Dr Oliver Mathematics

Applied Mathematics: Differential Equations

The total number of marks available is 72.
You must write down all the stages in your working.

1. (a) Given the differential equation

d
sinx—y —2ycosz = 0,

find the general solution, expressing y explicitly in terms of x.

IF = ol 2:nz do

d
—2dz_
sin x

(sinz)

_
_ e—21nsinac
M elnsin_Qz
—sin 2z

. d
= sin 2 x—y +

dx

= ysin >z =c

= y = csin® x.

Solution
d d
sinx—y —2ycosr =0 = =7 _ 2y c9sx =0
dx dx sin x
d
_ dy N (_209833) y =0
dx sin x

dz

(—2sin?xcosx)y = 0

= a(y sin"?z) =0

(b) Find the general solution of

d
sinx—y —2ycosx =3
dx

sin® 7.



Solution

d d
sinx—y —2ycosx = 3sin®x = & + (_2c9sx
dx dx sinx

)y=3sin2x
.o dy . -3
= sin"“z— + (—2sin" >z cosz)y = 3
dx
d( in2g) = 3
= —(ysin~"z) =
dz Y
= ysin 2z =3z + A
=y = (3o + A)sin® .

2. Solve the differential equation

2 dy_
cos“ r— =1,

dx
given that y > 0 and that y = 2 when z = 0.

Solution

d 1
cos?z = — y = —dy = sec’ zdx
Y

dx
1 2
= | —dy = | secxdx
Y

= Iny =tanz + ¢

as y > 0. Now,
r=0y=2=Imn2=0+c

and

Iny=tanz+In2=Iny —In2 = tanx

= In <g> =tanzx
2

- g — etanx
2
=y = 2",

3. Obtain the solution of the differential equation



for which y = 2 when x = 1.

Solution

d
= ﬁ(x’ly) =e”

:x_lyzfemdx
=z ly=e"+c
=y =xz(e’ + ¢).
Now,
r=1ly=2=2=e4+c=>c=2—-c¢e

and
y=ua(e"+2—e).

4. An industrial scientist finds that the differential equation

dz
t—— — 2z = 3t
i r=3

models a production process.

(a) Find the general solution of the differential equation.



Solution

dx de 2
t— — 20 =3t"= — — "o =3t
T r=3 :>dt tx 3
dx 2
=>—+(——)x:3t
dt t
IF = el ¢4
:e—2lnt
:elnt_2
=12

d
L, t*2d—i _ 9t 3y = 3¢~

d

—(t7%z) =3t
= dt< x)
=2 = J?)t_l dt
=t 2x=3Int+c¢

=z =t(3Int +c).

(b) Hence find the particular solution given = 1 when t = 1.

Solution
r=1t=1=1=1(0+¢)

and, hence,
r=t*3Int +1).

5. An industrial process is modelled by the differential equation

dy  9te*
dt gy

where y > 0 and t > 0.

Given that y = 2 when t = 0, find y explicitly in terms of ¢.



Solution

dy  9te*

= dy = 9te®t dt
& » = ydy e

= Jydy = JQte?’tdt

du
=9 =—=9
du = =
izedt:v—ée&”

= 1y° = 3te™ — J3e3t dt
= 1y” =3te* — ¥ +c.

Now,
t=0y=2=2=0—14+c=c=3

and so
sy7 = 3te® — ¥ + 3 = y® = 2(3te” — ¢ + 3)
=y = 1/2(3te3 — e3t + 3).

6. At any point (z,y) on a curve C, where x # 0, the gradient of the tangent is

3
1-2Y
X

Given that the point (1,3) lies on C, obtain an equation for C' in the form y = f(z).

Solution

dy 3y dy 3y
A A
dzx x:>dx+x




_ e3ln$
_ eln:):3
_ 1‘3
d
= xS—y + 322y = 423
dx
d s 3
= —(z%y) = 4z
)

=>a:3y=f4x3dx
:>x3y=a:4+c.
Now,
r=1lLy=3=3=1+c=>c=2
and, finally,

x3y=x4+2:>y=a:+—3.
—_—

7. A turkey is taken from a refrigerator to be cooked. Its temperature is 4°C when it is
placed in an oven preheated to 180°C.

Its temperature, T°C, after a time of x hours in the oven satisfies the equation

7T
—— = k(180 - T).
el )

(a) Show that
T = 180 — 176e~**,

Solution




dr 1
& k(180 -T) = ———dT = kd
a M )= Gso=1) v

1
= deTz fkdx
= —In(180 —T7) =kz +c¢
= In(180 = 7') = —kx — ¢
— 180 — T = e he~¢
— T =180 — e "@e¢
= T =180 — Ae "

for some constant A. Now,
r=0T=4=4=180—A=T =176

and
T = 180 — 176e %=,

After an hour in the oven the temperature of the turkey is 30°C.

(b) Calculate the value of k correct to 2 decimal places.

Solution

r=1T=30=30=180 — 176e*

= 176e % = 150

k_ 15
88

o — In 15
= k—ln88

= e

=k = —lng—g
= k = 0.159848 7009 (FCD)
=k =0.16 (2 dp).

The turkey will be cooked when it reaches a temperature of 80°C.

(c) After how long (to the nearest minute) will the turkey be cooked?

Solution




80 = 180 — 176e % = 176e™** = 100
- ek -1
= —kz = In 1%
100

176
=z = 3.536 555 41 hours (FCD)

= = 3 hours 32 mins (nearest minute).

:x———ln

8. Find the general solution of the differential equation

d
T o6 220
r dz
Solution
1d d
——y+2 =6=>—y+2xy=6$
r dx dx
IF:eSdeLE
LEQ
=e
d
= ¢ y+2xe y—6xe

d_
( )—6:106”””2
= e g = J6:ce””2 dx
=>e‘”2y =3¢” +¢

2

=>y=3+ce” .

9. A flu-like virus starts to spread through the 20000 inhabitants of Dumbarton.

The situation can be modelled by the differential equation

dN  N(20000 — N)
dt 10000 ’




where NV is the number of people infected after ¢t days and 0 < N < 20 000.

(a) How many people are infected when the infection is spreading most rapidly?

Solution
dN  N(20000— N) dN )
T T 10000 ar ~ wom (000N =N
d°N
= 5 = 1000 (20000 — 2N)
*N
T =55(10000 — N)
and
d°N .
Tz = 0= 5055(10000 — N)
= N = 10000.
(b) Express
10 000
N (20000 — N)

in partial fractions and show that

m{— N Yoy
2000—-N) " TO

for some constant c.

Solution
10000 _ é N B
N(QOOOO—N)_N 20000 — N
y) A(20000 — N) + BN
N(20000 — N)

which means
10000 = A(20000 — N) + BN.

N =0: 10000 = 20000A = A = %
N =20000: 10000 =20000B = B = %
Hence,

10 000
N (20000 — N)

1 1
2 42 @
N 4 20000 — NV




and

dN  N(20000 — N) 10000

— dN = dt
dt 10000 N 20000 — N)

- (N + 50000 = N

NI=

)szdt

U

t
<20000 N) e

m(—— )=
:>n(2000O—N) e

l\‘:l»—A

where ¢ = 2a.

1
2. dN = | dt
= f (N + 30000 N) f

LIn NV — 21n(20000 — N) =t +a

Initially there were 100 people infected.

(c) Show that
20000 e*

T 199 + et

Solution

100
t=0,N=1 | ——— ] =
0, 00 = In (20000_ 100) 0+c

:>C—hl@

10



and

N N 1
1 S — =2t 1 L —_— 2t+ln 199
n(zoooo-zv) T T 000N ©
N 2t lnL
- = 199
~2000-N €
N 1 2t

= 20000 N  19°

= N = 755¢*(20000 — N)

_ 200002t 1 2t
= N = e T05¢ IV

1 .2ta7 _ 200002t
:>N+1996 N——199 e

1 20\ _ 20000 .2t
= @N(199+e ) = g9 ©

= N (199 + ¢*) = 20000e*
20 000e**

= —
199 + e2t’

as required.

10. Find the general solution, in the form y = f(z), of the differential equation

1 dy
— +ytanz = tanz, 0 <z < .
cosx dx

Solution

1 d
el +ytanzr = tanz = il +ycosxtanx = cosx tanx
cosz dz dx

d

Y - - -
= — +ysinxr =sine
dx

11



IF = eSSinxda}

— COosT

=€

— COs T dy — COsS T — COs T
— +

ye sinr =e
dx

= — (e “Ty) =sinxe”

dzx

=76 P y= fsinxem”dx

= e sinx

Cos T

— COs T

=e y=e ““"+¢

COS T

=y=1+ce

12




