and
. ) . sinh z
J cosh z arctan(sinh z) dz = sinh z arctan(sinh x) — J
coshzx

= sinh z arctan(sinh ) — In(cosh z) + c.

(b) Hence show that, to 2 significant figures, the area of R is 0.34.

Solution

2
L 1= cosh z arctan(sinh ) dz = 15 [sinh z arctan(sinh ) — In(cosh )2,
= (sinh 2 arctan(sinh 2) — In(cosh 2)) — (0 — 0)
— 0.3396300276 (FCD)

= 0.34 (2 sf).

24. The curve C has parametric equations

x = 3(t+sint),y = 3(1 —cost),0 <t <.

22



(a) Show that

— = tan —.
dx

Solution

dy dy  dz

de  dt  dt
B 3sint
"~ 3+ 3cost
sint

1+ cost
2sin £ cos &

1+ (2cos?t —1)
~ 2sinjcos g

2t
2 cos 5

The arc length s of C' is measured from the origin O.

(b) Show that s = 12sin .

Solution

23



SOROk
= J\/(?, +3cost)’ + (3sint)” dt

= J\/(9+ 18cost + 9cos? t) + 9sin’ t dt

= J\/18+ 18 cost dt
=3v2 r\/l + costdt

= 3v/2 f\/1+(2cos2%—1)dt

J

= 3v2 “/20082%)dt

J

= 6Jcos%dt.

Now,

t
S=6J cos%du

0

ozl

=6(2sint —0)

The point P lies on C' and the arc OP of C' has length L. The arc OP is rotated through
27 radians about the z-axis.

LS
(c) Show that the area of the curved surface generated is given by T

36

Solution

24



25.

Y
2’/TJ \/ —) dt
= QWJ (1-— cost)][?)\f\/l + cost] dt
= 18V2n J(l —cost)v/1 + costdt
= 18V2r J[l — (1 —2sin’ £)][v2cos L] dt

=721 J sin? Lcostdt

and
_ 3 u
area = 727r[ sin 2] Ao
_ 144w ;.3 ¢
= = sin” 7.
Now,
- S L
sing = — = —
12 12

which means

y = (arsinh 21)°.

d
Find the exact value of <2 at z = %, giving your answer in the form alnb, where a and

T
b are real numbers.

Solution
d 1
y = (arsinh 2z)? = Y o 9arsinh2r x ———— x 2
dz (22)2 + 1
dy  4arsinh2x
= 2 =
dz 422 + 1

25



and

d
T = % = %Y = 24/2arsinh 1
dx

= j—y = 2v/21n(1 + V2).
x

26. A curve has parametric equations

r=283y=3t20<t<1.

The curve is rotated through 27 radians about the z-axis.

24
Prove that the area of the curved surface generated is ?ﬁ(\/i +1).

Solution
dr)? dy 2 2 2
— — ] = 6¢2 6t
«dt) + () =«
= /3614 + 36¢2
=6tVt2 + 1
and
1
area = 27Tf (3t%) (612 + 1) dt
0
1
= 367TJ 3Vt + 1dt.
0
Now,
9 9 du
u =t +1:>2uaz2tdt:>udu=tdt
and
t=0=u=1landt=1=u=+72

26



and this leads to

area = 367

rl
J BV + 1dt

0

rl
= 36” V2 + 1tdt

27. Using the substitution u = cosh 8, find the value of

f“ coshf + 1 40
meo sinh@(coshf —1)2 7

giving your answer as an exact fraction.

Solution
du . )
u=cosh9:@ = sinh # = du = sinh #dé
and . )
24+ 5§ 44
f=n2=u= 22 :Zand9:ln4:>u= 24

27




Now,

coshf + 1

In4
J;HQ sinh #(cosh 6 — 1)?2 0=

|
—

—

e

D

In4

n
In

1
5 (coshf —1)3
7

n
1

I
|

17
8
_19*2+1 1\~
- 21\8 2 \ 4
16

coshf + 1 <inh 6 0

lno sinh? O(coshf — 1)2
In 4

coshf + 1

sinh 6 d6

m2 (cosh?@ —1)(coshh — 1)2
5 { coshd + 1

sinh 6 d6

5 (coshf + 1)(coshf —1)3

IS

sinh 6 d6

|

(u—1)"%du

1

28. The curve C, with equation y = cosh 3x—4x, has a minimum point, as shown in Figure 7.

Y

@)

Figure 7: y = cosh 3z — 4z

(a) Use calculus to find the z-coordinate of A. Give your answer in terms of natural

logarithm.

28



Solution

d
&Y 0= 3sinh3z—4=0

dx
:%(6393_67390) —4=0
— 33 33 -8 =0
= 3% —8e* —3 =10
= (3e* + 1)(e* —3) =0
=% =3
=3r=1In3

=1 = %1n3.

The region R, as shown shaded in the figure, is bounded by the curve, the z-axis, the
y-axis, and the line through A parallel to the y-axis.

(b) Show that the area of R is 2[2 — (In3)?].

Solution

Area (cosh 3z — 4x) dz

|
=) >
W=
=
w

1
3 In3
z=0

In3)?) — (0 —0)

sinh 3z — 2302]
sinh(In 3) — 2(
— 2(In3)?

[2 — (In3)?].

Wl Wl

1
3

OIN Wik~ ™

a
29. (a) Using the substitution x = —, or otherwise, find
u

1

Solution




and

1 i 1 a
Jx,/GQ_dex:J a2—( )2(—§)du

= ——arcoshu + ¢
a

1
= ——arcosh (2) + c.
a T

(b) Hence find

J, s
———du,
3 V25 — 22

giving your answer in the form aInb, where a and b are rational numbers.

Solution

4 1 4 1
— do=| ——dz
_L /25 — 22 L T4/ 5% — 22

1 4
= —— larcosh <§>]
5 r) |, 3

d&4 5 5
= —(arcosh  — arcosh 3)
= —1(In2 —1n3)
= _11p2

513

11, 3
—glni

30. Given that y = arsinh(y/x), z > 0,

d
(a) find d_y’ giving your answer as a simplified fraction.
T

30



Solution
1

2/r(z + 1)

dx_\/x+1

X

N =

(b) Hence, or otherwise, find

f e

a+b/5
2

giving your answer in the form In (

>, where a and b are integers.

Solution

! 1 : 4
L —ﬁ(aj Y dz = [2 arsmh(\/f)]x:i

= 2arsinh 2 — 2 arsinh %

= 2In(2 + V/5) — 2In(1£Y5)
= 21n(34/5)

_ ln(3+\/5)2

2
= ln(”g*/g).

31. A curve, which is part of an ellipse, has parametric equations
r=3cosf,y=>5sin0,0 <0< 7.

The curve is rotated through 27 radians about the z-axis.

(a) Show that the area of the surface generated is given by the integral

km J V16¢2 + 9dc,
0

where ¢ = cos 6 and where k and a are constants to be found.

Solution

\/(j_f;)z N (%)2 — \/(=35in6)” + (5 cos 0)?

= \/9sin29+25(:0829
=4/9 4+ 16 cos20
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and

5
area = 2m J 5sin0v16 cos? 6 + 9db
0

= 107 J2 sin V16 cos? 8 + 9d0.
0

Now,
c:cosesd—; = —sinfl = dc= —sin6df
and then
9=O:c:1and9:§:>c=o.
So we have

5
area = 107 J sin v 16 cos2 9 + 9d0

0

NIE]

:-1()77] (—siné)v16 cos?§ +9do
0

0
:—107rf V6 £ 9de

1

1
zmﬁj V6@ 1 9de.

0

(b) Using the substitution cosf = %sinh u, or otherwise, evaluate the integral, showing

all of your working and giving the final answer to 3 significant figures.

Solution

de

c= %sinhu = — = %coshu = dc = %coshudu
du

and
cos0 = u=0= cos? = u = arsinh(3) = In3.
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Then

1
R =107 | V16¢2 +9dc

In3

107 2 Cosh2 udu

1n3
J V/9sinh?u + 9 (3 coshu) du

0

In 3
107TJ 2(1 + cosh 2u) du
0
= 107 [gu + 1—6 sinh 2u]u:30
=107 {2(2 +In3) — (0+0)}
= 1173679797 (FCD)
= 117 (3 sf).

1
1
32. Use calculus to find the exact value of J —_dz
ox?+4xr+13

Solution

1
f J dzx
2:1:2+4x—|—13 x+2 (r +2)2+ 32

[ (2]

% arctanl — 0

o

5

—_

33. The curve C has equation y = 22, 0 < x < 2.
The curve C' is rotated through 27 radians about the z-axis.
Using calculus, find the area of the surface generated, giving your answer to 3 significant
figures.
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Solution

d 2
A1+ (%) = /14 (622)% = V1 + 362

2
area = QWJ (22%)V/1 + 3624 dw
0

and

2
1 4 3
= 47 | = (1 + 362%)2
z=0
3
— Z(5772 — 1)
— 806.284 8455 (FCD)
— 806 (3 sf).

34. Show that
8
1
(a) J 2 10s 534 dz = km, giving the value of the fraction k.
5 xre — x

Solution

1
(xr —5)% + 32

~5\1°
3 arctan (x ) ]
3 =5

arctanl — 0

dzx

o &

8 1
__ & A A
Lx2—10$+34 ¢

Il
| ———|
—

Wl

(<]

r = In(A + v/n), giving the values of the integers A and n.

8 1
o) | a
5 Vo2 — 10z + 34

Solution

34



8 1 8 1
f dwzj dz
5 Va2 — 10z + 34 5 4/ (z—5)2+ 32

8
= [arsinh (m _ 5)]
3 r=>5

=arsinh1 —0

=In(1 +V2).

35. The curve C, as shown in Figure 8, has equation
Yy = %coshi%x, 0<z<lIna,
where a is a constant and a > 1.

Y

O lria x

Figure 8: y = %cosh 3z

Using calculus, show that the length of curve C' is

1
3

and state the value of the constant k.

Solution

du\ 2
1+ (_y) = 4/1 + sinh? 32 = cosh 3z
dx

35



36.

and

Length of curve =

| = o= W Wl T

° g

OJI»—I

/‘\

Am

cosh 3z dz

sinh 3x]ln:a
1nh(3ln a) —0)
inh(In a®)

3 9.3
elna —e lna)

/N
QOO
|
@wl —_
N——

(a) Differentiate x arsinh 2z with respect to .

Solution

2
< = arsinh 2z +

— (z arsinh 2x) = arsinh 2z +
T

(2x)2 +1

2z

42 +

T

(b) Hence, or otherwise, find the exact value of

\/5
J x arsinh 2x dux,
0

giving your answer in the form Aln B + C, where A, B, C' are real numbers.

Solution
V2 V2 9
J x arsinh 2z do = [z arsinh 2$];/:§ - f B
0 4ZL'2 1
NGl
1
— (v/2arsinh 2v/2 — l% (42 + 1) 5]
z=0
= v/2arsinh 24/2 — G-

2 arsinh 2\/5 —1
2In(3 + 2v/2) — 1.
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37.
f(z) = bcoshx — 4sinh .

(a) Show that f(z) = 1(e* 4+ 9e™®)
Solution
f(z) = bcoshz — 4sinhx
=3 (e"+e ) —2(e" —e)
=1 (e"+9e7).

Hence
(b) solve f(x) =5,

Solution

flz)=5=1(e"+97") =5
=e"+9 " =10
=e* —10e" +9 =0
= (" =1)(e"=9) =0
=e"=1lore" =9

=z=0o0rz=1n9

(c) show that

In3 1
f - dx = 15"
1,3 Hcoshx —4sinhz 8
2

Solution

37



In3 1 rln3 9
J - dxzj —dz
%1113 5coshx — 4sinhx %1ngex+9e z

rln 3 Qex

[
[ S—

X
lig e +9
rln 3 2em

T3 (e)? + 32

2 P In3
—arctan [ —
3 3 x:% In3

1
arctan 1 — arctan 7§)

dx

|
who Wiy —

—~
13
ol

N—

(=R

38. (a) Find

1
—dz.
J\/4x2+9 v

Solution

fﬁdﬁjﬁdx

2x
1 .
=3 arsinh <?> + c.

(b) Use your answer to part (a) to find the exact value of

3
1
| e
-3 42 +9

giving your answer in the form kIn(a + by/5), where a and b are integers and k is a
constant.

Solution

38



[\

3 Al 22\ ]’
[t (5,
[arsinh 2 — arsinh(—2)]

In(2 4+ v5) — In(—=2 4+ v/5)]
n(9 + 4v5).

Il
NI N NI
~—

J—

39. The curve with parametric equations
x = cosh26,y =4sinh 6,0 <0 <1,

is rotated through 27 radians about the x-axis.
Show that the area of of the surface generated is A(cosh®1 — 1), where \ is a constant
to be found.

Solution

dx ) dy
i 2sinh 20 and 0= 4 coshd

\/(%)2 N (j_g)? — /(2500 20) + (4cosh 0)2

— +/4sinh?26 + 16 cosh? ¢

and

= \/Zl((:osh2 20 — 1) + 8(1 + cosh 20)

= \/4(30sh2 20 + 8 cosh 20 + 4
— /2(cosh 20 + 1)2

= 2(cosh 260 + 1)

= 2(2cosh? 0)

— 4 cosh? 6.

39



Now,

1

surface generated = 27 J (4 sinh 6)(4 cosh? §) df

0

1

= 327rf sinh 6 cosh? # d6
0

= 327 [% cosh? 9];20

= 327 (3 cosh® 9 — 3)

= 3% (cosh® 6§ — 1).

40. Figure 9 shows a sketch of the curve with equation

y = 40arcoshz — 9z, x > 1.

Figure 9: y = 40 arcoshx — 9x

Use calculus to find the exact coordinates of the turning point of the curve, giving your

answer in the form (1—;, rin3 + s), where p, ¢, r, and s are integers.

Solution

40



d
v _oo 20 g
dx x2—1

=40 = 9vVa? — 1

= 1600 = 81(z* — 1)
2

_ 1600
=z —1——81
2 _ 1681
=)
=4

9

and y = 40 arcosh %—41 =40In9—41 = 80In3—41. The answer is (%, 801In3 — 41).

41. Figure 10 shows a sketch of the curve with equations

y = 6coshx and y = 9 — 2sinh x.

0) T

Figure 10: y = 6 coshz and y = 9 — 2sinhx

(a) Using the definitions of sinhz and coshz in terms of e”, find exact values for the
x-coordinates of the two points where the curves intersect.

Solution

6coshx=9—231nhx=>3(ez+e_r) :9—(em—e_x)
=4e" -9+ 27" =0
= 4e* — 9" +2 =0
= (4" —1)(e"—2) =0
jexz;llore“"”:Z

:>:13=ln;110rx=1n2.

41



The finite region between the two curves is shown shaded in the figure.
(b) Using calculus, find the area of the shaded region, giving your answer in the form

alnb + ¢, where a, b, and ¢ are integers.

Solution

[

In
Area = J 9 — 2sinhz — 6 cosh x) dz
In

J*ln
In
In2

[9x 4e” + 2e _“’]zzlnl
= (

o W=

(
(9 —4e® —2e7")dx

I,

2
9In2—8+1)— (9Inl —1+38)
=9Ing — 14.

42. The curve C, shown in Figure 11, has equation

oo
8

1
Figure 11: y = 222

(a) Show that the length s of the curve C' is given by the equation
8
/ 1
5= J 1+ —dz.
1 x

42



Solution
dy
dr

xr
8
1
3=J Al + —dx.
J vV T

1
1
2

and we have

(b) Using the substitution 2 = sinh®u, or otherwise, find an exact value for s. Give

your answer in the form a+/2 + In(b + ¢v/2), where a, b, and c are integers.

Solution

u = arsinh /= = sinhu = y/z = z = sinh®«,

z = sinh? u = d_x = 2sinh u coshu = dx = 2 sinh u cosh u du,
u

and
r=1=u=arsinh1 and z = 8 = u = arsinh 2v/2.

r8 1
S:J 1+ —dzx
1V x

rarsinh 24/2

1
= 1+ ———2sinhucoshudu
Jarsinh 1 sinh” u

rarsinh 24/2 SiIth u+ 1

= J —————2sinhucoshudu
arsinh 1 sinh” u

rarsinh 24/2

= J 2 coth w sinh w cosh u du
arsinh 1
rarsinh 24/2

= J 2 cosh? u du
arsinh 1
rarsinh 24/2

- J (1 + cosh2u) du
[

arsinh 1
arsinh 24/2

u=arsinh 1

= [u+ sinh 2u]
[arsinh 2v/2 + 5 sinh(2 arsinh 2v/2)] — [arsinh 1 + 5 sinh(2 arsinh 1)]

[In(3 + 2v/2) + 6v/2] — [In(1 + v/2) + /2]

=In(1++2) + 5v2
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and we have, of course,

+ sinh(2 arsinh 24/2) = sinh(arsinh 2v/2) cosh (arsinh 2v/2)
— 2v/2 cosh[In(3 + 2v2)]
— V2 [eln(3+2x/§) I e—ln(3+2ﬁ)]

=\/§(3+2\/§+ﬁ§)
— 6V/2

and

5 sinh(2arsinh 1) = sinh(arsinh 1) cosh(arsinh 1)
= cosh[In(1 + v/2)]
_ ; [eln(1+\/§) + e*lﬂ(l“r\/i)]

%(1+\@+
V2.

Vi)

43. Using calculus, find the exact value of

(a) JQ;dx
L A2 =20 +3

Solution

2 1 2 1
——dx = dx
1 Va? =2z +3 1A/ (z—=1)2+1

[ ()]

_ : 1
= arsinh Wi 0

VA 2 Xl
= arsinh 75

1
(b) J e?” sinh x da.

0

44



Solution

—

1
f e sinhz dr =
0

N | N |+
o >—t> o L]

o
TN W

Q= N N N
o Wi
@
(¢]
wl
[N

—

44. A circle C' with centre O and radius r has cartesian equation 2 + 3% = r%, where r is a

positive constant.

dy\* r?

x — 2
Solution
d
x2+y2:7“2:>2x+2yd—y:0
x
dy z
de g
dy 2_ x 2_ZB2_ 22
de ) y)  yr r2—a?
dy 2 x? r?
=14+(—) =1+ =
(x) r2—ax?  r2—2a?

(b) Show that the surface area of the sphere generated by rotating C' through 7 radians

about the z-axis is 472,

Solution

45



45.

¢) Write down the arc length of the arc of the curve y = v/1 — 22 fromz =0to x = 1.
g Y

Solution

We have r = 1 and so

2><7r><1_

length =
arc leng 1

fvo1

922 + 61 + 5 = a(z + b)* + c.

(a) Find the values of the constants a, b, and c.

Solution

Hence, or otherwise, find

1
) [ — = g
<)J9x2+6x+5 o

46

(1)



Solution

dx

W] =

1
_ dr =
f9x2+6x+5 ’ f9($+ )2 + 22

1 t 3r+1
—_r
*6acan B +c

© |

1
V922 + 62+ 5

dzx.

Solution

dx

f 1 Qo :J 1
\/m \/(3(11 4 %))2 492

1 ik 3r+1 N
= — arsin c.
3 2

46. The curve C has equation

y=e " xelk

The part of the curve C between x = 0 and x = In 3 is rotated through 27 radians about
the z-axis.

(a) Show that the area S of the curved surface generated is given by

In3

S =27 e "1+ e 2rdy.

0

Solution

2
1+ (j—y> = /14 (e ) =1+ e
i

and so we have
In3

S =27 e "4/1+ e 22dy.

0

47



(b) Use the substitution e™® = sinhu to show that

arsinh 3
S =27 J cosh? u du,

arsinh «

where a and (8 are constants to be determined.

Solution

d_x = —cothu = dx = — cothu du,
du

In3

S =27 e "1+ e 2dx

0

arsinh 1

arsinh %
= 27 J sinh u cosh w coth v du

arsinh 1

arsinh 3
= 27 J cosh? u du

arsinh 1

arsinh 1
=27 J cosh? v du.

arsinh 3

u = arsinhe ™™ = ¢ * = sinhu = —z = In(sinhu) = = =

— In(sinh u),

x=0= u = arsinh 1 andx=ln3:u=arsinh%.

1
arsinh 3
=27 J sinhuV/'1 + sinh® u(— coth u) du

(c) Show that
2fcosh2udu = %sinh2u +u+ k,

where £ is an arbitrary constant.

Solution

2 fcosh2 udu = J(cosh 2u+1)du

= %sinh2u+u+k.

(d) Hence find the value of S, giving your answer to 3 decimal places.

48



Solution

In3

S =27 e "1+ e 2xdyx

0

arsinh 1
=27 f cosh? u du

arsinh 3

=T [% sinh 2u + u]

arsinh 1

u=arsinh %

— 5.079241597 (FCD)
— 5.079 (3 dp).

= 7[(5 sinh(2arsinh 1) + arsinh 1) —

(3 sinh(2arsinh £) + arsinh 3]

47. A curve has equation

y=-coshz, 1 <x<

In 5.

Find the length of this curve. Give your answer in terms of e.

Solution
du\ 2
1+ (d—y> — 4/1 +sinh*z = cosh z
x
and we have
length of the curve = J cosh x dz
= f coshx dx
[ inh I‘]IHB
= sinh(In5) — sinh 1
=2 4e—e
32 5 e + 1e_l.
48. The curve C' has equation
1
= x>1



(a) Find J yda.

Solution

1 1
———dr = d
f\/x2+2x—3 ! f«/(x+1)2—22 !

+1
= arcosh (%) + c.

The region R is bounded by the curve C, the z-axis, and the lines with equations z = 2
and z = 3. The region R is rotated through 27 radians about the z-axis.

(b) Find the volume of the solid generated. Give your answer in the form pr In ¢, where
p and ¢ are rational numbers to be found.

Solution
B 1
Volume—ﬂL mdl’
-2
:i’ﬂ'lh’l Ew—{—l) ]
T+ )+2 =2

=1rlIn z—1]°
S 4 T+ 3|,_
= im(lng —In$)
=1lrnd

w

49. The curve C has equation
2

yz%—lnx,2<x<3.

Find the length of the curve C giving your answer in the form p + Ing, where p and ¢
are rational numbers to be found.

Solution

20

(4)



50.

and

Prove that

Solution




y = arcothx = x = cothy
LAt C‘OShy
sinh y
. 2 2
_ % _ sinh” y —2cosh Y
dy sinh” y
dx 1
LY o
dy sinh?y
dz 2
= — = —cosech”y
dy
d
- 1 —coth?y
dy
dy 1
= — = ———5
dz  1-—coth®y
dy 1
= — = .
dz  1-22
Given that y = (arcothx)?,
(b) show that
d? d k

da? de 1 —22%’

where k is a constant to be determined.

Solution
dy  2arcothz

dz 1 -— a2

and

d?y  2(1 —2?) x 145 — 2arcothz x (—2x) _ 2+ 4zarcothw

da? (1 —22)2 (1 —a?)?
Now,
(1 2)d2y 5 dy 2+ 4xarcothz 4xarcothx
—2°)— —2z— = —
da? dx 1 — a2 1 — a2
2
1 —a%

52



o1.

(a) Find, without using a calculator,

y, 1
f dz,
3 V15 + 22 — 22

giving your answer as a multiple of 7.

Solution

dzx

5 1 > 1
|, = |, =
3 V15 + 2z — 2 3 4/4%2 — (x —1)2

. r—1\1°
= |arcsin
arcs 1 .

= arcsin 1 — arcsin %

_T.T

o8

_r

-3
(b) Show that

e’ +9

5coshz —4sinhz =
2e”

Solution

5coshz — 4sinhz = % (ex + e’I) -2 (e” - e’x)
= %ex + %e‘x

+ 9e™%

e’
eQw

2
+
2e”

©

(c) Hence, using the substitution u = e* or otherwise, find

J e o
5coshx — 4sinh z -

23



Solution
du 1

u=¢"= —=¢"= —du=dzx
dx U

and

J 1 . _J 2
5coshx — 4sinhz T e + 9 v

52. Given that y = arsinh(tanh z), show that

dy sech? z

dz V1 —|—tanh2x.

Solution

y = arsinh(tanh z) = sinhy = tanhz

d
= coshy d_y — sech? z
x

dy sech’z
= — =
dx  coshy
dy sech’®x
- <
dz v/cosh? x
dy  sech’z
j —_—
dz \/1 + sinh® z
dy sech? x

= — =

dz v/ 1 + tanh? x.

o4



53. Use the substitution z + 2 = u?, where u > 0, to show that

1
7 25
J S A AR
-1 ZE+5

where a and b are rational numbers to be found.

Solution

You should know by now that x+2 = u? is an incorrect way to write the substitution
(why?). Oh, well.
x+2=u2:>1=2u—u:>dx=2udu
dx
and
r=—l=u=1landz=7=u=3.

Now,

[ w22, ()

dz = 2ud
z 75 AN TR AR
r3 22
= Y du
Jl u? +3
”32(u2+3)—6
= —d
Jl u? + 3 “
r3
= 2 — 0 du
Jl u? + 3

6—2\/§x§)—<2—2\/§x%>

™

3
2u — 2\/§ arctan ﬁu]
u=1

I
| ———l

Il
=

&

W=

54. The curve C has equation

(a) Show that

95



Solution

T+ 1
y:ln<e +1):y:ln(ex+1)—ln(ex—1)
er —

T T

dy e e
dz  er+1 e —1

. dy _ e(e* —1) —e"(e” + 1)
dz (e* +1)(e* — 1)

(b) Find the length of the curve C, giving your answer in the form Ina, where a is a (6)
rational number.

Solution

o (@) -y ()

46256

= 1 _—_—
+ (623: _ 1)2

(€2 —1)2 + 4e2=
(€2 — 1)

- \/(649” — 262 + 1) + 4e?®

(622 _ 1)2

etr 4 2e27 4 1
(e2x _ 1)2

(e2* +1)2
<62x _ 1)2
2449
e2r — 1

o6



and

In3 2
x+1
length =
s J;n2 e2x_1

In3
= cothxz dz

In2
— [nsinh ",

= Insinh(ln 3) — Insinh(In 2)
= lng = 111%

—p 16
—lng.

o7




