Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2012 June Paper 1 Variant 2: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. (a) Find (3)
f \VTr — 5Hdx.

Solution
1
f\/?yc —bdx = J(?x —5)2dx
3
=2(7Tz—5)2 x L +¢
3
= Z2(Tx —5)2 +c.
(b) Hence evaluate (2)
3
J VT7r —5dx.
2
Solution
3 473
J VTz —5de = % l(?x - 5)51
2 =2
— 2(64—27)
=35
2. Using the substitution (5)



find the values of x such that

2212 = 5(2%) — 1.

Solution
Well,

22I+2 — 5(21) -

add to:
multiply to:

e.g.,

1=2%.22 —52")+1=0
= 4(2°)* = 5(2°) + 1 =0
= 4u® —5u+1=0

-5
(+4) x (+1) = +4 } -4 -1

=4u? —du—u+1=0
=4du(u—1)—1(u—1)=0
= (du—1)(u—-1)=0
=4du—1=0o0ru—1=0
=>u=}10ru=1
=2"=1o0r2"=1
=zx=—-2o0rz=0.

3. Show that
cot A +

sin A

— = cosec A.
1+ cosA

Solution




Well,

fA L sin A COSA+ sin A
CO =
1+cosA sinA 1+4+cosA
cos A(1 + cos A) sin? A

(cos A + cos? A) + sin? A
sin A(1 + cos A)

sin A(1 + cos A) T A(1 + cos A)

B cosA+1
~ sin A(1 + cos A)
1
~ sinA
= cosec A,
as required.
4. Solve the simultaneous equations
2 3
Sr+3y=2and — — - = 1.
r Yy
Solution
Well,
2 3 2
Bfletalid
r oy Zz Y
2 y+3
= - = —
x Y
z Y
= — =<2
2 y+3
2y
=>r=——7
y+3

and insert into the first equation:

2y 10y
50— ) +3y=2=>—2 +3y=2
<y+3) Y :y+3 4
= 10y + 3y(y + 3) = 2(y + 3)
=10y +3y°+9y =2y +6

=3y + 17y —6 =0




add ‘Fo: +17 }_1 18
multiply to: (4+3) x (—=6) = —18 ’
e.g.,
=3y’ + 18y —y—6=0
=3y(ly+6)—1(y+6)=0
= By —1)(y+6)=0
=3y—1=0o0ry+6=0
:yzéoryz—()’
:x:%orxzél;
hence,
x:4,y:—60rx:%,y:%.

5. Differentiate the following with respect to z.

(a)

(2 —2*) In(3z + 1).

Solution
Well,
u=2—a:2:>d—u:—2x
dx
dv 3
=In(3 1 — =
v n(@dz+ 1) = dz 3z +1

and so

% = (2 —2%) (3;; 1) + (—22)(In(3z + 1))

=2 = 9zIn(3x +1).

4 — tan 2z
5z )



Solution

Now,

d

u=4—tan2r = au_ —2sec? 2z
dx
dv
=35 — =5
) T = =

and so

dy _ (5z)(—2sec?2z) — (5)(4 — tan 2z)

dz (5x)?
—10x sec? 2z — 5(4 — tan 2x)
252 '

6. You must not use a calculator in this question.

(a) Express

8
V341
in the form
a<\/§ - 1)7
where a is an integer.
Solution
Well,
X ‘ V3 —1
V3| 3 =3
+1| +4v/3 -1




and so

8 8 V3-1

B+l B+l VBl
8(v3—1)
3-1
8(v3-1)
2
=4(v3 - 1);

An equilateral triangle has sides of length

_8
V3—-1

(b) Show that the height of the triangle is (6 — 2+/3).

Solution
Now,

as required.

opp” + adj’ = hyp® = [2(V3 = 1)]* + adj® = [4(v3 — 1)]?

X ‘ V3 —1
V3] 3 =43
—1|-4/3 +1

= 4(4 — 2v/3) + adj® = 16(4 — 2V/3)
= adj® = 12(4 — 2v/3)

= adj = 2v/3(v/3 - 1)

= adj = 6 — 2V/3,

(c) Hence, or otherwise, find the area of the triangle in the form (pv/3 — ¢), where p

6



and q are integers.

Solution
Well,
X ‘ \3 —1
6 |6vV3 —6
—2v3| -6 +2V3
and so
A= %bh
= 1 x4(+v/3-1) x (6 —2V3)
= 2(8v3 - 12)
= 16+/3 — 24;
hence, p = 16 and ¢ = —24.
(a) Sketch the graph of
Yy = |‘T2 —T— 6|7

showing the coordinates of the points where the curve meets the coordinate axes.

Solution
Well,

add to: -1

multiply to: —6 } =3 +2
and

?—2-6=0=(z—3)(z+2)=0
=xr=3orz=—2.

The graph is




(b) Solve
x? —x — 6| = 6.

Solution
2 —xr—6=6:

P —r—-6=6=22—-2-12=0

add to: -1 4 43
multiply to: —12 ’

e.g.,
= (r—4)(z+3)=0
=zx=4orx=-3.

P —x—6=—6:

Pl Lyl =L =gl Lp <0
=z(x—1)=0

=z=0o0rx =1
Hence, the solutions are

r=—-3,x=0,z=1, orxz =4.




8. The figure shows a circle, centre O, with radius 10 cm.

The lines X A and X B are tangents to the circle at A and B respectively, and angle AOB

is %7? radians.

(a) Find the perimeter of the shaded region.

Solution
Well,
AX
tan = % :tanéﬂz 10
= AX = 10tan %7?
and

perimeter = AX + BX + curve AB
= 10tan 37 + 10tan 37 + (37 x 10)
= 20tan %71’ + 23—07T
= 55.58496718 (FCD)
= 55.6 cm (3 sf).

(b) Find the area of the shaded region.

Solution




Now,

area = area OAX BO — area of the curve OABO
= (2 x area OAXO) — area of the curve OABO
= (2x § x 10 x 10tan 37) — (3 x 37 x 10%)
= 100 tan %71’ — lg—oﬂ'
= 68.485 32564 (FCD)

= 68.5 cm? (3 sf).

9. Variables N and z are such that
1
N = 200 + 50e100”.

(a) Find the value of N when = = 0.

Solution
Well,

xr=0= N =200+ 50
= N = 250.

(b) Find the value of x when N = 600.

Solution
Now,

1
N =600 = 600 = 200 + 50e100”
1
= 400 = 50e100”
1

= 8 = e100”

= In8 = ﬁm

=2 =100In8

= o = 2079441542 (FCD)

=z = 208 (3 sf).
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dN
(c¢) Find the value of N when T 45.

xXr
Solution
Well,
1 dN 1
N =200 + 50e100® = — = lel00”
dx
and
AN A/
o 45 = 1e100” = 45

1

= ¢100¥ = 90

— N = 200 + 50(90)
= N = 4700.

10. (a) It is given that

1
f(z) = for z # —2, z e R.

2+ x
(i) Find f"(x).
Solution
Well,
(1) = —— = f(z) = 2+ 2)""
241 B

(ii) Find f~'(z).

Solution
Now,
1 5 1
= = T = —
Y 2+ Y
1
=xr=—-—2
Y
and so
f~1(z) = = -2
() = -
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(iii) Solve f*(x) = —1.

Solution
Well,

and so

(b) The functions g, h, and k are defined, for x € R, by

— 5
()= s, 0 %5,
h(z) = 2> — 1,

k(z) =2z + 1.

Express the following in terms of g, h, and/or k

(i)

1
(22 —-1)+5’
Solution
@-
(ii)
2 +1
r+5 ’
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Solution
lf_g.

11. The point P lies on the line joining A(—1, —5) and B(11, 13) such that

AP = 1AB.

(a) Find the equation of the line perpendicular to AB and passing through P.

Solution
Well,

and

so P(3,1).

Now,

map =

13



and
_ 2
Mpormal = 3

Hence, the equation of the line perpendicular to AB and passing through P is

2z —-3)=>y—1=—-2z+2

y—1=
:>y=—§x+3.

The line perpendicular to AB passing through P and the line parallel to the z-axis

passing through B intersect at the point Q).
(b) Find the coordinates of the point Q.

Solution
Well, the line parallel to the z-axis passing through B is
y=13
and
2 2
=z = —15;
hence, Q(—15,13).

(c¢) Find the area of the triangle PBQ.

Solution
Well,

PQ =+/[-15—3]2 + (13 — 1)2
= V182 + 122
= /468
=613
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and

BP = /(11 —3)2 + (13 — 1)2
= /82 + 122
= /208
= 44/13.

Finally,

S
>

— Nl N

area of the triangle PBQ)
6v 13 x 44/13

QX

EITHER

12. At 12 : 00 hours, a ship has position vector (54i+ 16j) km relative to a lighthouse, where

i is a unit vector due East and j is a unit vector due North.

The ship is travelling with a speed of 20 kmh™" in the direction (3i + 4j).
(a) Show that the position vector of the ship at 15 : 00 hours is (90i 4+ 64j) km.

Solution
After 3 hours, the ship has position

(541 + 16§) + 3 x 20 x 1(3i + 4j)

(54i + 16§) + 12(3i + 4j)
— 90 + 64j,

as required.

(b) Find the position vector of the ship ¢ hours after 12 : 00 hours.

Solution
Well,
position vector = (54i + 16j) + ¢ x 20 x (31 + 4j)
= (54i + 16j) + 4¢(3i + 4j)
= (54 4 12t)i + (16 + 16t)].
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A speedboat leaves the lighthouse at 14 : 00 hours and travels in a straight line to

intercept the ship.

Given that the speedboat intercepts the ship at 16 : 00 hours, find

(c)

(d)

OR

the speed of the speedboat,

Solution

Now,

position vector of the ship after 4 hours = (54 4+ 12 x 4)i + (16 + 16 x 4)j
= 102i + 80j

and

102i + 80j

= 51i + 403.
5 1+ 40]

velocity =

Finally,

speed = /512 + 402
=v4201
= 64.81512169 (FCD)
=648 kmh .

the velocity of the speedboat relative to the ship,

Solution
(511 + 40j) — 4(3i + 4j) = 39i + 24j.

the angle the direction of the speedboat makes with North.

Solution
Well,

tano = 21 = a = 51.89242312 (FCD)

= o = 51.9° (1 dp).
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13. The position vectors of points A and B relative to an origin O are a and b respectively.

A

e The point P is such that OP = %O—B)
e The point () is such that 1@ = 1AB.

° T_h)e pOiIL R lies on OA such that RQP is a straight line where OR = \OA and
QR = uPR.
(a) Express @ and @ in terms of a and b.

Solution

o
&

o
SONENENEN
+ + + + +
W= Wl W= W=
L Ld
+ oo

S

| &=

|
Wi
o
+
Wl
op

and

- —lOB 2BA




(b)

Express @% in terms of A\, a, and b.

Solution

QR =Q0 +OR
— —0Q + \OA
= —(2a+3b) + Aa
=(A—32)a—3ib.

Express Cﬁ in terms of u, a, and b.

Solution

QR = uPE = QR = n(PQ + QR)
= QR = uPQ + nQR
j@ﬁx@ﬁ—ﬁﬁ
= QR(1 — ) = pPQ

Hence find the value of A and of p .

Solution
Equating the bs:

4 () = ()

=4(1—p) =11p
=4—-4pu=11pu
=4 =15u
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and equating the as:
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