Dr Oliver Mathematics
Mathematics: Advanced Higher
2024 Paper 2: Calculator
2 hours 30 minutes

The total number of marks available is 80.
You must write down all the stages in your working.

1. Given
£ sin 7x
YT
dy
find =—=..
1 dx

2. Use the Euclidean algorithm to find integers a and b such that

533a + 455b = 13.

3. (a) Use Gaussian elimination to express z in terms of A for the system of equations:

r—y—3z=1
20 — 3y — 52 =8
T+2y+ Az =—T.

(b) State the value of A for which this system is inconsistent.

(c) Determine the solution of this system when \ = —1.

4. Solve the differential equation

P’y dy
SY 9% _gy—0
da? dzx y ’

d
given that y = —2 and d—y = 22 when z = 0.
x

5. (a) State and simplify the general term in the binomial expansion of

1 16
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(b) Hence, or otherwise, find the coefficient of

in the expansion of

6. A curve is defined parametrically by
r =t*and y = 4tInt, where t > 0.

Find fully simplified expressions for:
dy

(a) ar
d*y

b) —.

(b) da?

7. (a) Find and simplify the Maclaurin expansion, up to and including the term in 23, for:

(1) e2x’
(ii) sin 3.
(b) Hence find the Maclaurin expansion for

62 sin 327

up to and including the term in 3.

8. A solid is formed by rotating part of the curve with equation

1
V=i

about the z-axis through 27 radians, from z = 0 to z = a.

The value of the volume of the solid is

Determine the value of a.

9. An arithmetic sequence has first term —3 and common difference d.

(a) State an expression for the third term.

The eighth term is five times the third term.
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(b) Find the value of d.

(c¢) Determine algebraically the least number of terms required so that the sum of the
associated series is greater than 500.

10. A metal rod is heated such that its volume increases at a constant rate of 12 mm?® per
minute.

The volume of the rod is modelled, throughout the process, by
V = 5mrd,
where r is measured in millimetres.

Find the rate at which r is increasing when r = 10.

11. Consider statements A and B below.

For each statement: if true, provide a proof; if false, provide a counterexample.

A The sum of the squares of any two consecutive integers is always prime.

B : The sum of the squares of any two consecutive integers is always odd.

12. Given z = x + iy, y # 0, solve the equation
22 + 20z — 156 = 0,
where Z is the complex conjugate of z.

13. (a) Express

z(r + 1)
in partial fractions.

(b) Use integration by parts to find

f&: e dux.

(c) Using your answers to (a) and (b), solve

dy 2y 23 e

de  z(z+1) (z+1)2

14. A plane passes through A(2,—1,8), B(1,1,—1), and C(4,—2,11).
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(a) (i) Determine AB and AC.
(ii) Hence find the Cartesian equation of the plane.

A line is defined by the equations

r—1 y+1 z+1

1 -1 4

(b) Show that the line and the plane do not intersect.

15. A storage tank contains a mixture of salt and water.

An additional amount of salt and water pours in while, at the same time, some of the

existing mixture pours out.

The process can be modelled by the differential equation

dw 36—
dt 120

, W < 36,
where I is the amount of salt in kilograms at time ¢ minutes.

Initially, the storage tank contains 8 kilograms of salt.

(a) Express W in terms of t.

(b) Find the rate at which the amount of salt is increasing after 67 minutes.

As the process continues, the amount of salt approaches a limit L kilograms.

(c¢) Find the value of L, justifying your answer.



