Dr Oliver Mathematics
Further Mathematics: Core Pure Mathematics 2
June 2022: Calculator
1 hour 30 minutes

The total number of marks available is 75.
You must write down all the stages in your working.
Inexact answers should be given to three significant figures unless otherwise stated.

1. A student was asked to answer the following:
For the complex numbers z; = 3 — 3i and 2, = v/3 + i, find the value of arg (ﬁ)
zZ2

The student’s attempt is shown below.

Y < .
Linel ————» arg(z,) = tan 3) 4

: oty
Line2— 4 arg(z,) =tan"| 7| =%

: 2 | _ arg(z)
Line3 ——— arg[zz] arg(z,)

L2
. i _\4 _3

Line 4 - (E) 2

: 6

The student made errors in line 1 and line 3.

Correct the error that the student made in

(a) (i) line 1,

Solution
It should have been

or equivalent.




(ii) line 3.

Solution
It should have been

a@(é)=a@@ﬂ—wﬂé)

Z2

(b) Write down the correct value of arg <ﬁ>
22

Solution

a@(ﬂ):a@@n—mg@>

zZ2

2. In this question you must show all stages of your working.
A college offers only three courses: Construction, Design, and Hospitality.
Each student enrols on just one of these courses.
In 2019, there was a total of 1110 students at this college.
There were 370 more students enrolled on Construction than Hospitality.

In 2020 the number of students enrolled on

e Construction increased by 1.25%,
e Design increased by 2.5%, and
e Hospitality decreased by 2%.

In 2020, the total number of students at the college increased by 0.27%, to 2 significant

figures.

(a) (i) Define, for each course, a variable for the number of students enrolled on that

course in 2019.



Solution
Let

e = be the number of Construction students,
e y be the number of Design students, and

e > be the number of Hospitality students.

(ii) Using your variables from part (a)(i), write down three equations that model

this situation.

Solution
Well, number of students in 2020 is

1110 x 1.0027 = 1102.97
~ 1103;

the students increased by 3. So, e.g.,

r+y+2z=1100

I
w

0

8

—Z

0.0125z + 0.025y — 0.022

Il
({98

or equivalent.

(b) By forming and solving a matrix equation, determine how many students were

enrolled on each of the three courses in 2019.

Solution
Now,
1 1 1 T 1100
) 0 -1 y | = 370
0.0125 0.025 —-0.02 z 3
T 1 1 1\ '/ 1100
= y | = 1 0 -1 370
z 0.0125 0.025 —-0.02 3




Determinant:
1(0 + 0.025) — 1(—0.02 + 0.0125) + 1(0.025 — 0) = 0.0575

Matrix of minors:

0.025 —0.0075 0.025
—0.045 —-0.0325 0.0125
-1 -2 -1

Matrix of cofactors:

0.025 0.0075 0.025
0.045 —-0.0325 —-0.0125

-1 2 -1
Transpose:
0.025 0.045 -1
0.0075 —-0.0325 2
0.025 —0.0125 -1
Inverse:

0.025 0.045 —1

soe== | 0.0075 —0.0325 2

0.025 —0.0125 -1
x 715%
= y | = 38%
z 34532

So, rounding up, 720 students studied Construction, 40 students studied Design,
and 350 students studied Hospitality (720 + 40 + 350 = 1100 v").

M = ( g Cll ) , where a is a constant.

(a) Prove by mathematical induction that, for n € N,

W (3" Sa(3"—1)
- (0 B0

Solution




LHS = M!

and
(3 La(3 1)
RHS = ( 0 1
(3 a
VL0 1
and so
LHS = RHS.

Now, suppose that it is true for n = k, i.e.,

3" 3a(3F 1)
k _ 2
e (3 D),

Then

Mk-i—l _ MMk

(3 a)g:sok %a(B’“ll))

3 x 3k

(%%
3><3k Lal3(3* -=1)+2
E 2a[3( )+]>

1
3k+1 %G[Bk-&-l — 34+ 2]
1
/ 3k+1 %a(gk-&-l  d 1)
0 1 ’

and so the result is true for n = k + 1.

Hence, we have proved by mathematical induction that, for n € N,

n 3" %a(?)”—l)
oo (3 w0




Triangle T" has vertices A, B, and C.

Triangle T is transformed to triangle 7" by the transformation represented by M", where
n e N.

Given that

e triangle 7" has an area of 5 cm?,
e triangle 7" has an area of 1215 cm?, and
o vertex A(2,—2) is transformed to vertex A’(123,—2),

(b) determine
(i) the value of n,

Solution
Well,
detM = (3 x 1) — (a x 0)
=3
and
3" = | det M|"
= | det M"|
_area of triangle 7"
~ area of triangle T
1215
)"
= 243
—3°
son =25
(i) the value of a.
Solution
Well,
3 2a(3° —1) 2\ [ 123
0 1 -2 —2
2(3%) —a(3>-1) \ [ 123
- ( —2 “\ -2 )0




S0,

2(3°) — a(3° — 1) = 123 = 486 — 242a = 123
= 242a = 363

—11
=>a—12.

4. (a) Given that

show that

1. 5 .
21 = 6e3™ and 2z, = 6v/3e6™,

2 .
21+ 29 = 12e3™.

Solution

Now,

and

Hence,

21 + 29 = 6 [cos(3m) + sin(37)i] + 6v/3 [cos(27) + sin(27)i]

[6 cos(3m) + 6\/3005(%7?)} + [6 sin(37) + 6\/§sin(%7r)] i
—6 + 6+/3i.

r = \J(=6) + (6V3)? = 12

(b) Given that

-2

arg(z —5) = 3

determine the least value of |z| as z varies.

Solution




d.

Im

e
O

L=
3

Well,

sin = 2P sin(im) = —

yp 3 5

= |2| = 5sin(3T)

A A% %\/g

(a) Given that show that

show that

y = arcsinz, —1 <x < 1,

dy 1

dr V1—22

Solution




Now, we proceed by implicit differentiation:

y =arcsinx = siny =«

dy 1
= Ccosy — =
ydx
dy 1
= — =
dxr  cosy
dy 1
N —
dz /1 — sin?y
dy 1
= < =
dz 4/1 — (siny)?
dy 1
== — =

dr 1 -— 22’

as required

f(z) = arcsin(e®), = < 0.

(b) Prove that f(x) has no stationary points.

Solution

Now,

1
F(z) = ——— x ¢

eflf
V1—e2

Now, e” > 0 for all z. Hence, f(z) has no stationary points.

6. The cubic equation
4a3 + pa? — 14 + ¢ = 0,

where p and ¢ are real positive constants, has roots «, (3, and 7.
Given that

o’ + 5% + 4% = 16,
(a) show that p = 12.



Solution

and

Now,

R

4a3 + pa® —

Ur+q=0=2"+1ipr® — Yz +1g=0

a+f+y=—ip
af+ay+py=-1
afy = —1q.

since p is a real positive constant.

Given that

(b) determine the value of ¢

Solution
Well,
1 1 1
_+_+_:%:>ﬂ’y+a’y+a6:13_4
a [ afy
I _u
1 3
_7
2 1
1 T Tad
3
= -1=-14
=q=3.

Without solving the cubic equation,

10



(c) determine the value of

(=1 -1 —-1).

Solution
Now,

(a=1(B-D(r=1) =apy— (B +ay+ ) +(a+F+7) -1
=—i-(D+(3) -1
1

N

|

7. Figure 1 shows a sketch of the curve C' with equation

7‘=1+tan9,0<«9<%7r.

@'

> Tritial T
0 Initial line

Figure 1: r =1+ tané

Figure 1 also shows the tangent to C' at the point A.
This tangent is perpendicular to the initial line.

(a) Use differentiation to prove that the polar coordinates of A are (2, ;7).

Solution

11



Well,
x =rcosf
= (1 +tané)cosd
= cosf + sind
and .
d—z = —sin# + cos@.
Now,
d
d—z =0= —sinf +cosf =0
= sinf = cosf
= tanf =1
S 06 %7?
and
r=1+ tan(}ﬂr)
= 2.
Hence, the polar coordinates of A are (2, }lﬂ'), as required.

The finite region R, shown shaded in Figure 1, is bounded by C', the tangent at A, and
the initial line.

(b) Use calculus to show that the exact area of R is

s(1—1n2).

Solution

12



Well,

1
4™

(1+tan6)?do

area bounded by the curve

N[ =

(1+ 2tand + tan®6) do

N[

[1+2tan + (sec?d —1)] df

N |—=

=2 ) (2tan @ + sec? §) df

i
= 2 [2In]sech] + tan ]2,
= 1 {2 (In[sec(im)| + tan(im)) — (0 +0)}
= %(2111\/5 +1)
=Inv2 + :

1 1
and
area of the triangle = 3 x 2cos(§m) x 2sin(37)
L vEx V3
= 1.
Finally,

area of R = area of the triangle — area bounded by the curve
=1-(3In2+3)
11
=552
= %(1 —In \/§>7

as required

8. Two birds are flying towards their nest, which is in a tree.

Relative to a fixed origin, the flight path of each bird is modelled by a straight line.

13



In the model, the equation for the flight path of the first bird is

-1 2
r, = 5 +A| a
2 0

and the equation for the flight path of the second bird is

4 0
ry = —1 + 0 1 ,
3 -1

where A and p are scalar parameters and a is a constant.

In the model, the angle between the birds’ flight paths is 120°.

(a) Determine the value of a.

Solution
Scalar product:

2 0 2 0
a 1 = a 1 cos 120°
0 -1 0 -1

= 0+a+0=v22+a2x+/12+(-1)2x (-1)
= a=Vi+a>xV2x (-1

= a’=(4+a*)x2x (1)

= a=1i4d+d)

= 2a’=4+a’

= a’=4

= a=42.

(b) Verify that, according to the model, there is a common point on the flight paths of

the two birds and find the coordinates of this common point.

Solution
We make r; = ry:

1420 =4 (1)
b—2\=—-1+u (2)
2=3—u (3).

14
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Solve (1):
—1+2\=4=2\=5

3

=\ =3

and solve (3):
CHECK in (2):

and
—-1+1=0. V

Hence, the coordinates of this common point is

(4,0,2).

The position of the nest is modelled as being at this common point.
The tree containing the nest is in a park.

The ground level of the park is modelled by the plane with equation

2 — 3y + z = 2.

(c) Hence determine the shortest distance from the nest to the ground level of the park.

Solution
2 4
-3 110 ]-2
1 2
Shortest distance =
22+ (=3)2+ 12
(8 4+ 0+ 2) —2

vi+9+1

S
£
Ll

|
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(d) By considering the model, comment on whether your answer to part (c) is reliable, (1)
giving a reason for your answer.

Solution

E.g., Not reliable as the birds will not fly in a straight line, as angle between
flights paths will not always be 120°.

y = cosh" x, n > 5.

(a) (i) Show that (4)
@ =n?cosh” 2 —n(n — 1) cosh" ?z
da? .
Solution
y = cosh” x
dy n—1 :
= i ncosh" " x x sinh x
T
d?y
= o nsinh x [(n — 1) cosh™? z x sinh :U] +ncosh™ !z x coshz
T
d%y
= i n(n—1) cosh” 2 zsinh? z + n cosh™ =
T
dzy
= 2= n(n — 1) cosh”? z(cosh®x — 1) + ncosh™ z
T
d2y
= 2= n(n — 1) cosh™ z — n(n — 1) cosh” ?x + ncosh” x
T
d2y
= 5= [n? —n + n]cosh”z — n(n — 1) cosh” *x
T
d2
= d_z =n?cosh™ z — n(n —1) cosh" 2 z,
z
as required.

(ii) Determine an expression for (2)
d*y
dat’

Solution

16



Well,

d4y

P n® [n* cosh” z — n(n — 1) cosh" > z]

—n(n—1)[(n —2)* cosh" ?z — (n — 2)(n — 3) cosh™ * z].

(b) Hence determine the first three non-zero terms of the Maclaurin series for y, giving
each coefficient in simplest form.

Solution
Well, x = 0 and
y=1
dy
I =0
2
%zng—n(n—l)zng—ng—kn:n
x
d3
¢y
da3
d*y
P n*—n*tn—1)—nn—-1)(n-22+nn-1)(n—2)(n—3)
x

=n*—n*+n*—nn—-1)(n-2)[(n—2) - (n—3)]
=n*—n(n—1)(n—2)[1]
=n®—n(n—1)(n—2)

X ‘ n -1
n | n? -—-n
-2 | —2n 43

=n® —n(n®—3n+2)
=nd—n®+3n2—2n
=3n%—2n

=n(3n —2).

17



Finally, the first three non-zero terms of the Maclaurin series for y are

y=1+ %(n)ﬁ + %[n(?)n —2)](z") + ...

= y=1+1ina®+2InBn-2)z"+...

18




