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Determinant, Eigenvalues, and Trace

In this note, we will illustrate some facts concerning the determinant, eigenvalues, and trace
of a square matrix and this will give us a way of checking whether our determinant and
eigenvalues are correct.

Suppose A “ paijq is an nˆ n matrix.

Definition 1
An eigenvalue of A is a number λ such that

Av “ λv

for some nonzero vector v.

Definition 2
An eigenvector of A is a nonzero vector v such that

Av “ λv

for some number λ.

Definition 3
The trace, tracepAq, is given by

tracepAq “
n
ÿ

i“1

aii.

Definition 4
The determinant, det A, is given by

(a) if

A “

ˆ

a b
c d

˙

,

then
det A “ ad´ bc,

(b) if

A “

¨

˝

a b c
d e f
g h i

˛

‚,

then
det A “ apei´ fhq ´ bpdi´ fgq ` cpdh´ egq.
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Definition 5
The determinant

A´ λI

is called the characteristic polynomial of A.

Definition 6
The equation

detpA´ λIq “ 0

is called the characteristic equation of A.

Then we need three theorems, each of which will we will state without proof.

Theorem 1
The matrix A has n eigenvalues (including each according to its multiplicity).

Theorem 2
The sum of the n eigenvalues of A is the same as the trace of A, i.e.,

n
ÿ

i“1

λi “
n
ÿ

i“1

aii.

Theorem 3
The product of the n eigenvalues of A is the same as the determinant of A, i.e.,

n
ź

i“1

λi “ det A.

We will now do five examples.

1.

A “

ˆ

2 4
5 1

˙

.

(a) Find det A.

Solution

ˇ

ˇ

ˇ

ˇ

2 4
5 1

ˇ

ˇ

ˇ

ˇ

“ p2ˆ 1q ´ p4ˆ 5q

“ ´18.

(b) Solve the characteristic polynomial of A.

2



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

Solution

ˇ

ˇ

ˇ

ˇ

2´ λ 4
5 1´ λ

ˇ

ˇ

ˇ

ˇ

“ 0

ñ p2´ λqp1´ λq ´ 20 “ 0

ñ pλ2 ´ 3λ` 2q ´ 20 “ 0

ñ λ2 ´ 3λ´ 18 “ 0

ñ pλ´ 6qpλ` 3q “ 0

ñ λ “ ´3 or 6.

(c) Find tracepAq.

Solution

tracepAq “ 2` 1 “ 3.

(d) Verify that the sum of the two eigenvalues of A is the same as the trace of A.

Solution

Sum of the eigenvalues “ p´3q ` 6 “ 3

which is the same as the trace. X

(e) Verify that the product of the two eigenvalues of A is the same as the determinant
of A.

Solution

Product of the eigenvalues “ p´3q ˆ 6 “ ´18

which is the same as the determinant. X

2.

B “

¨

˝

3 2 2
´1 0 1
1 2 1

˛

‚

(a) Find det B.
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Solution

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

3 2 2
´1 0 1
1 2 1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 3p0´ 2q ´ 2p´1´ 1q ` 2p´2´ 0q

“ ´6.

(b) Solve the characteristic polynomial of B.

Solution

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

3´ λ 2 2
´1 ´λ 1
1 2 1´ λ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0

ñ p3´ λqr´λp1´ λq ´ 2s ´ 2r´p1´ λq ´ 1s ` 2r´2` λs “ 0

ñ p3´ λqpλ2 ´ λ´ 2q ´ 2rλ´ 2s ` 2r´2` λs “ 0

ñ p3´ λqpλ2 ´ λ´ 2q “ 0

ñ p3´ λqpλ´ 2qpλ` 1q “ 0

ñ λ “ ´1, 2, or 3.

(c) Find tracepBq.

Solution

tracepBq “ 3` 0` 1 “ 4.

(d) Verify that the sum of the three eigenvalues of B is the same as the trace of B.

Solution

Sum of the eigenvalues “ p´1q ` 2` 3 “ 4

which is the same as the trace. X

(e) Verify that the product of the three eigenvalues of B is the same as the determinant
of B.
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Solution

Product of the eigenvalues “ p´1q ˆ 2ˆ 3 “ ´6

which is the same as the determinant. X

We can even do R . . .

3.

C “

ˆ

1 2
3 4

˙

.

(a) Find det C.

Solution

ˇ

ˇ

ˇ

ˇ

1 2
3 4

ˇ

ˇ

ˇ

ˇ

“ p1ˆ 4q ´ p2ˆ 3q

“ ´2.

(b) Solve the characteristic polynomial of C.

Solution

ˇ

ˇ

ˇ

ˇ

1´ λ 2
3 4´ λ

ˇ

ˇ

ˇ

ˇ

“ 0

ñ p1´ λqp4´ λq ´ 6 “ 0

ñ pλ2 ´ 5λ` 4q ´ 6 “ 0

ñ λ2 ´ 5λ “ 2

ñ λ2 ´ 5λ` 61
4
“ 2` 61

4

ñ pλ´ 5
2
q
2
“ 33

4

ñ λ´ 5
2
“ ˘

?
33
2

ñ λ “ 5˘
?
33

2
.

(c) Find tracepCq.
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Solution

tracepCq “ 1` 4 “ 5.

(d) Verify that the sum of the two eigenvalues of C is the same as the trace of C.

Solution

Sum of the eigenvalues “ p5´
?
89

2
q ` p5`

?
89

2
q “ 5

which is the same as the trace. X

(e) Verify that the product of the two eigenvalues of C is the same as the determinant
of C.

Solution

ˆ 5
2

´
?
33
2

5
2

25
4

´5
?
33
2

`
?
33
2

`5
?
33
2

´33
4

Finally,
product of the eigenvalues “ 25

4
´ 33

4
“ ´2

which is the same as the determinant. X

. . . or C . . .

4.

D “

ˆ

2 ´6
3 ´4

˙

.

(a) Find det D.

Solution

ˇ

ˇ

ˇ

ˇ

2 ´6
3 ´4

ˇ

ˇ

ˇ

ˇ

“ r2ˆ p´4qs ´ r3ˆ p´6qs

“ 10.

6



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

(b) Solve the characteristic polynomial of D.

Solution

ˇ

ˇ

ˇ

ˇ

2´ λ ´6
3 ´4´ λ

ˇ

ˇ

ˇ

ˇ

“ 0

ñ p2´ λqp´4´ λq ` 18 “ 0

ñ pλ2 ` 2λ´ 8q ` 18 “ 0

ñ λ2 ` 2λ “ ´10

ñ λ2 ` 2λ` 1 “ ´10` 1

ñ pλ` 1q2 “ ´9

ñ λ` 1 “ ˘ 3i

ñ λ “ ´1˘ 3i.

(c) Find tracepDq.

Solution

tracepDq “ 2` p´4q “ ´2.

(d) Verify that the sum of the two eigenvalues of D is the same as the trace of D.

Solution

Sum of the eigenvalues “ p´1´ 3iq ` p´1` 3iq “ ´2

which is the same as the trace. X

(e) Verify that the product of the two eigenvalues of D is the same as the determinant
of D.

Solution

ˆ ´1 `3i

´1 1 `3i
´3i ´3i `9
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Finally,
product of the eigenvalues “ 1` 9 “ 10

which is the same as the determinant. X

. . . or even repeated roots!

5.

E “

ˆ

5` a a
´a 5´ a

˙

.

(a) Find det E.

Solution

ˇ

ˇ

ˇ

ˇ

5` a a
´a 5´ a

ˇ

ˇ

ˇ

ˇ

“ p5` aqp5´ aq ´ rp´aq ˆ aqs

“ p25´ a2q ` a2

“ 25.

(b) Solve the characteristic polynomial of E.

Solution

ˇ

ˇ

ˇ

ˇ

5` a´ λ a
´a 5´ a´ λ

ˇ

ˇ

ˇ

ˇ

“ 0

ñ p5` a´ λqp5´ a´ λq ` a2 “ 0
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ˆ 5 `a ´λ

5 25 `5a ´5λ
´a ´5a ´a2 `aλ
´λ ´5λ ´aλ `λ2

ñ pλ2 ´ 10λ´ a2 ` 25q ` a2 “ 0

ñ λ2 ´ 10λ` 25 “ 0

ñ pλ´ 5q2 “ 0

ñ λ “ 5 (multiplicity of 2).

(c) Find tracepEq.

Solution

tracepEq “ p5` aq ` p5´ aq “ 10.

(d) Verify that the sum of the two eigenvalues of E is the same as the trace of E.

Solution

Sum of the eigenvalues “ 5` 5 “ 10

which is the same as the trace. X

(e) Verify that the product of the two eigenvalues of E is the same as the determinant
of E.

Solution

Product of the eigenvalues “ 5ˆ 5 “ 25

which is the same as the determinant. X
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