Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2006 June Paper 1: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. A curve has the equation (4)
y=(z—1)(2x - 3)%.

Find the gradient of the curve at the point where x = 2.

Solution
Well,
du
—r—1=>—=1
u e = dx
dv
=22 -3)%= — =16(2x — 3)”
v=(2z 3):>dx 6(2z — 3)
SO
d
y=(z—1)(2z—3)%= ﬁ — (z — D[16(2x — 3)7] + (1)(2z — 3)®
d
= Y 16z — 1)(22 — 3)7 + (20 — 3)°.
dz
Finally,
d
x=2:>d—i —16(2—1)(4—3)" + (4 —3)8
dy
—~ —16+1
= P 6 +
dy
— =17,
dz 7
2. The line (6)

y+4x =23



intersects the curve
zy +x = 20

at two points, A and B.

Find the equation of the perpendicular bisector of the line AB.

Solution

Now,
y+4r =23=y =23 —4x

and
xy+c=20= 2(23 —4z) +x =20
= 23z — 422+ =20
= 42% — 242 +20 =0
= 4(2x* =62 +5) =0

add to: —6 | 5 1
multiply to: +5 ’

=4(z-5)(r—-1)=0
=gx=5orx=1

=y=3ory=19;

so, say, A(1,19) and B(5,3). Next,

19 -3
map = —1 _5
16
|
— 4
and so
Myormal = 1

Finally, the midpoint of AB is (3,11) and the equation of the perpendicular bisector

of the line AB is
y—1l=3(z-3)=y—11=12-3

_ 1 41
:>y—4$+ 1"




3. A plane flies due north from A to B, a distance of 1000 km, in a time of 2 hours.

During this time a steady wind, with a speed of 150 kmh™, is blowing from the south-

east.

Find
(a) the speed of the plane in still air,

Solution
Let the speed of the aircraft be V kmh™*.

5004

Cosine rule:

V2 = 500% + 150% — 2 x 500 x 150 x cos45°
= V =407.9632126 (FCD)
=V =408 (3 sf).

(b) the direction in which the plane must be headed.

Solution
Sine rule:

sin o B sin 45° . 150 sin 45°
150  407.963...

S = 07963 ..
= o = 1506941955 (FCD)

= o = 15.1 (3 sf).

4. The diagram shows part of the curve y = f(x), where
flz) =p—e
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and p is a constant.

o we

The curve crosses the y-axis at (0, 2).

(a) Find the value of p.

Solution

t=0y=2=2=p—¢°

=2=p—1
=p=3.

(b) Find the coordinates of the point where the curve crosses the x-axis.

Solution

fz)=0=3—-¢e"=0
=e" =3

=z =In3.

(c) Copy the diagram above and on it sketch the graph of y = f~!(x).

Solution
Well,
y=3—-e"=e"=3—y
=z =1In(3-1y)
and




N we

5. The matrices A and B are given by

-2 —1 0 —1
A=(6 2)andB=<43).

Find matrices P and Q such that
(a) P=B*-2A,

Solution
P=B?-2A
(0 —1 0 —1 5 —2
4 3 4 3 6
([ -4 =3 ®, -4 -2
12 5 12 4
(0 =1
N0 1 y
(b) Q=B(A™).
Solution
Well,
det A = —4—(—6) =2
and
11 2 1




Finally,

(334 %)
(5 5)

6. The cubic polynomial f(z) is such that the coefficient of 23 is 1 and the roots of f(z) = 0

are —2, 1 ++/3, and 1 — /3.

(a) Express f(z) as a cubic polynomial in = with integer coefficients.

Solution
We want

f(z) = (z+2)[z — (1 +V3)][z — (1 —V3)]
=(.:1:+2)(a:—1—\/§)(x—1+\/§)

X x —1 —/3
T x? —x  —+/3z
—1 —x +1 +v/3

+/3 | +v3x —+/3 -3

= (z +2)(2* — 22 — 2)

X ‘ z? —2r =2

x 3 =222 -2z
+2 | 4222 —dx -4

=23 — 6x — 4.




(b) Find the remainder when f(z) is divided by (z — 3).

Solution
We use synthetic division:

311 0 -6 —4
)3 9 9
1 3 3 5

and the remainder is 5.

(c) Solve the equation f(—z) = 0.

Solution

f(—2) =0= —x=-2, —x=1++3, or —x=1-+3
—x=21=—-1—+/3, orz=—1++/3.

7. A particle moves in a straight line, so that, ¢t s after leaving a fixed point O, its velocity,
v ms~ !, is given by
v = pt® + qt + 4,

where p and ¢ are constants.
When t = 1 the acceleration of the particle is 8 ms—2.

When t = 2 the displacement of the particle from O is 22 m.

Find the value of p and of ¢.

Solution

Well,
v=ptP+qt+4=0a=2t+q

and

t=1,a=8=8=2p(l) +¢
=2p+q=8 (1).




Next,
v=pt®+qt+4=5=1pt’ + 1qt® + 4t +

for some constant c¢. Now,

and we are left with
5 = %pt3 + %qt2 + 4t.

So,
t=2,5=22=22=1p(2%) + 1¢(2°) + 4(2)
:>22=§p+2q+8
= Sp+2¢=14
=3+q=7 (2).
Do (1) = (2)

=3+q=
=q =
(a) Given that
2z 1+sinx
 cosx
show that
dy 1
dz  1—sinz’
Solution
Well,
. du
u=14+sinr = — =coszx
dx
dv .
V=C0ST = — = —sinz
dx




and

l+sinz dy (cosz)(cosz) — (1 + sinx)(—sinx)
y=—=-= ==
CoS dz (cos z)?
_ dy  cos’x +sinz + sin’x
de cos? x
dy 1+sinz
L LY _ v Bf7 v _
dz cos?
dy 1 +sinx
= 2 =

dz 1—sin’z

difference of two squares:

N dy 1+sinx
dz (1 —sinz)(1 + sinx)
dy 1

s _

dr 1-—sinz’

as required.

The diagram shows part of the curve

b |

(b) Using the result given in part (i), find the area of the shaded region bounded by (3)

the curve, the x-axis and the lines z = 37 and = = 3.

4

ot

Solution




(a) Given that

u = log, z,

find, in simplest form in terms of wu,

(i) ,

Solution
u=log, v =2 =4".

i) 1o (7).

Solution

16
log, <—) = log, 16 — log, =
x

= log, 4* —u

=2 —u.

(iii) log, 8.

Solution
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(b) Solve the equation
(logs y)* + logy(y*) = 8.

Solution
Now,

(logy y)? + logs(y?) = 8 = (logz y)* + 2(logz y) — 8 = 0
let a = logs y:

=a’+2a—-8=0

add to: +2
multiply to: —8 } -2 +4

= (a+4)(a—2)=0
=a=—-4ora=2

= logyy = —4 or logsy =2
—y=3tory=32

:>y:%0ry=9.

10. The function f is defined, for 0° < x < 180°, by
f(z) = 3cosdx — 1.
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(a) Solve the equation f(x) = 0.

(c)

(e)

Solution

f(x) =0
= Jcosdr—1=0

= 3cosdzr =1

1

= cosdx = 3

0° <2 <180° = 0° < 4o < 720°:

= 4x =70.52877937, 289.471 2206, 430.528 77937, 649.4712206 (FCD)
= 1 =17.63219484, 72.367805 16, 107.632194 8, 162.3678052 (FCD)

=z =17.6,72.4, 108, 162 (3 sf).

State the amplitude of f.

Solution

3.

State the period of f.

Solution

State the maximum and minimum values of f.

Solution
The maximum is
3—-1=2
and the minimum is
—-3—-1=-4

Sketch the graph of y = f(x).
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Solution

90 180

EITHER

11. The table below shows values of the variables x and y which are related by the equation

where a and b are constants.

z[01 04 1.0 20 3.0
y |80 6.0 40 26 19

(a) Using graph paper, plot y against zy and draw a straight line graph.

Solution
Well,

y |80 6.0 40 26 19
xy |08 24 4 52 57

and we plot the graph:
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(b) Use your graph to estimate the value of a and of b.

Solution
Now,
72—-0
m =
0-9
=0.8

and the equation of the line is

xy—"72=08y—0)=2y=08y+ 7.2
=zy— 08y =72
= y(zr—0.8) =72

7.2

hence, a = 7.2 and b = —0.8.

An alternative method for obtaining a straight line graph for the equation

1
is to plot z on the vertical axis and — on the horizontal axis.
Y
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(c) Without drawing a second graph, use your values of a and b to estimate the gradient

and the intercept on the vertical axis of the graph of = plotted against —.

Solution
Now,
7.2 1 2-0.8
y= =254 7
x—0.8 Y 7.2
1 5 1
= —=2Zr— ;;
y % 9
S0,
gradient = %
and
intecept = —%.

OR

12. The diagram, which is not drawn to scale, shows a quadrilateral ABC'D in which A is
(6,—-3), Bis (0,6), and angle BAD is 90°.

=Y

A (6,-3)

The equation of the line BC' is
by = 3x + 30

15



and C lies on the line y = .

The line C'D is parallel to the y-axis.
(a) Find the coordinates of C' and of D.

Solution

Well,
5y=3$+30:y:§x+6

and C(z,z) so

_ 3 2. _

= r = 15;
so C'(15,15).
Now,
6 —(—3)
map = T0—-6
= _3
2
SO
map = —% = %
T2

Next, the equation of AD is

y+3=2(z—-6)=y+3=2z—

=y=32x—7
Finally,
r=15=y=2(15) -7
=y=10-7
=y=3
so D(15,3).

(b) Show that triangle BAD is isosceles and find its area.

Solution

16



Well,

and

AD = 4/(6 —15)2 + (=3 — 3)2
— /81 + 36
= 3\/5;

so, the triangle BAD is isosceles and

area = 1 x AB x AD

2

=1 x3V13 x 3v/13

(SN
[
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