Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2011 November Paper 2 Variant 3: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. Solve the inequality (3)
z(2z — 1) > 15.

Solution
Well,

2z —1) > 15 = 22° — z > 15
=22 —2—15>0

add to: -1 6 45
multiply to: (+2) x (—15) = —30 ’

e.g.,

=202 —6x +5x—15>0
= 2x(r—3)+5(x—3)>0
= 2z +5)(z—3) >0

We need a ‘table of signs’:

‘x<—g xz—g —g<x<3 r=3 >3
2z + 5 — 0 - + -
r—3 — — — 0 +

(2 +5)(x—3) | + 0 — 0 -

:>:1:<—gor:v>3.




2.

3.

(a) Given that

y = (12 — 4x)°,
dy
find —.
8 dx
Solution
Now,
5 dy 4
y= (12 —4z)° = P 5(12 — 4x)* x (—4)
253, —20(12 — 4x)*.
x

(b) Hence find the approximate change in y as x increases from 0.5 to (0.5 + p), where

p is small.

Solution
Next,

d

z=05= <L — 200000

dx

and
oy ~ % X 0w
= —200000p.

(a) Find the coefficient of 2 in the expansion of

(1—2z)".
Solution
Well,
7 7 6 1 7 4 3
(1-2z)" =...+ ) (1)°(=2x)" + ...+ 3 (D)%(—2x)" + ...
— . —ldz+...—28023 + ...,
hence, the coefficient of 23 is —280.




(b) Find the coefficient of #* in the expansion of

(1+32%)(1 —2z)".

Solution
Now,
X ‘ —14z —280x°
1 (! —28023
+3x? | —4223

and the coefficient of 22 is

—280 — 42 = —322.

4. Without using a calculator, find the positive root of the equation

(5—2v2)x? — (4 +2V2)x — 2 = 0,

giving your answer in the form a + bv/2, where a and b are integers.

Solution
Well,

X ‘ 4 +2v/2

4 16 +8v2
+24/2 | +8v/2  +8

and a = 5—2v/2, b = —(4+24/2), and ¢ = —2 and we are interested in the positive




square root:

(4+2V2) + /(4 +2v2)2 —4(5 — 2v2)(-2)

xr =

2(5 — 2v/2)
(1+2v2) +4/(24 + 16v2) + 8(5 — 2v2)
2(5 — 2¢/2)
(4 +2v2) + /64
2(5 —2+/2)
(4+2v2) +8

2(5 — 2v/2)
12 + 2v2

2(5 — 24/2)

X ‘ 4 +24/2

4 16 +8+y/2
—2v/2 | —-8/2 -8

C1242v2  5+42V2

To5-2v2) 5422

x | 12 422

5 60 +104/2
+24/2 | +244/2 +8




X ‘ 5 —24/2
5 25 —104/2
+24/2 | +10v/2 =8

68+ 3442
©2(25-8)

68 + 344/2
-

8

2+

hence, a = 2 and b =

5. A school council of 6 people is to be chosen from a group of 8 students and 6 teachers.

Calculate the number of different ways that the council can be selected if

(a) there are no restrictions,

Solution

(b) there must be at least 1 teacher on the council and more students than teachers.

Solution

Now,
different ways = 1 teacher, 5 students + 2 teaches, 4 students
[0+ 1C) - Gl
1 5 2 4
= 336 + 1050
= 1386.

After the council is chosen, a chairperson and a secretary have to be selected from the
6 council members.



(c) Calculate the number of different ways in which a chairperson and a secretary can
be selected.

Solution
6 x5 = 30.

6. (a) Sketch the graph of
y =2z +3)(2z - 7).

Solution

21

_1% 0} 3

ol

(b) How many values of = satisfy the equation

|(2z + 3)(2z — 7)| = 227

Solution

Well, y = 2z is a straight line through the origin (with gradient 2) and so the
result is 2.

7. The variables = and y are related in such a way that when Y s plotted against = a
x

straight line is obtained, as shown in the graph.



==

(1,3)

(0]
(3:_1)

The line passes through the points (1,3) and (3, —1).

=y

(a) Express y in terms of x.

Solution
Well,
3—(-1)
Wigys
4
>y
= -2

and the equation of the line of best fit is

Y 3= 9@-1)=2_-3=—2+2
xz X
=>g=—2x+5
X

=y =—z(2x + 5).

(b) Find the value of z and of y such that

Solution




Now,

8. A sector of a circle, of radius r cm, has a perimeter of 200 cm.

(a)

Express the area, A cm?, of the sector in terms of 7.

Solution
Well, let 6 equal the angle and

r+r+r0=200=rf =200 -—2r

2
=0 = 2 2.
r
Now,
A= %r29
2
(T 2)
r
= 100r — 1.

Given that r can vary, find the stationary value of A.

Solution
Next,

dA
A=100r —r> = — =100 — 2r
dr




and

dA
—=0=100—2r =0
dr

= 2r = 100

= r =50

= A = 2500 cm®.

9. An aircraft, whose speed in still air is 350 kmh ™!, flies in a straight line from A to B, a

distance of 480 km.

e There is a wind of 50 kmh™! blowing from the north.
e The pilot sets a course of 130°.

(a) Calculate the time taken to fly from A to B.

Solution

350 km /I

Now, cosine rule:

V2 =502 + 350% — 2 x 50 x 350 x cos 130°
= V? =147497.566 3 (FCD)
= V =384.054119 (FCD).

Next,

480

384.054. ..
— 1.249823856 (FCD)

= 1.25 hours (3 sf).

time =

Let the speed of the aircraft be V kmh™'. We draw a diagram:




(b) Calculate the bearing of B from A.

Solution
Sine rule:
sinaw  sin 130° o 350 sin 130°
= nmog= ———
350 Vv 384.054 . ..
7 350 sin 130°
noe= ———
384.054 . ..
= a = 44.27630141 (FCD).
Finally,
required angle = 180 — 44.276.. ..
= 135.7236986 (FCD)
= 136° (3 sf).
10. The line
y =2z + 10

intersects the curve
22% + 3xy — by + y* = 218

at the points A and B.

Find the equation of the perpendicular bisector of AB.

Solution
Well,

X ‘ 2x +10

2x 472 +20x
+10 | 420z +100

10



and

U

U

U

=

22 + 3wy — by + y* = 218

202 + 3x(2x + 10) — 5(22 + 10) + (2 + 10)* = 218

22 + (622 + 30x) — 102 — 50 + (422 + 40z + 100) = 218
122% 4+ 60z — 168 = 0

12(z® + 57— 14) = 0

add to: +5 L7 o
multiply to: —14 ’

R2(x+T)(z—2)=0
r=—-7orx=2

y=—4ory=14;

hence, the two points are A(—7,—4) and B(2,14).

Now, the midpoint is

Next,

SO

—T+2 -4+ 14\

14 — (—4)
map = G (_7)
18

"9
=2
Mnormal = —75-

Finally, the equation of the perpendicular bisector of AB is

y—b=—3@@+2)=>y—-5=—3z-2

— 1 15
=y = 2x+4.

11




11.

(a) Solve
4 cot %az =1, for 0° < x < 360°.
Solution
Well,
0°<31:<360°:>O°<%31:<180O
and
4
4 cot %:c == — =1
tan s
= tan %x =4
= %x = 75.963 756 53 (FCD)
=z = 151.92775131 (FCD)
=z = 152 (3 sf).
(b) Solve
3(1 —tanycosy) = 5cos’y — 2, for 0° < y < 360°.
Solution
Now,
3(1 —tanycosy) = 5cos’y — 2 = 3(1 —siny) = 5(1 —sin®y) — 2
= 3 —3siny =5 — Hsin®y — 2
= 5sin’y — 3siny = 0
= siny(5siny —3) =0
= siny = 0 or siny = g
siny =0 :
siny = 0=y = 180.
siny = % :
siny = % = y = 36.869 897 65, 143.1301024 (FCD,).
Hence,
y = 36.9 (3 sf), 143 (3 sf), 180.

12



(c) Solve

3sec? z = 4, for 0 < z < 27 radians.

Solution
3sec?z =4 = sec’ z = %
= cos’z = %
= Ccos 2z = i%g.
cos z = */73 :
_ 3 _ 111
COS 2 = 5 = Z = ET(’FW'
cos z = —\/75 :
_ V3 _5_ 7
COSzZ = —5 = Z = ET(', Eﬂ'.
Hence,
_1_5_7_ 11
z = gﬂ', 677', 677', Fﬂ-
EITHER
12. The diagram shows part of the curve
y=1Inzx
cutting the z-axis at the point (1,0).
A
y=Inx
P(e,1)
0 (1.0) Q\ %

The normal to the curve at the point P(e, 1) cuts the z-axis at the point Q.
(a) Show that @ is the point (e + 1,0).

13



Solution
Well,

Now,

and

Next, the equation of P(Q) is

and

hence, (e + %, 0), as required.

1 dy
=lhr= -2
Y dx
e = dy
Tr = _—=
dx
Mpormal =

y—1=—e(z

—e.

_e)

(b) Show that

(xlnz) =1+ Inz.

dx
Solution
Product rule:
du
= — =1
u=z= -
| dv 1
v=lhr=—=—
dr =z
and
d 1
= () (=) + W)na)
=1+Inx,
as required.




(c) Hence find

Jlnxda:

and the area of the shaded region.

Solution
Well,
flnxdx = f i(:171r1317) — 1| dz
B dx
=zlnz—z +c.
Finally,

area of the shaded region

€

= J Inx dx + area under P(Q)
0

1

= [(elne—e+c¢)—(1lnl1—-1+¢)] + l% x 1 x E]

1
= 1+ —.
+2e

OR

13. The diagram shows part of the curve

X
y = e’ cosx,

cutting the z-axis at the point (%7?, 0).

i
A> y=e*cosx
(0.1
T
7.0
0 B\ \ x
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The normal to the curve at the point A(0, 1) cuts the z-axis at the point B.
(a) Find the coordinates of B.

Solution
Product rule:

dx

V=C00ST = — = —sinz
x
and

Y (@) (= sina) + () (cos )

=¢e"cosx —esinzx.

Now,

and

Next, the equation of AB is

Finally,

and B(1,0).

(b) Show that

d—(ex(cosx +sinx)) = 2e” cos x.
T

Solution

Product rule:

T T
u=¢e"= —=e¢e
dx
) dv )
v:cosx+smx:>d—:—smx+cosx
x
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and

d
d—(egc(cosx + sinx) = (e”)(—sinz + cosz) + (e*)(cosz + sinx)
T
= 2e” cos T,
as required.
(c¢) Hence find
f e’ coswdx

and the area of the shaded region.

Solution
Well,
Je“” cosxdr = % f?ex cosx dx
= 1e"(cosw +sinz) + ¢
Now,

area of the shaded region = integral — area of OAB

= [1e"(cosz + sin x)]gio

3

DO |—
[

3
|
—_

@] @
N |#—= N |+
|

NI= N

—(%xlxl)
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