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Further Mathematics

Further Differentiation and Integration

Past Examination Questions

This booklet consists of 54 questions across a variety of examination topics.
The total number of marks available is 427.

1. Given that fpxq ”
1

?
x2 ` 4x´ 12

,

(a) (4)find

ż

fpxq dx.

Solution

ż

fpxq dx “

ż

1
?
x2 ` 4x´ 12

dx

“

ż

1
a

px2 ` 4x` 4q ´ 16
dx

“

ż

1
a

px` 2q2 ´ 42
dx

“ arcosh

ˆ

x` 2

4

˙

` c.

(b) (3)Hence find the exact value of
ż 10

6

fpxq dx,

giving your answer as a single logarithm.

Solution

ż 10

6

fpxq dx “

„

arcosh

ˆ

x` 2

4

˙10

x“6

“ arcosh 3´ arcosh 2

“ lnp3`
?

8q ´ lnp2`
?

3q

“ ln

ˆ

3`
?

8

2`
?

3

˙

.
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2. (a) (6)Using the substitution u “ ex, find

ż

sechx dx.

Solution

ż

sechx dx “

ż

2

ex ` e´x
dx

“

ż

2ex

e2x ` 1
dx

“ 2

ż

ex

pexq2 ` 1
dx

u “ ex ñ
du

dx
“ ex ñ du “ ex dx

“ 2

ż

1

u2 ` 1
du

“ 2 arctanu` c

“ 2 arctanpexq ` c.

(b) (1)Sketch the curve y “ sechx.

Solution

x

y

O

The finite region R is bounded by the curve with equation y “ sechx, the lines x “ 2
and x “ ´2, and the x-axis.

(c) (3)Using your result from part (a), find the area of R, giving your answer to 3 decimal
places.

Solution

2
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ż 2

´2

sechx dx “ r2 arctanpexqs2x“´2

“ 2 arctanpe2q ´ 2 arctanpe´2q

“ 2.603 520 672 (FCD)

“ 2.604 (3 dp).

3. (a) (4)Simplify pex ` e´xq2 ´ pex ´ e´xq2 and hence deduce that

cosh2 x´ sinh2 x “ 1.

Solution

pex ` e´xq2 ´ pex ´ e´xq2 “ pe2x ` 2` e´2xq ´ pe2x ´ 2` e´2xq

“ 4

and

cosh2 x´ sinh2 x “

ˆ

ex ` e´x

2

˙2

´

ˆ

ex ´ e´x

2

˙2

“ 1
4
rpex ` e´xq2 ´ pex ´ e´xq2s

“ 1.

(b) (4)Given that y “ arsinhx, show that

dy

dx
“

1
?
x2 ` 1

.

Solution

3
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y “ arsinhxñ sinh y “ x

ñ
dx

dy
“ cosh y

ñ
dx

dy
“

b

sinh2 y ` 1

ñ
dx

dy
“
?
x2 ` 1

ñ
dy

dx
“

1
?
x2 ` 1

.

(c) (5)Find

ż

arsinhx dx.

Solution

u “ arsinhxñ
du

dx
“

1
?
x2 ` 1

and
dv

dx
“ 1 ñ v “ x

ż

arsinhx dx “

ż

parsinhxˆ 1q dx

“ x arsinhx´

ż

x
?
x2 ` 1

dx

“ x arsinhx´
?
x2 ` 1` c.

4. (a) (3)Express 4x2 ` 4x` 26 in the form ppx` qq2 ` r, where p, q, and r are constants.

Solution

4x2 ` 4x` 26 “ p4x2 ` 4x` 1q ` 25

“ p2x` 1q2 ` 25.

(b) (3)Hence determine
ż

1
?

4x2 ` 4x` 26
dx.

4
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Solution

ż

1
?

4x2 ` 4x` 26
dx “

ż

1
a

p2x` 1q2 ` 55
dx

“ 1
2

arsinh

ˆ

2x` 1

5

˙

` c.

5. Find

ż

x sech2 x dx.

Solution

u “ xñ
du

dx
“ 1 and

dv

dx
“ sech2 xñ v “ tanhx

and
ż

x sech2 x dx “ x tanhx´

ż

tanhx dx

“ x tanhx´ lnpcoshxq ` c.

6.
4x2 ` 4x` 5 ” ppx` qq2 ` r.

(a) (3)Find the values of p, q, and r.

Solution

4x2 ` 4x` 5 ” p4x2 ` 4x` 1q ` 4

” p2x` 1q2 ` 4.

(b) (4)Hence, or otherwise, find
ż

1

4x2 ` 4x` 5
dx.

5
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Solution

ż

1

4x2 ` 4x` 5
dx “

ż

1

p2x` 1q2 ` 22
dx

“
1

4
arctan

ˆ

2x` 1

2

˙

` c.

(c) (7)Show that
ż

2
?

4x2 ` 4x` 5
dx “ ln

”

p2x` 1q `
?

4x2 ` 4x` 5
ı

` k,

where k is an arbitrary constant.

Solution

ż

2
?

4x2 ` 4x` 5
dx “

ż

2
a

p2x` 1q2 ` 22
dx

“ arsinh

ˆ

2x` 1

2

˙

` c

“ ln

»

–

2x` 1

2
`

d

ˆ

2x` 1

2

˙2

` 1

fi

fl` c

“ ln

«

2x` 1

2
`

c

4x2 ` 4x` 1

4
` 1

ff

` c

“ ln

«

2x` 1

2
`

c

4x2 ` 4x` 5

4

ff

` c

“ ln
”

1
2
p2x` 1q ` 1

2

?
4x2 ` 4x` 5

ı

` c

“ ln
”

p2x` 1q `
?

4x2 ` 4x` 5
ı

´ ln 2` c

“ ln
”

p2x` 1q `
?

4x2 ` 4x` 5
ı

` k,

as required.

7.
4x2 ` 4x` 5 ” pax` bq2 ` c, a ą 0.

(a) (3)Find the values of a, b, and c.

6
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Solution

4x2 ` 4x` 17 ” p4x2 ` 4x` 1q ` 16

” p2x` 1q2 ` 16.

(b) (4)Find the exact value of
ż 1.5

´0.5

1

4x2 ` 4x` 17
dx.

Solution

ż 1.5

´0.5

1

4x2 ` 4x` 17
dx “

ż 1.5

´0.5

1

p2x` 1q2 ` 42
dx

“

„

1

8
arctan

ˆ

2x` 1

4

˙1.5

x“´0.5

“
1

8
arctan 1´ 0

“
π

32
.

8. Figure 1 shows the curve with parametric equations

x “ a cos3 θ, y “ a sin3 θ, 0 ď θ ď 2π.

x

y

O´a a

´a

a

Figure 1: x “ a cos3 θ, y “ a sin3 θ

(a) (7)Find the total length of this curve.

7



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

Solution

d

ˆ

dx

dθ

˙2

`

ˆ

dy

dθ

˙2

“

b

p´3a cos2 θ sin θq2 ` p3a sin2 θ cos θq2

“

a

9a2 cos4 θ sin2 θ ` 9a2 sin4 θ cos2 θ

“

b

9a2 cos2 θ sin2 θpcos2 θ ` sin2 θq

“

a

9a2 cos2 θ sin2 θ

“ 3a cos θ sin θ.

Now,

x “ 0 ñ θ “
π

2
and x “ añ θ “ 0

and

total length “ 4

ż

π
2

0

3a cos θ sin θ dθ

“ 6a
“

sin2 θ
‰

π
2
θ“0

“ 6ap1´ 0q

“ 6a.

The curve is rotated through π radians about the x-axis.

(b) (5)Find the area of the surface generated.

Solution

Area “ 2ˆ 2π

ż

π
2

0

pa sin3 θqp3a cos θ sin θq dθ

“ 12a2π

ż

π
2

0

cos θ sin4 θ dθ

“
12a2π

5

“

sin5 θ
‰

π
2
θ“0

“
12a2π

5
p1´ 0q

“
12a2π

5
.

8
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9. (a) (5)Find
ż

1` x
?

1´ 4x2
dx.

Solution

ż

1` x
?

1´ 4x2
dx “

ż

1
?

1´ 4x2
dx`

ż

x
?

1´ 4x2
dx

“

ż

1
a

1´ p2xq2
dx`

ż

x
?

1´ 4x2
dx

“ 1
2

arcsinp2xq ´ 1
4

?
1´ 4x2 ` c.

(b) (2)Find, to 3 decimal places, the value of
ż 0.3

0

1` x
?

1´ 4x2
dx.

Solution

ż 0.3

0

1` x
?

1´ 4x2
dx “

”

1
2

arcsinp2xq ´ 1
4

?
1´ 4x2

ı0.3

x“0

“ p1
2

arcsin 0.6´ 1
5
q ´ p0´ 1

4
q

“ 0.371 750 554 4 (FCD)

“ 0.372 (3 dp).

10. (7)Figure 2 shows the curve with parametric equations

x “ a cos3 t, y “ a sin3 t, 0 ď t ď π
2
,

where a is a positive constant.

x

y

O a

a

Figure 2: x “ a cos3 t, y “ a sin3 t

9
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The curve is rotated through 2π radians about the x-axis. Find the area of the surface
generated.

Solution

d

ˆ

dx

dt

˙2

`

ˆ

dy

dt

˙2

“

b

p´3a cos2 t sin tq2 ` p3a sin2 t cos tq2

“

a

9a2 cos4 t sin2 t` 9a2 sin4 t cos2 t

“

b

9a2 cos2 t sin2 tpcos2 t` sin2 tq

“

a

9a2 cos2 t sin2 t

“ 3a cos t sin t.

Now,

x “ 0 ñ θ “
π

2
and x “ añ θ “ 0

and

area “ 2π

ż

π
2

0

pa sin3 tqp3a cos t sin tq dt

“ 2π

ż

π
2

0

cos t sin4 t dt

“
6a2π

5

“

sin5 t
‰

π
2
t“0

“
6a2π

5
p1´ 0q

“
6a2π

5
.

11. Figure 3 shows a sketch of the curve with equation

y “ x arcoshx, 1 ď x ď 2.

10
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x

y

O 1 2

R

Figure 3: y “ x arcoshx

The region R, as shown shaded in the figure, is bounded by the curve, the x-axis, and
the x “ 2. Show that the area of R is

7
4

lnp2`
?

3q ´
?
3
2
.

Solution

u “ arcoshxñ
du

dx
“

1
?
x2 ´ 1

and
dv

dx
“ xñ v “ 1

2
x2,

θ “ arcoshxñ x “ cosh θ ñ
dx

dθ
“ sinh θ,

and
θ “ arcosh 1 “ 0 and θ “ arcosh 2.

11



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

ż 2

1

x arcoshx dx “
“

1
2
x2 arcoshx

‰2

x“1
´

ż 2

1

x2

2
?
x2 ´ 1

dx

“ p2 arcosh 2´ 1
2

arcosh 1q ´

ż arcosh 2

0

cosh2 θ

2
a

cosh2 θ ´ 1
sinh θ dθ

“ 2 arcosh 2´

ż arcosh 2

0

sinh θ cosh2 θ

2
?

sinh2 θ
dθ

“ 2 arcosh 2´

ż arcosh 2

0

sinh θ cosh2 θ

2 sinh θ
dθ

“ 2 arcosh 2´ 1
2

ż arcosh 2

0

cosh2 θ dθ

“ 2 arcosh 2´ 1
4

ż arcosh 2

0

p1` cosh 2θq dθ

“ 2 arcosh 2´ 1
4

“

θ ` 1
2

sinh 2θ
‰arcosh 2

θ“0

“ 2 arcosh 2´ 1
4

 

parcosh 2` 1
2

sinhp2 arcosh 2qq ´ p0` 0q
(

“ 7
4

arcosh 2´ 1
8

sinhp2 arcosh 2q.

So, how do we do sinhp2 arcosh 2q? Well,

sinhp2 arcosh 2q “ 2 sinhparcosh 2q coshparcosh 2q

“ 4 sinhparcosh 2q

“ 4 sinhplnp2`
?

3qq

“ 4ˆ
”

1
2

´

elnp2`
?
3q
´ e´ lnp2`

?
3q
¯ı

“ 2

ˆ

2`
?

3´
1

2`
?

3

˙

“ 2ˆ 2
?

3

“ 4
?

3.

Now,

ż 2

1

x arcoshx dx “ 7
4

arcosh 2´ 1
8
ˆ 4
?

3

“ 7
4

arcosh 2´
?
3
2

“ 7
4

lnp2`
?

3q ´
?
3
2
.

12
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12. (a) (3)Show that, for 0 ă x ď 1,

ln

ˆ

1´
?

1´ x2

x

˙

“ ´ ln

ˆ

1`
?

1´ x2

x

˙

.

Solution

ln

ˆ

1´
?

1´ x2

x

˙

“ ln

ˆ

1´
?

1´ x2

x
ˆ

1`
?

1´ x2

1`
?

1´ x2

˙

“ ln

ˆ

1´ p1´ x2q

xp1`
?

1´ x2q

˙

“ ln

ˆ

x

1`
?

1´ x2

˙

“ ´ ln

ˆ

1`
?

1´ x2

x

˙

.

(b) (5)Using the definitions of coshx or sechx in terms of exponentials, for 0 ă x ď 1,

arsechx “ ln

ˆ

1`
?

1´ x2

x

˙

.

Solution

y “ arsechxñ x “ sech y

ñ x “
2

ey ` e´y

ñ xe2y ´ 2ey ` x “ 0

ñ ey “
2`

?
4´ 4x2

2x
(since 0 ă x ď 1)

ñ ey “
1`

?
1´ x2

x

ñ y “ ln

ˆ

1`
?

1´ x2

x

˙

.

13. Evaluate
ż 4

1

1
?
x2 ´ 2x` 17

dx,

13
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giving your answer as an exact logarthim.

Solution

ż 4

1

1
?
x2 ´ 2x` 17

dx “

ż 4

1

1
a

px´ 1q2 ` 42
dx

“
“

arsinh
`

x´1
4

˘‰4

x“1

“ arsinh 3
4
´ 0

“ ln 2.

14. (a) (3)Show that artanhpsin π
4
q “ lnp1`

?
2q.

Solution

artanh
´

sin
π

4

¯

“ artanh

ˆ

1
?

2

˙

“
1

2
ln

˜

1` 1?
2

1´ 1?
2

¸

“ 1
2

lnp3` 2
?

2q

“ lnp1`
?

2q.

(b) (2)Given that y “ artanhpsinxq, show that
dy

dx
“ secx.

Solution
dy

dx
“

1

1´ sin2 x
ˆ cosx “

1

cosx
“ secx.

(c) (5)Find the exact value of

ż π
4

0

sinx artanhpsinxq dx.

Solution

u “ artanhpsinxq ñ
du

dx
“ secx and

dv

dx
“ sinxñ v “ ´ cosx

14
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and

ż π
4

0

sinx artanhpsinxq dx “ r´ cosx artanhpsinxqs
π
4
x“0 `

ż π
4

0

1 dx

“ p´ 1?
2

lnp1`
?

2q ´ 0q ` rxs
π
4
x“0

“ ´ 1?
2

lnp1`
?

2q ` pπ
4
´ 0q

“ π
4
´ 1?

2
lnp1`

?
2q.

15. (10)Figure 4 shows a sketch of the curve with equation

y “ x2 arsinhx.

x

y

O 3
R

Figure 4: y “ x2 arsinhx

The region R, as shown shaded in the figure, is bounded by the curve, the x-axis, and
the x “ 3. Show that the area of R is

9 lnp3`
?

10q ´ 1
9
p2` 7

?
10q.

Solution

u “ arsinhxñ
du

dx
“

1
?
x2 ` 1

and
dv

dx
“ x2 ñ v “ 1

3
x3,

u “ x2 ` 1 ñ
du

dx
“ 2xñ du “ 2x dx,

and
x “ 0, u “ 1 and x “ 3, u “ 10.

15
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Now,

ż 3

0

x2 arsinhx dx “
“

1
3
x3 arsinhx

‰3

x“0
´

ż 3

0

x3

3
?
x2 ` 1

dx

“ p9 arsinh 3´ 0q ´ 1
3

ż 10

1

pu´ 1q
3
2

u
1
2 ˆ 2pu´ 1q

1
2

du

“ 9 arsinh 3´ 1
6

ż 10

1

u´ 1

u
1
2

du

“ 9 arsinh 3´ 1
6

ż 10

1

pu
1
2 ´ u´

1
2 q du

“ 9 arsinh 3´ 1
6

”

2
3
u

3
2 ´ 2u

1
2

ı10

u“1

“ 9 arsinh 3´ 1
6

!

p20
3

?
10´ 2

?
10q ´ p2

3
´ 2q

)

“ 9 arsinh 3´ 1
6
p14
3

?
10` 4

3
q

“ 9 lnp3`
?

10q ´ 1
9
p7
?

10` 2q.

16. The curve C has parametric equations

x “ t´ ln t, y “ 4
?
t, 1 ď t ď 4.

(a) (7)Show that the length of C is 3` ln 4.

Solution

d

ˆ

dx

dt

˙2

`

ˆ

dy

dt

˙2

“

g

f

f

e

ˆ

1´
1

t

˙2

`

˜

2

t
1
2

¸2

“

c

1´
2

t
`

1

t2
`

4

t

“

c

1`
2

t
`

1

t2

“

b

`

1` 1
t

˘2

“ 1`
1

t

16
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and

length “

ż 4

1

ˆ

1`
1

t

˙

dt

“ rt` ln |t|s4t“1
“ p4` ln 4q ´ p1´ 0q

“ 3` ln 4.

The curve is rotated through 2π radians about the x-axis.

(b) (4)Find the area of the curved surface generated.

Solution

Area “ 2π

ż 4

1

4
?
t

ˆ

1`
1

t

˙

dt

“ 2π

ż 4

1

ˆ

4t
1
2 ` 4t´

1
2

˙

dt

“ 2π

„

8
3
t
3
2 ` 8t

1
2

4

t“1

“ 2π
“

p64
3
` 16q ´ p8

3
` 8q

‰

“ 160π
3
.

17. (5)Evaluate

ż 3

1

1
?
x2 ` 4x´ 5

dx, giving your answer as a natural logarithm.

Solution

ż 3

1

1
?
x2 ` 4x´ 5

dx “

ż 3

1

1
a

px` 2q2 ´ 32
dx

“

„

arcosh

ˆ

x` 2

3

˙3

x“1

“ arcosh 5
3
´ arcosh 1

“ ln 3.

17
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18. (7)The curve C has equation
y “ 1

4
p2x2 ´ lnxq, x ą 0.

Find the length of C from x “ 0.5 to x “ 2, giving your answer in the form a ` b ln 2,
where a and b are rational numbers.

Solution

d

1`

ˆ

dy

dx

˙2

“

d

1`

ˆ

x´
1

4x

˙2

“

d

1`

ˆ

x2 ´
1

2
`

1

16x2

˙2

“

c

x2 `
1

2
`

1

16x2

“

d

ˆ

x`
1

4x

˙2

“ x`
1

4x

and

length “

ż 2

0.5

ˆ

x`
1

4x

˙

dx

“
“

1
2
x2 ` 1

4
ln |x|

‰2

x“0.5

“ p2` 1
4

ln 2q ´ p1
8
` 1

4
ln 1

2
q

“ 15
8
` 1

2
ln 2.

19. Figure 5 shows a sketch of the curve with equation

y “ arsinh
?
x, x ě 0.
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x

y

O 4

R

Figure 5: y “ arsinh
?
x

(a) (3)Find the gradient of C at the point where x “ 4.

Solution

y “ arsinh
?
xñ

dy

dx
“

1
a

1` p
?
xq2

ˆ 1
2
x´

1
2

ñ
dy

dx
“

1

2
?
x
?

1` x

and

x “ 4 ñ
dy

dx
“

?
5

20
.

The region R, as shown shaded in the figure, is bounded by the curve, the x-axis, and
the x “ 4.

(b) (10)Using the substitution x “ sinh2 θ, or otherwise, show that the area of R is

k lnp2`
?

5q ´
?

5,

where k is a constant to be found.

Solution

θ “ arsinh
?
xñ x “ sinh2 θ

ñ
dx

dθ
“ 2 sinh θ cosh θ

ñ dx “ 2 sinh θ cosh θ dθ,

x “ 0 ñ θ “ 0 and x “ 2 ñ θ “ arsinh 2,

u “ θ ñ
du

dx
“ 1 and

dv

dx
“ sinh 2θ ñ v “ 1

2
cosh 2θ,
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and so we have

ż 4

0

arsinh
?
x dx “

ż arsinh 2

0

θp2 sinh θ cosh θq dθ

“

ż arsinh 2

0

θ sinh 2θ dθ

“
“

1
2
θ cosh 2θ

‰arsinh 2

θ“0
´ 1

2

ż arsinh 2

0

cosh 2θ dθ

“
“

1
2
θ cosh 2θ ´ 1

4
sinh 2θ

‰arsinh 2

θ“0

“
“

1
2
θp1` 2 sinh2 θq ´ 1

2
sinh θ cosh θ

‰arsinh 2

θ“0

“

”

1
2
θp1` 2 sinh2 θq ´ 1

2
sinh θ

a

1` sinh2 θ
ıarsinh 2

θ“0

“ p9
2

arsinh 2´ 1
2
ˆ 2ˆ

?
5q ´ p0´ 0q

“ 9
2

lnp2`
?

5q ´
?

5.

20. (4)Show that
d

dx
rlnptanhxqs “ 2 cosech 2x, x ą 0.

Solution

d

dx
rlnptanhxqs “

sech2 x

tanhx

“
1

sinhx coshx

“
2

2 sinhx coshx

“
2

sinh 2x
“ 2 cosech 2x.

21. (7)Show that
ż 6

5

3` x
?
x2 ´ 9

dx “ 3 ln

ˆ

2`
?

3

3

˙

` 3
?

3´ 4.
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Solution

ż 6

5

3` x
?
x2 ´ 9

dx “

ż 6

5

3
?
x2 ´ 9

dx`

ż 6

5

x
?
x2 ´ 9

dx

“

ż 6

5

3
?
x2 ´ 32

dx`
”?

x2 ´ 9
ı6

x“5

“

”

3 arcosh x
3
`
?
x2 ´ 9

ı6

x“5

“

„

3 ln

ˆ

x`
?
x2 ´ 9

3

˙

`
?
x2 ´ 9

6

x“5

“ p3 lnp6` 3
?

3q ` 3
?

3q ´ p3 ln 9` 4q

“ 3 lnp2`
?

3q ` 3
?

3´ 4.

22. (5)The curve C has equation y “ arsinhpx3q, x ě 0. The point P on C has x-coordinate?
2. Show that an equation of the tangent to C at P is

y “ 2x´ 2
?

2` lnp3` 2
?

2q.

Solution

Well, x “
?

2 ñ y “ arsinhp2
?

2q “ lnp3` 2
?

2q. Now,

dy

dx
“

3x2

px3q2 ` 1
“

3x2

x6 ` 1
and x “

?
2 ñ

dy

dx
“ 2

and we have

y ´ lnp3` 2
?

2q “ 2px´
?

2q ñ y “ 2x´ 2
?

2` lnp3` 2
?

2q.

23. Figure 6 shows a sketch of the curve with equation

y “ 1
10

coshx arctanpsinhxq, x ě 0.
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x

y

O 2

R

Figure 6: y “ 1
10

coshx arctanpsinhxq

The region R, as shown shaded in the figure, is bounded by the curve, the x-axis, and
the x “ 2.

(a) (5)Find

ż

coshx arctanpsinhxq dx.

Solution

u “ arctanpsinhxq ñ
du

dx
“

coshx

sinh2 x` 1
“

1

coshx
,

dv

dx
“ coshxñ v “ sinhx,

and
ż

coshx arctanpsinhxq dx “ sinhx arctanpsinhxq ´

ż

sinhx

coshx
dx

“ sinhx arctanpsinhxq ´ lnpcoshxq ` c.

(b) (2)Hence show that, to 2 significant figures, the area of R is 0.34.

Solution

ż 2

0

1
10

coshx arctanpsinhxq dx “ 1
10
rsinhx arctanpsinhxq ´ lnpcoshxqs2x“0

“ psinh 2 arctanpsinh 2q ´ lnpcosh 2qq ´ p0´ 0q

“ 0.339 630 027 6 (FCD)

“ 0.34 (2 sf).

24. The curve C has parametric equations

x “ 3pt` sin tq, y “ 3p1´ cos tq, 0 ď t ă π.

22



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

(a) (3)Show that
dy

dx
“ tan

t

2
.

Solution

dy

dx
“

dy

dt
˜

dx

dt

“
3 sin t

3` 3 cos t

“
sin t

1` cos t

“
2 sin t

2
cos t

2

1` p2 cos2 t
2
´ 1q

“
2 sin t

2
cos t

2

2 cos2 t
2

“
sin t

2

cos t
2

“ tan t
2
.

The arc length s of C is measured from the origin O.

(b) (4)Show that s “ 12 sin t
2
.

Solution
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s “

ż

d

ˆ

dx

dθ

˙2

`

ˆ

dy

dθ

˙2

dt

“

ż
b

p3` 3 cos tq2 ` p3 sin tq2 dt

“

ż

b

p9` 18 cos t` 9 cos2 tq ` 9 sin2 t dt

“

ż

?
18` 18 cos t dt

“ 3
?

2

ż

?
1` cos t dt

“ 3
?

2

ż

b

1` p2 cos2 t
2
´ 1q dt

“ 3
?

2

ż

b

2 cos2 t
2
q dt

“ 6

ż

cos t
2

dt.

Now,

s “ 6

ż t

0

cos u
2

du

“ 6
“

2 sin u
2

‰t

u“0

“ 6p2 sin t
2
´ 0q

“ 12 sin t
2
.

The point P lies on C and the arc OP of C has length L. The arc OP is rotated through
2π radians about the x-axis.

(c) (7)Show that the area of the curved surface generated is given by
πL3

36
.

Solution
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2π

ż

y

d

ˆ

dx

dt

˙2

`

ˆ

dy

dt

˙2

dt

“ 2π

ż

r3p1´ cos tqsr3
?

2
?

1` cos ts dt

“ 18
?

2π

ż

p1´ cos tq
?

1` cos t dt

“ 18
?

2π

ż

r1´ p1´ 2 sin2 t
2
qsr
?

2 cos t
2
s dt

“ 72π

ż

sin2 t
2

cos t
2

dt

and

area “ 72π
“

2
3

sin3 u
2

‰t

u“0

“ 144π
3

sin3 t
2
.

Now,

sin t
2
“

s

12
“

L

12

which means

area “
144π

3
ˆ
L3

123
“
πL3

36
.

25. (5)
y “ parsinh 2xq2.

Find the exact value of
dy

dx
at x “ 1

2
, giving your answer in the form a ln b, where a and

b are real numbers.

Solution

y “ parsinh 2xq2 ñ
dy

dx
“ 2 arsinh 2xˆ

1
a

p2xq2 ` 1
ˆ 2

ñ
dy

dx
“

4 arsinh 2x
?

4x2 ` 1
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and

x “ 1
2
ñ

dy

dx
“ 2

?
2 arsinh 1

ñ
dy

dx
“ 2

?
2 lnp1`

?
2q.

26. (9)A curve has parametric equations

x “ 2t3, y “ 3t2, 0 ď t ď 1.

The curve is rotated through 2π radians about the x-axis.

Prove that the area of the curved surface generated is
24π

5
p
?

2` 1q.

Solution

d

ˆ

dx

dt

˙2

`

ˆ

dy

dt

˙2

“

b

p6t2q2 ` p6tq2

“
?

36t4 ` 36t2

“ 6t
?
t2 ` 1

and

area “ 2π

ż 1

0

p3t2qp6t
?
t2 ` 1q dt

“ 36π

ż 1

0

t3
?
t2 ` 1 dt.

Now,

u2 “ t2 ` 1 ñ 2u
du

dt
“ 2t dtñ u du “ t dt

and
t “ 0 ñ u “ 1 and t “ 1 ñ u “

?
2
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and this leads to

area “ 36π

ż 1

0

t3
?
t2 ` 1 dt

“ 36π

ż 1

0

t2
?
t2 ` 1 t dt

“ 36π

ż

?
2

1

pu2 ´ 1qu2 du

“ 36π

„

u5

5
´
u3

3



?
2

u“1

“ 36π

„ˆ

4
?

2

5
´

2
?

2

3

˙

´

ˆ

1

5
´

1

3

˙

“ 36π

ˆ

2
?

2

15
`

2

15

˙

“
24π

5
p
?

2` 1q.

27. Using the substitution u “ cosh θ, find the value of

ż ln 4

ln 2

cosh θ ` 1

sinh θpcosh θ ´ 1q2
dθ,

giving your answer as an exact fraction.

Solution

u “ cosh θ ñ
du

dθ
“ sinh θ ñ du “ sinh θ dθ

and

θ “ ln 2 ñ u “
2` 1

2

2
“

5

4
and θ “ ln 4 ñ u “

4` 1
4

2
“

17

8
.
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Now,

ż ln 4

ln 2

cosh θ ` 1

sinh θpcosh θ ´ 1q2
dθ “

ż ln 4

ln 2

cosh θ ` 1

sinh2 θpcosh θ ´ 1q2
sinh θ dθ

“

ż ln 4

ln 2

cosh θ ` 1

pcosh2 θ ´ 1qpcosh θ ´ 1q2
sinh θ dθ

“

ż ln 4

ln 2

cosh θ ` 1

pcosh θ ` 1qpcosh θ ´ 1q3
sinh θ dθ

“

ż ln 4

ln 2

1

pcosh θ ´ 1q3
sinh θ dθ

“

ż 17
8

5
4

pu´ 1q´3 du

“
“

´1
2
pu´ 1q´2

‰
17
8

u“ 5
4

“ ´
1

2

ˆ

9

8

˙´2

`
1

2

ˆ

1

4

˙´2

“
616

81
.

28. The curve C, with equation y “ cosh 3x´4x, has a minimum point, as shown in Figure 7.

x

y

O

R

Figure 7: y “ cosh 3x´ 4x

(a) (5)Use calculus to find the x-coordinate of A. Give your answer in terms of natural
logarithm.
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Solution

dy

dx
“ 0 ñ 3 sinh 3x´ 4 “ 0

ñ 3
2

`

e3x ´ e´3x
˘

´ 4 “ 0

ñ 3e3x ´ 3e´3x ´ 8 “ 0

ñ 3e6x ´ 8e3x ´ 3 “ 0

ñ p3e3x ` 1qpe3x ´ 3q “ 0

ñ e3x “ 3

ñ 3x “ ln 3

ñ x “ 1
3

ln 3.

The region R, as shown shaded in the figure, is bounded by the curve, the x-axis, the
y-axis, and the line through A parallel to the y-axis.

(b) (6)Show that the area of R is 2
9
r2´ pln 3q2s.

Solution

Area “

ż

1
3
ln 3

0

pcosh 3x´ 4xq dx

“
“

1
3

sinh 3x´ 2x2
‰

1
3
ln 3

x“0

“ p1
3

sinhpln 3q ´ 2p1
3

ln 3q2q ´ p0´ 0q

“ 4
3
´ 2

3
pln 3q2

“ 2
9
r2´ pln 3q2s.

29. (a) (6)Using the substitution x “
a

u
, or otherwise, find

ż

1

x
?
a2 ´ x2

dx.

Solution

u “
a

x
ñ x “

a

u
ñ

dx

du
“ ´

a

u2
ñ dx “ ´

a

u2
du
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and
ż

1

x
?
a2 ´ x2

dx “

ż

1

a
u

b

a2 ´
`

a
u

˘2
p´

a

u2
q du

“

ż

1

a2

u

b

1´
`

1
u

˘2
p´

a

u2
q du

“

ż

1
a2

u2

?
u2 ´ 1

p´
a

u2
q du

“

ż

u2

a2
?
u2 ´ 1

p´
a

u2
q du

“ ´
1

a

ż

1
?
u2 ´ 1

du

“ ´
1

a
arcoshu` c

“ ´
1

a
arcosh

´a

x

¯

` c.

(b) (5)Hence find
ż 4

3

1

x
?

25´ x2
dx,

giving your answer in the form a ln b, where a and b are rational numbers.

Solution

ż 4

3

1

x
?

25´ x2
dx “

ż 4

3

1

x
?

52 ´ x2
dx

“ ´
1

5

„

arcosh

ˆ

5

x

˙4

x“3

“ ´1
5
parcosh 5

4
´ arcosh 5

3
q

“ ´1
5
pln 2´ ln 3q

“ ´1
5

ln 2
3

“ 1
5

ln 3
2
.

30. Given that y “ arsinhp
?
xq, x ą 0,

(a) (3)find
dy

dx
, giving your answer as a simplified fraction.
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Solution
dy

dx
“

1
?
x` 1

ˆ 1
2
x´

1
2 “

1

2
a

xpx` 1q
.

(b) (6)Hence, or otherwise, find
ż 4

1
4

1
a

xpx` 1q
dx,

giving your answer in the form ln
´

a`b
?
5

2

¯

, where a and b are integers.

Solution

ż 4

1
4

1
a

xpx` 1q
dx “

“

2 arsinhp
?
xq
‰4

x“ 1
4

“ 2 arsinh 2´ 2 arsinh 1
2

“ 2 lnp2`
?

5q ´ 2 lnp1`
?
5

2
q

“ 2 lnp3`
?
5

2
q

“ lnp3`
?
5

2
q
2

“ lnp7`3
?
5

2
q.

31. A curve, which is part of an ellipse, has parametric equations

x “ 3 cos θ, y “ 5 sin θ, 0 ď θ ď π
2
.

The curve is rotated through 2π radians about the x-axis.

(a) (6)Show that the area of the surface generated is given by the integral

kπ

ż a

0

?
16c2 ` 9 dc,

where c “ cos θ and where k and a are constants to be found.

Solution
d

ˆ

dx

dθ

˙2

`

ˆ

dy

dθ

˙2

“

b

p´3 sin θq2 ` p5 cos θq2

“

a

9 sin2 θ ` 25 cos2 θ

“
?

9` 16 cos2 θ

31



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

and

area “ 2π

ż

π
2

0

5 sin θ
?

16 cos2 θ ` 9 dθ

“ 10π

ż

π
2

0

sin θ
?

16 cos2 θ ` 9 dθ.

Now,

c “ cos θ ñ
dc

dθ
“ ´ sin θ ñ dc “ ´ sin θ dθ

and then
θ “ 0 ñ c “ 1 and θ “ π

2
ñ c “ 0.

So we have

area “ 10π

ż

π
2

0

sin θ
?

16 cos2 θ ` 9 dθ

“ ´10π

ż

π
2

0

p´ sin θq
?

16 cos2 θ ` 9 dθ

“ ´10π

ż 0

1

?
16c2 ` 9 dc

“ 10π

ż 1

0

?
16c2 ` 9 dc.

(b) (5)Using the substitution cos θ “ 3
4

sinhu, or otherwise, evaluate the integral, showing
all of your working and giving the final answer to 3 significant figures.

Solution

c “ 3
4

sinhuñ
dc

du
“ 3

4
coshuñ dc “ 3

4
coshu du

and
cos 0 ñ u “ 0 ñ cos π

2
ñ u “ arsinhp4

3
q “ ln 3.
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Then

R “ 10π

ż 1

0

?
16c2 ` 9 dc

“ 10π

ż ln 3

0

a

9 sinh2 u` 9 p3
4

coshuq du

“ 10π

ż ln 3

0

9
4

cosh2 u du

“ 10π

ż ln 3

0

9
8
p1` cosh 2uq du

“ 10π
“

9
8
u` 9

16
sinh 2u

‰ln 3

u“0

“ 10π
 

9
8
p20
9
` ln 3q ´ p0` 0q

(

“ 117.367 979 7 (FCD)

“ 117 (3 sf).

32. (5)Use calculus to find the exact value of

ż 1

´2

1

x2 ` 4x` 13
dx.

Solution

ż 1

´2

1

x2 ` 4x` 13
dx “

ż 1

´2

1

px` 2q2 ` 32
dx

“

„

1
3

arctan

ˆ

x` 2

3

˙1

x“´2

“ 1
3

arctan 1´ 0

“ π
12
.

33. (5)The curve C has equation y “ 2x3, 0 ď x ď 2.
The curve C is rotated through 2π radians about the x-axis.
Using calculus, find the area of the surface generated, giving your answer to 3 significant
figures.
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Solution
d

1`

ˆ

dy

dx

˙2

“

b

1` p6x2q2 “
?

1` 36x4

and

area “ 2π

ż 2

0

p2x3q
?

1` 36x4 dx

“ 4π

„

1
216
p1` 36x4q

3
2

2

x“0

“ π
54
p577

3
2 ´ 1q

“ 806.284 845 5 (FCD)

“ 806 (3 sf).

34. Show that

(a) (5)

ż 8

5

1

x2 ´ 10x` 34
dx “ kπ, giving the value of the fraction k.

Solution

ż 8

5

1

x2 ´ 10x` 34
dx “

ż 8

5

1

px´ 5q2 ` 32
dx

“

„

1
3

arctan

ˆ

x´ 5

3

˙8

x“5

“ 1
3

arctan 1´ 0

“ π
12
.

(b) (4)

ż 8

5

1
?
x2 ´ 10x` 34

dx “ lnpA`
?
nq, giving the values of the integers A and n.

Solution
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ż 8

5

1
?
x2 ´ 10x` 34

dx “

ż 8

5

1
a

px´ 5q2 ` 32
dx

“

„

arsinh

ˆ

x´ 5

3

˙8

x“5

“ arsinh 1´ 0

“ lnp1`
?

2q.

35. (6)The curve C, as shown in Figure 8, has equation

y “ 1
3

cosh 3x, 0 ď x ď ln a,

where a is a constant and a ą 1.

x

y

O ln a

Figure 8: y “ 1
3

cosh 3x

Using calculus, show that the length of curve C is

k

ˆ

a3 ´
1

a3

˙

and state the value of the constant k.

Solution
d

1`

ˆ

dy

dx

˙2

“

a

1` sinh2 3x “ cosh 3x
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and

Length of curve “

ż ln a

0

cosh 3x dx

“
“

1
3

sinh 3x
‰ln a

x“0

“ 1
3
psinhp3 ln aq ´ 0q

“ 1
3

sinhpln a3q

“ 1
6

´

eln a
3

´ e´ ln a3
¯

“
1

6

ˆ

a3 ´
1

a3

˙

.

36. (a) (3)Differentiate x arsinh 2x with respect to x.

Solution
d

dx
px arsinh 2xq “ arsinh 2x`

2x
a

p2xq2 ` 1
“ arsinh 2x`

2x
?

4x2 ` 1
.

(b) (7)Hence, or otherwise, find the exact value of

ż

?
2

0

x arsinh 2x dx,

giving your answer in the form A lnB ` C, where A, B, C are real numbers.

Solution

ż

?
2

0

x arsinh 2x dx “ rx arsinh 2xs
?
2

x“0 ´

ż

?
2

0

2x
?

4x2 ` 1
dx

“ p
?

2 arsinh 2
?

2´ 0q ´

„

1
2
p4x2 ` 1q

1
2



?
2

x“0

“
?

2 arsinh 2
?

2´ p3
2
´ 1

2
q

“
?

2 arsinh 2
?

2´ 1

“
?

2 lnp3` 2
?

2q ´ 1.
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37.
fpxq “ 5 coshx´ 4 sinhx.

(a) (2)Show that fpxq “ 1
2
pex ` 9e´xq.

Solution

fpxq “ 5 coshx´ 4 sinhx

“ 5
2

`

ex ` e´x
˘

´ 2
`

ex ´ e´x
˘

“ 1
2

`

ex ` 9e´x
˘

.

Hence

(b) (4)solve fpxq “ 5,

Solution

fpxq “ 5 ñ 1
2

`

ex ` 9e´x
˘

“ 5

ñ ex ` 9e´x “ 10

ñ e2x ´ 10ex ` 9 “ 0

ñ pex ´ 1qpex ´ 9q “ 0

ñ ex “ 1 or ex “ 9

ñ x “ 0 or x “ ln 9

(c) (5)show that
ż ln 3

1
2
ln 3

1

5 coshx´ 4 sinhx
dx “ π

18
.

Solution
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ż ln 3

1
2
ln 3

1

5 coshx´ 4 sinhx
dx “

ż ln 3

1
2
ln 3

2

ex ` 9e´x
dx

“

ż ln 3

1
2
ln 3

2ex

e2x ` 9
dx

“

ż ln 3

1
2
ln 3

2ex

pexq2 ` 32
dx

“

„

2

3
arctan

ˆ

ex

3

˙ln 3

x“
1
2
ln 3

“ 2
3
parctan 1´ arctan 1?

3
q

“ 2
3
pπ
4
´ π

6
q

“ π
18
.

38. (a) (2)Find
ż

1
?

4x2 ` 9
dx.

Solution

ż

1
?

4x2 ` 9
dx “

ż

1
a

p2xq2 ` 32
dx

“ 1
2

arsinh

ˆ

2x

3

˙

` c.

(b) (3)Use your answer to part (a) to find the exact value of

ż 3

´3

1
?

4x2 ` 9
dx,

giving your answer in the form k lnpa` b
?

5q, where a and b are integers and k is a
constant.

Solution
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ż 3

´3

1
?

4x2 ` 9
dx “ 1

2

„

arsinh

ˆ

2x

3

˙3

x“´3

“ 1
2
rarsinh 2´ arsinhp´2qs

“ 1
2
rlnp2`

?
5q ´ lnp´2`

?
5qs

“ 1
2

lnp9` 4
?

5q.

39. (7)The curve with parametric equations

x “ cosh 2θ, y “ 4 sinh θ, 0 ď θ ď 1,

is rotated through 2π radians about the x-axis.
Show that the area of of the surface generated is λpcosh3 1 ´ 1q, where λ is a constant
to be found.

Solution
dx

dθ
“ 2 sinh 2θ and

dy

dθ
“ 4 cosh θ

and
d

ˆ

dx

dθ

˙2

`

ˆ

dy

dθ

˙2

“
a

p2 sinh 2θq2 ` p4 cosh θq2

“

a

4 sinh2 2θ ` 16 cosh2 θ

“

b

4pcosh2 2θ ´ 1q ` 8p1` cosh 2θq

“

a

4 cosh2 2θ ` 8 cosh 2θ ` 4

“
a

2pcosh 2θ ` 1q2

“ 2pcosh 2θ ` 1q

“ 2p2 cosh2 θq

“ 4 cosh2 θ.
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Now,

surface generated “ 2π

ż 1

0

p4 sinh θqp4 cosh2 θq dθ

“ 32π

ż 1

0

sinh θ cosh2 θ dθ

“ 32π
“

1
3

cosh3 θ
‰1

θ“0

“ 32πp1
3

cosh3 θ ´ 1
3
q

“ 32π
3
pcosh3 θ ´ 1q.

40. (7)Figure 9 shows a sketch of the curve with equation

y “ 40 arcoshx´ 9x, x ě 1.

x

y

O

Figure 9: y “ 40 arcoshx´ 9x

Use calculus to find the exact coordinates of the turning point of the curve, giving your

answer in the form
´

p
q
, r ln 3` s

¯

, where p, q, r, and s are integers.

Solution
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dy

dx
“ 0 ñ

40
?
x2 ´ 1

´ 9 “ 0

ñ 40 “ 9
?
x2 ´ 1

ñ 1600 “ 81px2 ´ 1q

ñ x2 ´ 1 “ 1600
81

ñ x2 “ 1681
81

ñ x “ 41
9

and y “ 40 arcosh 41
9
´41 “ 40 ln 9´41 “ 80 ln 3´41. The answer is

`

41
9
, 80 ln 3´ 41

˘

.

41. Figure 10 shows a sketch of the curve with equations

y “ 6 coshx and y “ 9´ 2 sinhx.

x

y

O

Figure 10: y “ 6 coshx and y “ 9´ 2 sinhx

(a) (6)Using the definitions of sinhx and cosh x in terms of ex, find exact values for the
x-coordinates of the two points where the curves intersect.

Solution

6 coshx “ 9´ 2 sinhxñ 3
`

ex ` e´x
˘

“ 9´
`

ex ´ e´x
˘

ñ 4ex ´ 9` 2e´x “ 0

ñ 4e2x ´ 9ex ` 2 “ 0

ñ p4ex ´ 1qpex ´ 2q “ 0

ñ ex “ 1
4

or ex “ 2

ñ x “ ln 1
4

or x “ ln 2.
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The finite region between the two curves is shown shaded in the figure.

(b) (6)Using calculus, find the area of the shaded region, giving your answer in the form
a ln b` c, where a, b, and c are integers.

Solution

Area “

ż ln 2

ln
1
4

p9´ 2 sinhx´ 6 coshxq dx

“

ż ln 2

ln
1
4

p9´ 4ex ´ 2e´xq dx

“
“

9x´ 4ex ` 2e´x
‰ln 2

x“ln
1
4

“ p9 ln 2´ 8` 1q ´ p9 ln 1
4
´ 1` 8q

“ 9 ln 8´ 14.

42. The curve C, shown in Figure 11, has equation

y “ 2x
1
2 , 1 ď x ď 8.

x

y

O 1 8

Figure 11: y “ 2x
1
2

(a) (2)Show that the length s of the curve C is given by the equation

s “

ż 8

1

c

1`
1

x
dx.
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Solution
dy

dx
“

1

x
1
2

and we have

s “

ż 8

1

c

1`
1

x
dx.

(b) (9)Using the substitution x “ sinh2 u, or otherwise, find an exact value for s. Give
your answer in the form a

?
2` lnpb` c

?
2q, where a, b, and c are integers.

Solution

u “ arsinh
?
xñ sinhu “

?
xñ x “ sinh2 u,

x “ sinh2 uñ
dx

du
“ 2 sinhu coshuñ dx “ 2 sinhu coshu du,

and
x “ 1 ñ u “ arsinh 1 and x “ 8 ñ u “ arsinh 2

?
2.

s “

ż 8

1

c

1`
1

x
dx

“

ż arsinh 2
?
2

arsinh 1

c

1`
1

sinh2 u
2 sinhu coshu du

“

ż arsinh 2
?
2

arsinh 1

d

sinh2 u` 1

sinh2 u
2 sinhu coshu du

“

ż arsinh 2
?
2

arsinh 1

2 cothu sinhu coshu du

“

ż arsinh 2
?
2

arsinh 1

2 cosh2 u du

“

ż arsinh 2
?
2

arsinh 1

p1` cosh 2uq du

“
“

u` 1
2

sinh 2u
‰arsinh 2

?
2

u“arsinh 1

“ rarsinh 2
?

2` 1
2

sinhp2 arsinh 2
?

2qs ´ rarsinh 1` 1
2

sinhp2 arsinh 1qs

“ rlnp3` 2
?

2q ` 6
?

2s ´ rlnp1`
?

2q `
?

2s

“ lnp1`
?

2q ` 5
?

2
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and we have, of course,

1
2

sinhp2 arsinh 2
?

2q “ sinhparsinh 2
?

2q coshparsinh 2
?

2q

“ 2
?

2 coshrlnp3` 2
?

2qs

“
?

2
”

elnp3`2
?
2q
` e´ lnp3`2

?
2q
ı

“
?

2

ˆ

3` 2
?

2`
1

3` 2
?

2

˙

“ 6
?

2

and

1
2

sinhp2 arsinh 1q “ sinhparsinh 1q coshparsinh 1q

“ coshrlnp1`
?

2qs

“ 1
2

”

elnp1`
?
2q
` e´ lnp1`

?
2q
ı

“ 1
2

ˆ

1`
?

2`
1

1`
?

2

˙

“
?

2.

43. Using calculus, find the exact value of

(a) (4)

ż 2

1

1
?
x2 ´ 2x` 3

dx,

Solution

ż 2

1

1
?
x2 ´ 2x` 3

dx “

ż 2

1

1
a

px´ 1q2 ` 1
dx

“

„

arsinh

ˆ

x´ 1
?

2

˙2

x“1

“ arsinh 1?
2
´ 0

“ arsinh 1?
2
.

(b) (4)

ż 1

0

e2x sinhx dx.
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Solution

ż 1

0

e2x sinhx dx “ 1
2

ż 1

0

e2xpex ´ e´xq dx

“ 1
2

ż 1

0

pe3x ´ exq dx

“ 1
2

“

1
3
e3x ´ ex

‰1

x“0

“ 1
2

“

p1
3
e3 ´ eq ´ p1

3
´ 1q

‰

“ 1
2

“

1
3
e3 ´ e` 2

3

‰

“ 1
6
pe3 ´ 3e` 2q.

44. A circle C with centre O and radius r has cartesian equation x2 ` y2 “ r2, where r is a
positive constant.

(a) (3)Show that 1`

ˆ

dy

dx

˙2

“
r2

r2 ´ x2
.

Solution

x2 ` y2 “ r2 ñ 2x` 2y
dy

dx
“ 0

ñ
dy

dx
“ ´

x

y

ñ

ˆ

dy

dx

˙2

“

ˆ

´
x

y

˙2

“
x2

y2
“

x2

r2 ´ x2

ñ 1`

ˆ

dy

dx

˙2

“ 1`
x2

r2 ´ x2
“

r2

r2 ´ x2
.

(b) (5)Show that the surface area of the sphere generated by rotating C through π radians
about the x-axis is 4πr2.

Solution
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Surface area “ 2π

ż r

´r

y

d

1`

ˆ

dy

dx

˙2

dx

“ 2π

ż r

´r

?
r2 ´ x2

c

r2

r2 ´ x2
dx

“ 2πr

ż r

´r

1 dx

“ 2πr rxsrx“´r
“ 2πrrr ´ p´rqs

“ 4πr2.

(c) (1)Write down the arc length of the arc of the curve y “
?

1´ x2 from x “ 0 to x “ 1.

Solution

We have r “ 1 and so

arc length “
2ˆ π ˆ 1

4
“ π

2
.

45.
9x2 ` 6x` 5 ” apx` bq2 ` c.

(a) (3)Find the values of the constants a, b, and c.

Solution

9x2 ` 6x` 5 ” 9px2 ` 2
3
xq ` 5

” 9rpx` 1
3
q
2
´ 1

9
s ` 5

” 9px` 1
3
q
2
` 4.

Hence, or otherwise, find

(b) (2)

ż

1

9x2 ` 6x` 5
dx,
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Solution

ż

1

9x2 ` 6x` 5
dx “

ż

1

9px` 1
3
q2 ` 22

dx

“
1

6
arctan

ˆ

3x` 1

2

˙

` c.

(c) (2)

ż

1
?

9x2 ` 6x` 5
dx.

Solution

ż

1
?

9x2 ` 6x` 5
dx “

ż

1
b

p3px` 1
3
qq2 ` 22

dx

“
1

3
arsinh

ˆ

3x` 1

2

˙

` c.

46. The curve C has equation
y “ e´x, x P R.

The part of the curve C between x “ 0 and x “ ln 3 is rotated through 2π radians about
the x-axis.

(a) (3)Show that the area S of the curved surface generated is given by

S “ 2π

ż ln 3

0

e´x
?

1` e´2x dx.

Solution
d

1`

ˆ

dy

dx

˙2

“

b

1` p´e´xq2 “
?

1` e´2x

and so we have

S “ 2π

ż ln 3

0

e´x
?

1` e´2x dx.
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(b) (5)Use the substitution e´x “ sinhu to show that

S “ 2π

ż arsinhβ

arsinhα

cosh2 u du,

where α and β are constants to be determined.

Solution

u “ arsinh e´x ñ e´x “ sinhuñ ´x “ lnpsinhuq ñ x “ ´ lnpsinhuq,

dx

du
“ ´ cothuñ dx “ ´ cothu du,

x “ 0 ñ u “ arsinh 1 and x “ ln 3 ñ u “ arsinh 1
3
.

S “ 2π

ż ln 3

0

e´x
?

1` e´2x dx

“ 2π

ż arsinh
1
3

arsinh 1

sinhu
a

1` sinh2 up´ cothuq du

“ ´2π

ż arsinh
1
3

arsinh 1

sinhu coshu cothu du

“ ´2π

ż arsinh
1
3

arsinh 1

cosh2 u du

“ 2π

ż arsinh 1

arsinh
1
3

cosh2 u du.

(c) (2)Show that

2

ż

cosh2 u du “ 1
2

sinh 2u` u` k,

where k is an arbitrary constant.

Solution

2

ż

cosh2 u du “

ż

pcosh 2u` 1q du

“ 1
2

sinh 2u` u` k.

(d) (2)Hence find the value of S, giving your answer to 3 decimal places.
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Solution

S “ 2π

ż ln 3

0

e´x
?

1` e´2x dx

“ 2π

ż arsinh 1

arsinh
1
3

cosh2 u du

“ π
“

1
2

sinh 2u` u
‰arsinh 1

u“arsinh
1
3

“ πrp1
2

sinhp2 arsinh 1q ` arsinh 1q ´ p1
2

sinhp2 arsinh 1
3
q ` arsinh 1

3
qs

“ 5.079 241 597 (FCD)

“ 5.079 (3 dp).

47. (5)A curve has equation
y “ coshx, 1 ď x ď ln 5.

Find the length of this curve. Give your answer in terms of e.

Solution
d

1`

ˆ

dy

dx

˙2

“

a

1` sinh2 x “ coshx

and we have

length of the curve “

ż ln 5

1

coshx dx

“

ż ln 5

1

coshx dx

“ rsinhxsln 5
x“1

“ sinhpln 5q ´ sinh 1

“ 12
5
´ 1

2
pe´ e´1q

“ 12
5
´ 1

2
e` 1

2
e´1.

48. The curve C has equation

y “
1

?
x2 ` 2x´ 3

, x ą 1.
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(a) (3)Find

ż

y dx.

Solution

ż

1
?
x2 ` 2x´ 3

dx “

ż

1
a

px` 1q2 ´ 22
dx

“ arcosh

ˆ

x` 1

2

˙

` c.

The region R is bounded by the curve C, the x-axis, and the lines with equations x “ 2
and x “ 3. The region R is rotated through 2π radians about the x-axis.

(b) (4)Find the volume of the solid generated. Give your answer in the form pπ ln q, where
p and q are rational numbers to be found.

Solution

Volume “ π

ż 3

2

1

px` 1q2 ´ 22
dx

“ 1
4
π

„

ln

ˇ

ˇ

ˇ

ˇ

px` 1q ´ 2

px` 1q ` 2

ˇ

ˇ

ˇ

ˇ

3

x“2

“ 1
4
π

„

ln

ˇ

ˇ

ˇ

ˇ

x´ 1

x` 3

ˇ

ˇ

ˇ

ˇ

3

x“2

“ 1
4
πpln 1

3
´ ln 1

5
q

“ 1
4
π ln 5

3
.

49. (7)The curve C has equation

y “
x2

8
´ lnx, 2 ď x ď 3.

Find the length of the curve C giving your answer in the form p ` lnq, where p and q
are rational numbers to be found.

Solution
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d

1`

ˆ

dy

dx

˙2

“

d

1`

ˆ

x

4
´

1

x

˙2

“

d

1`

ˆ

x2

16
´

1

2
`

1

x2

˙

“

c

x2

16
`

1

2
`

1

x2

“

d

ˆ

x

4
`

1

x

˙2

“
x

4
`

1

x

and

length “

ż 3

2

ˆ

x

4
`

1

x

˙

dx

“

„

x2

8
` ln |x|

3

x“2

“ p9
8
` ln 3q ´ p1

2
` ln 2q

“ 5
8
` ln 3

2
.

50. (a) (3)Prove that
d

dx
parcothxq “

1

1´ x2
.

Solution
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y “ arcothxñ x “ coth y

ñ x “
cosh y

sinh y

ñ
dx

dy
“

sinh2 y ´ cosh2 y

sinh2 y

ñ
dx

dy
“ ´

1

sinh2 y

ñ
dx

dy
“ ´ cosech2 y

ñ
dx

dy
“ 1´ coth2 y

ñ
dy

dx
“

1

1´ coth2 y

ñ
dy

dx
“

1

1´ x2
.

Given that y “ parcothxq2,

(b) (5)show that

p1´ x2q
d2y

dx2
´ 2x

dy

dx
“

k

1´ x2
,

where k is a constant to be determined.

Solution
dy

dx
“

2 arcothx

1´ x2

and

d2y

dx2
“

2p1´ x2q ˆ 1
1´x2

´ 2 arcothxˆ p´2xq

p1´ x2q2
“

2` 4x arcothx

p1´ x2q2
.

Now,

p1´ x2q
d2y

dx2
´ 2x

dy

dx
“

2` 4x arcothx

1´ x2
´

4x arcothx

1´ x2

“
2

1´ x2
.
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51. (a) (5)Find, without using a calculator,

ż 5

3

1
?

15` 2x´ x2
dx,

giving your answer as a multiple of π.

Solution

ż 5

3

1
?

15` 2x´ x2
dx “

ż 5

3

1
a

42 ´ px´ 1q2
dx

“

„

arcsin

ˆ

x´ 1

4

˙5

x“3

“ arcsin 1´ arcsin 1
2

“
π

2
´
π

6

“
π

3
.

(b) (3)Show that

5 coshx´ 4 sinhx “
e2x ` 9

2ex
.

Solution

5 coshx´ 4 sinhx “ 5
2

`

ex ` e´x
˘

´ 2
`

ex ´ e´x
˘

“ 1
2
ex ` 9

2
e´x

“
ex ` 9e´x

2

“
e2x ` 9

2ex
.

(c) (4)Hence, using the substitution u “ ex or otherwise, find

ż

1

5 coshx´ 4 sinhx
dx.
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Solution

u “ ex ñ
du

dx
“ ex ñ

1

u
du “ dx

and
ż

1

5 coshx´ 4 sinhx
dx “

ż

2ex

e2x ` 9
dx

“

ż

2u

upu2 ` 9q
du

“

ż

2

u2 ` 9
du

“
2

3
arctanp

u

3
q ` c

“
2

3
arctan

ˆ

ex

3

˙

` c.

52. (5)Given that y “ arsinhptanhxq, show that

dy

dx
“

sech2 x
a

1` tanh2 x
.

Solution

y “ arsinhptanhxq ñ sinh y “ tanhx

ñ cosh y
dy

dx
“ sech2 x

ñ
dy

dx
“

sech2 x

cosh y

ñ
dy

dx

sech2 x
?

cosh2 x

ñ
dy

dx

sech2 x
a

1` sinh2 x

ñ
dy

dx
“

sech2 x
a

1` tanh2 x
.
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53. (9)Use the substitution x` 2 “ u2, where u ą 0, to show that

ż 7

´1

px` 2q
1
2

x` 5
dx “ a` bπ

?
3,

where a and b are rational numbers to be found.

Solution

You should know by now that x`2 “ u2 is an incorrect way to write the substitution
(why?). Oh, well.

x` 2 “ u2 ñ 1 “ 2u
du

dx
ñ dx “ 2u du

and
x “ ´1 ñ u “ 1 and x “ 7 ñ u “ 3.

Now,

ż 7

´1

px` 2q
1
2

x` 5
dx “

ż 3

1

pu2q
1
2

pu2 ´ 2q ` 5
2u du

“

ż 3

1

2u2

u2 ` 3
du

“

ż 3

1

2pu2 ` 3q ´ 6

u2 ` 3
du

“

ż 3

1

ˆ

2´
6

u2 ` 3

˙

du

“

”

2u´ 2
?

3 arctan
?
3
3
u
ı3

u“1

“

´

6´ 2
?

3ˆ π
3

¯

´

´

2´ 2
?

3ˆ π
6

¯

“ 4´ 1
3
π
?

3.

54. The curve C has equation

y “ ln

ˆ

ex ` 1

ex ´ 1

˙

, ln 2 ď x ď ln 3.

(a) (4)Show that
dy

dx
“ ´

2ex

e2x ´ 1
.
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Solution

y “ ln

ˆ

ex ` 1

ex ´ 1

˙

ñ y “ lnpex ` 1q ´ lnpex ´ 1q

ñ
dy

dx
“

ex

ex ` 1
´

ex

ex ´ 1

ñ
dy

dx
“

expex ´ 1q ´ expex ` 1q

pex ` 1qpex ´ 1q

ñ
dy

dx
“ ´

2ex

e2x ´ 1
.

(b) (6)Find the length of the curve C, giving your answer in the form ln a, where a is a
rational number.

Solution

d

1`

ˆ

dy

dx

˙2

“

d

1`

ˆ

´
2ex

e2x ´ 1

˙2

“

d

1`
4e2x

pe2x ´ 1q2

“

d

pe2x ´ 1q2 ` 4e2x

pe2x ´ 1q2

“

d

pe4x ´ 2e2x ` 1q ` 4e2x

pe2x ´ 1q2

“

d

e4x ` 2e2x ` 1

pe2x ´ 1q2

“

d

pe2x ` 1q2

pe2x ´ 1q2

“
e2x ` 1

e2x ´ 1
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and

length “

ż ln 3

ln 2

e2x ` 1

e2x ´ 1
dx

“

ż ln 3

ln 2

cothx dx

“ rln sinhxsln 3
x“ln 2

“ ln sinhpln 3q ´ ln sinhpln 2q

“ ln 4
3
´ ln 3

4

“ ln 16
9
.
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