Dr Oliver Mathematics
Mathematics: Advanced Higher
2022 Paper 2: Calculator
2 hours

The total number of marks available is 65.
You must write down all the stages in your working.

1. Express
3z2 -3z +5

z(z? 4+ 5)

in partial fractions.

Solution

322 -3x+5 A Bx+C
z(z? 4+ 5) ;+$2+5
A(z* +5) + z(Bx + C)
z(z? 4+ 5)

which means
37 — 3w + 5= A(z” + 5) + 2(Bx + C).

z=0:5=5A=A=1.
r=1:3-3+5=6+B+C=B+C=-1 (1).
r=-1:34+34+45=6+B-C=B-C=5 (2).

Do (1) + (2):
2B=4= B =2
= (C = -3.
Hence,
3x2—3x+5_1+2x—3
r(x2+5) oz x?+5’

2. Find the exact value of

3
4
da.
L2$+1x



Solution

3
4 3
dr =1{2In|2 1
| e = 22+ 12

=2In7—-2In1
=2In7.

3. Use the Euclidean algorithm to find integers a and b such that

634a + 87b = 1.

Solution
634 =7 x 87 + 25
87T =3 x25+12
25 =2x12+1
and
1=25-2x12
= 25— 2(87 — 3 x 25)
=7x25—-2x87

=T7(634 — 7 x 87) — 2 x 87
=7 x 634 — 51 x 87,

hence, a = 7 and b = —51.

4. Use integration by parts to find

J(x +2)(2x + 7)% dz.



Solution

du

U=+ :>dx
d 1 3
£=(2x+7)2:>v:§(2x+7)2

Hence,

J(x L)@+ T)2dr = L+ 2)(2e +T)2 — J%(Zw L 7)2 de

3
2

5
=@ +2)2z+7)2 — 2z +7)2dz +c

5. Matrix A is given by

1 3 1
2 k 3
k18 =7

Find the values of k£ so that the matrix A is singular.

Solution

det A =0= 1(—7k —54) — 3(—14 — 3k) + 1(36 — k%) = 0
= —Tk—54+42+9k+36—k*>=0
=k2—2k—24=0

add to: -2 | 6. +4
multiply to: —24 ’

= (k—-6)(k+4) =0
=k=06or k= —4.

6. The first three terms of a sequence are defined algebraically by
T+ 95,3z + 2, dbr — 1,

where x € N.



(a) Show that these three terms form the start of an arithmetic sequence. (2)

Solution
Bx+2)—(x+5)=2r—-3

and
(5x —1) — (32 +2) =2z — 3.

So, these three terms form the start of an arithmetic sequence.

(b) Find a simplified expression for the 15th term of this sequence. (2)

Solution

15th term = a + 14d
= (z +5) + 14(2z — 3)
= 292 — 37.

(c) Given that the sum of the first 20 terms of this sequence is 1130, find the value of (2)

x.

Solution

1(20)[2(z + 5) + 19(2z — 3)] = 1130 = 40z — 47 = 113

= 40x = 160
=z =4.
7. The complex number
z=3+1
is a root of
22 —6z+a=0,
where a is a real number.
(a) State the second root of (1)

22— 6z+a=0.



8.

Solution
z=3—1.

(b) Hence, or otherwise, find the value of a.

Solution
Difference of two squares:

The expression
22— 62 +a

is a factor of
23— 22 — 20z + b,

where b is a real number.

(¢) Find the value of b.

Solution
Let us call the third root ¢. Then

22— 22202+ b= (2 —c)(z® — 62 +10).

The z-term:
—20 = 6¢+ 10 = —30 = 6¢
=c=—95
and
b =10(-5) = 50.
(a) Differentiate
zlnr —x

with respect to x.



Solution

(zlnx —2)=2-—+1-lnzx—1
T

=1l+hnz-1
=Inz.
(b) Hence find the general solution of the differential equation (4)
d
d_i/: +ylne =a"".

Solution
IF = eSlnx /4 ezlnzfx
and
d d
_y + ylnx _ x—z = ezlnz—a:_y + ye:cln:c—a: Inr = emlnm—zx—m
dz dz
- di(yexlnx—a:) _ ezlnz—;vx—x
xXr
d rlnx—x rzlnx —x _—x
=4 a(ye ) =e" ey
d rlnr—x Inz®* —x —x
= a(ye )=e""e "z
= d—(ym”"e_‘”) =% "
i
= d—(yxxe_x) =e "
Xz
=yr'e " =—e"+c
_—eT"*c¢
T

9. The matrix A is given by

Prove by induction that

3 —2

0 1 )
W 3 1=3n
A-(O : )

6



Solution

n=1:

3Lo1-31\
o 1 )~

3 1-3
0 1

and so the result is true for n = 1.

Now, suppose it is true for n = k, i.e.,

Then

- 3k+l 2(3’“) + (1 - 3’“)
N 0 1

B 3k+l 1_23k_3k

N 0 1
(3 1—3k241)

N 0 1

B 3k+l 1— 3k .3

N 0 1

B 3k+l 1— 3k+1

y 0 1 ’

and so the result is true for n = k + 1.

Hence, by mathematical induction, the result is true for all positive integers n.




10. Solve the differential equation

d? d
d_xz —4% + 4y = 9sinx + 13 cos x,

d
given that y = 5 and d_y =0 when z = 0.
x

Solution

Complementary function:

m?—4m+4=0= (m—2)>=0=m =2 (repeated)
and hence the complementary function is
y = (Az + B)e™.

Particular integral: try

d
y=Csinx + Dcosx = & = (Ccosx — Dsinx

dx
d2
:d—xgz—C’sinx—Dcosx.
Now,
d? d
d—;;—4£+4y=9sinx+13cosx
= (—Csinz — Dcosz) —4(C cosz — Dsinz) + 4(C'sinx + D cos x)
=9sinz + 13cosx
and
—C+4D+4C=9=3C+4D =9 (1)
—D —4C +4D =13 = —4C +3D =13 (2).
Next,

4x(1): 12C+16D =36 (3)
3x(2): —12C+9D =39 (4)
and (3) + (4):
26D =7=D =3
= 3C+4(3) =9
=3C' = -3
=(C=-1




The particular integral is y = —sinx + 3 cos x.
The general solution is
y = (Azx + B)e* —sinx + 3cos .
Now,
r=0y=5=50=B+3
= B = 2.
Next,
y = (Az + 2)e* —sinx + 3cos
d
= d_y = Ae® + 2(Ax + 2)e** — cosx — 3sinx
x
and
d
2=0,-2 =0=0=A+4-1
dx
= A=-3.
Hence,
y = (=32 + 2)e** —sinx + 3cos .

11. A curve defined parametrically has the following properties:
o 7 =tan!2t,
dy
—Z = 6t(1 + 4t%), and
° e ( ), an
e y=>5whent=1.

Find y in terms of ¢.

Solution
Now,
dx 2 dx 2
_— = —— $ —_— e —
dt 1+ (2t)2 dt 1442
dt 1+ 4¢?
> — =
dx 2




and

dy dy dt s dy
A A H1 + 48%) = =2
Qo ~ a S qp = G = X
dy
6t =12
= 2 dt
dy
=419
T
=y =06t"+c

for some constant ¢. Now,

t=1y=5=5=06(1%) +c

=c=—1;

hence,
y = 6t> — 1.

1+ 4¢?
2

12. Let
z = cosf +1isinf.

(a) Use de Moivre’s theorem to state an expression for z*.

Solution

2 = (cosf +isin)?

= cos 460 + 1sin 46.

(b) State and simplify the binomial expansion of

(cos® +isinf)*.

Solution

10



(cos® + isinf)*
= cos 0 + 4(cos0)*(isin ) + 6(cos #)?(isin )?
+ 4(cos 0)(isin §)® + (isin6)*
= cos' 0 + 4icos® fsin @ — 6 cos® sin? @ — 4i cos O sin® § + sin? 4

= (cos*# — 6cos? Osin? 0 + sin® §) + 4i(cos® Osin @ — cos O sin® 0).

(c) Hence show that:

(i)

cos4f = 8cos*f — 8cos?h + 1.

Solution
Equating the real parts:

cos 40 = cos* @ — 6 cos® fsin @ + sin? 0
= cos* 0 — 6cos® O(1 — cos? ) + (1 — cos?#)?
= cos* — 6cos® 0 + 6cos* 0 + (1 —2cos®  + cos? 0)
= 8cos'f —8cos? 0 + 1,

as required.

sin  cot 40 can be written in terms of cos @ only.

Solution

sin 6 cos 460

sin 40
sin @ cos 46

4(cos3 0 sinf — cos 0 sin® 0)
_ sin 6 cos 46
 4sinf(cos3  — cos fsin’ 0)
L4 cos 40

4(cos? § — cos fsin” 0)
_ 8cos"f —8cos?f + 1
"~ 4cos30 —4cosf(1 — cos? )

8cos'f — 8cos? 6 + 1

- 4cos?0 —4cosO + 4cos 0
_ 8cos*f — 8cos?h + 1
 8cos3fH — 4cosb

sin f cot 40 =

11



13. A security spotlight is situated 10 metres from a straight fence. The spotlight rotates at

a constant speed and makes one full revolution every 12 seconds.

The situation at time t seconds is modelled in the diagram below, where:

e [ is the position of the spotlight,

(G is the point on the fence nearest to the spotlight,

P is the position where the light hits the fence,
6 is the angle between LG and LP, and

x is the distance in metres from G to P.

fence G p———

10 m beam of light

spotlight (L)

(a) Show that:

de
(i) i ¢ radians per second,
Solution
do  2m
dt 12
= &7 radians per second.
. dzx 5 2
(ii) 3 — amsec 6 metres per second.

12



(b)

Solution

ta]a:ﬂ:wcan@:i
adj 10

=z = 10tanf

dx
- -1 2
:>d9 Osec” 0

and

dr dx df

ado A
=1()se(329><%7r

= gw sec?  metres per second,

as required.

Prove that
1 + tan? 6 = sec? .

Solution

Ry cos?f  sin?f
an’f =

cos? 0 * cos? 6
cos? 6 + sin? 6
cos? 6
1
cos? 0
= sec’0,

as required.

x
Hence, or otherwise, find the exact value of T when P is 5 metres from G.

Solution

x=5=>tan9=%

13



and

1+ (3)? =sec® 0 = sec®d = 2

'S

dz 5
=g = A

dx
3E=%Wm/s

14




