Dr Oliver Mathematics
Further Mathematics
Reduction Formulae

Past Examination Questions

This booklet consists of 24 questions across a variety of examination topics.
The total number of marks available is 281.

1.
4. f r*(Inz)"dx, n = 0.
1
(a) Prove that, for n > 1,
1.3 _ 1
]n = g@ — gn_[n_l.
(b) Find the exact value of Ij.
2. “
I J (a —x)"cosxdx, a >0, n = 0.
0
(a) Show that, for n > 2,
I, =na"'—n(n—1)I,
(b) Hence evaluate
2
J (Z - :E)2 dz
0
3.
I, = fﬁc"eQ” dx, n = 0.
(a) Prove that, for n > 1,
I, = Y(a"e* — nl,_4).
(b) Find, in terms of e, the exact value of
1
f z?e* dx.
0
4.

1
I, = f (1 —x)"coshazdz, n = 0.
0

(a) Prove that, for n > 2,
I, =n(n—1)1, 5 —n.



(b) Find an exact expression for Iy, giving your answer in terms of e.

5. Given that

4
I, :f x"vV4 —xdr, n =0,
0

(a) show that
8n

= In—l;
2n + 3

n>=1.

n

Given that

4
J V4 —xdr = 13—6,
0
(b) use the result in part (a) to find the exact value of

4
J 224 — xdx.
0

6. Given that y = sinh" 'z cosh z,

(a) show that
dy
dz

= (n— 1)sinh" 2z + nsinh" z.
The integral I,, is defined by

arsinh 1
: n
Y f sinh” xdxz, n > 0.
0

(b) Using the result in part (a), or otherwise, show that

nl, =2 —(n— 11, n=2.

(c) Hence find the exact value of 1.

3 1
I, = J "2z —1)"2dz, n = 0.
1
(a) Prove that, for n > 1,

2n+ 1)1, =nl,— 1 +3x5"—1.

(b) Using the reduction formula given in part (a), find the exact value of Is.



I, = f(lnx)” dz, n = 0.

(a) Show that
I, =a(nx)" ' —nl, 1, n>1.

(b) Hence calculate the exact value of

J "(Inz)* ds.

1

9. Given that

4
I, =f 2"V16 — 22daxn = 0,
0

(a) prove that, for n > 2,
(n+2)I,, = 16(n — 1)1,,_».

(b) Hence, showing each step of your working, find the exact value of Ij.

10. Y
I, — r 2" sin 22 dz, n > 0,
0
(a) Prove that, for n > 2,
a\n—1
I,=3n(3)" —in(n—1)I,_
(b) Find the exact value of Is.
(¢) Show that Iy = & (7* — 24w + 48).
11.

I, = fsin”xdx, n = 0.
(a) Prove that, for n > 2,

i (— sin" ' wcosz + (n — 1)In,2) .

S

Given that n is an odd number, n > 3,
(b) show that

T

J2sin”xdx= (n_1)<n_3)---6><4><2.
0 nn—2)(n—4)...7x5x3




(c) Hence find

B

J sin® x cos® z dzx.
0

12. Given that

s
I, :J e’sin"xdx, n =0,
0

(a) show that, for n > 2,

(b) Find the exact value of .

13. Given that

(a) show that

(b) Hence find the exact value of

14.
I, = Jx”cosha:dx, n = 0.

(a) Show that, for n > 2,

I, = 2" sinhx — nz" ' coshz + n(n — 1)1,_,.

(b) Hence show that

Iy = f(z)sinhx + g(z) coshz + ¢,

where f(z) and g(x) are functions to be found, and ¢ is an arbitrary constant.

(c¢) Find the exact value of

J 2 cosh z d,
giving your answer in terms of e.

15. Given that




(a) prove that, for n > 3,

I,— 1, 9= JQCOS(H — Dz dx.

(b) Hence, showing each step of your working, find the exact value of

L in5
6 sinbx
- dx,
 sinx
12

(am + b\/3 + ¢), where a, b, and ¢ are integers to

1

giving your answer in the form

be found.
16. (a) Find

Given that

1
(b) prove that I,, = (n — 1)1, o —e 2, n > 2.

(c) find the value of I, leaving your answer in terms of e.

17.

sin nx
I, = - dz, n >0, neZ.
sin x

(a) By considering I, o — I,,, or otherwise, show that

2sin(n + 1)z

+ 1.
n+1

[n+2 =

(b) Hence evaluate

wly

3 sin 6x
- dz,
= sinw

giving your answer in the form p\v/2 + ¢+/3, where p and ¢ are rational numbers to
be found.

18. .
X

I, = | ——d=x.

Jm“"



19.

20.

21.

22.

(a) Show that nl, = 2" W1+ 22 — (n — 1)1,,_2, n = 2.

The curve C' has equation
2

2 x
- y=0
Y V14 22 Y
The finite region, R, is bounded by C', the z-axis, and the lines with equation x = 0 and
x = 2. The region R is rotated through 27 radians about the x-axis.

(b) Find the volume of the solid so formed, giving your answer in terms of 7, surds,
and natural logarithms.

Given that I, = fsee” rdz,

(a) show that
(n— 1)1, = tanwsec” ?x + (n — 2) [, o, n = 2.

(b) Hence find the exact value of
JS sec’ z du,
0

giving your answer in terms of natural logarithms and surds.
g .
I, = J sin” x dx.
0
(a) Show that

1
L="""1 ,neZnz=2
n

(b) Hence evaluate

LI 2
J sin® z(1 + cos” z) dz,
0

giving your answer as a multiple of 7.

1
e =J (1—2%"dz, n > 0.
0

(a) Prove that (2n + 1)I,, = 2nl,_1, n > 1.
(b) Prove, by induction, that
2n \"
I, < )
(2n + 1)

forallneZ™ .

arsinh 1
I, = f sinh" z, dz, n € N.
0

(14)



23.

24.

(a) Show that nl, =2 — (n— 1)1, 9, n > 2.

(b) Evaluate
arsinh 1
J sinh® z, dz,

0
leaving your answer in surd form.

1
Inzf 2"V1—22dx, n > 0.
0

(a) Find the value of I.

(b) Show that, for n > 2,
(n+2)I, =(n—1)1, .

(c) Hence find the exact value of

1
f V1 — 22daz.
0

v
1, = f sin? zdx, n e N.
0

(a) Calculate Iy in terms of 7.

(b) Show that
_2n—1

I,
2n

In—l; n 2 ]_

(c¢) Find I3 in terms of 7.

The picture shows the curve with polar equation r = asin®6, 0 < # < 7, where a is a

positive constant.

(d) Using your answer to part (c), or otherwise, find the exact area bounded by this

curve.

(16)



