Dr Oliver Mathematics
Advance Level Further Mathematics
Further Mechanics 1: Calculator
1 hour 30 minutes

The total number of marks available is 75.
You must write down all the stages in your working.

1. Figure 1 represents the plan of part of a smooth horizontal floor, where W; and W, are
two fixed parallel vertical walls. The walls are 3 metres apart.
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Figure 1: a smooth horizontal floor

A particle lies at rest at a point O on the floor between the two walls, where the point
O is d metres, 0 < d < 3, from Wj.

At time t = 0, the particle is projected from O towards W; with speed © ms™! in a
direction perpendicular to the walls.

The coefficient of restitution between the particle and each wall is % The particle returns
to O at time t = T seconds, having bounced off each wall once.

(a) Show that
45 — bd
4u,

T =

Solution
O to Wy: The time for to strike W, is

Wi to Wy the ball is moving at %u and so the time taken is
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W to O: the ball is moving at (2)*u and so the time taken is

as required.
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Finally,
d 9 93-4d
W — A A
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~ 4d+ 18+ 9(3 — d)
v 4u
45 — 5d
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The value of u is fixed, the particle still hits each wall once but the value of d can now

vary.

(b) Find the least possible value of T', giving your answer in terms of u.

You must give a reason for your answer.

Solution

When d = 3, T' is minimal. Therefore, the least possible value of T' is

T:45—(5><3)
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2. Figure 2 represents the plan view of part of a horizontal floor, where AB and BC' are

fixed vertical walls with AB perpendicular to BC'.
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Figure 2: a horizontal floor

A small ball is projected along the floor towards AB with speed 6 ms™! on a path that
makes an angle o with AB, where tana = %. The ball hits AB and then hits BC.

Immediately after hitting AB, the ball is moving at an angle § to AB, where tan § = %
The coefficient of restitution between the ball and AB is e.
The coefficient of restitution between the ball and BC' is %

By modelling the ball as a particle and the floor and walls as being smooth,

1

(a) show that the value of e = 7,

Solution
Let the speed be v ms™! after the first collision. Then, horizontally,

6cosa =vcosf =36 =vcosf (1)

and, vertically,

vs.mﬁ=e=>4.8ezvsinﬁ (2).
6 sin
Divide (2) by (1):
__vsinf ,  4.8e
tan f = v cos f3 ~ 3736
e
=e= i,

as required.




(b) find the speed of the ball immediately after it hits BC'

Solution
First,
tana = % = sina = %,COS& = g
Second,
Horizontally : 6 cosa = 3.6,
Vertically : 6sina = 4.8.
Third,

AB ‘ Before After H BC ‘ Before After

Horizontally | 3.6 3.6 || Horizontally 1.2 1.2
Vertically 4.8 1.2 Vertically 3.6 1.8

Fourth (and finally!),
speed = v/1.22 + 1.82

3 -1
=: 13 ms™ .

(c) Suggest two ways in which the model could be refined to make it more realistic.

Solution
E.g., include friction between the floor and the ball, include friction between
the ball and the walls, give the ball dimensions, consider air resistance, spin,
rotation.

3. A particle P, of mass 0.5 kg, is moving with velocity (4i + 4j) ms™! when it receives an
impulse I of magnitude 2.5 Ns.

As a result of the impulse, the direction of motion of P is deflected through an angle of
45°.

Given that I = (Ai + uj) Ns, find all the possible pairs of values of A and .

Solution




0.5(41 + 4j) = (2i + 2j) Ns

and we have a picture:

2i + 2j .
I OR q
ai
Now, the left-hand picture:
I = —(2i+2j)+ai=1
=1 =
= 2.5°

21 + 2]

=a=2+1.5

= qaq=0.50or a =3.5.

On the other hand, the right-hand picture:

I = —(2i4+2j)+aj=1

=1

—2i —2j + aj
—2i+ (a—2)j

= 2.5% = (=2) + (a — 2)?,

and so we end up with

a=0.50ra=3.5.




Hence,

—1.51 — 2j) Ns,

(
(1.5i — 2j) N,
(
(

2i — 1.5j) Ns, and

|
|
1
I

2i + 1.5j) N.

4. A car of mass 600 kg pulls a trailer of mass 150 kg along a straight horizontal road. The

trailer is connected to the car by a light inextensible towbar, which is parallel to the
direction of motion of the car. The resistance to the motion of the trailer is modelled as
a constant force of magnitude 200 N. At the instant when the speed of the car is v ms™!,
the resistance to the motion of the car is modelled as a force of magnitude (200 + Av) N,

where )\ is a constant.

When the engine of the car is working at a constant rate of 15 kW, the car is moving at

a constant speed of 25 ms~!.

(a) Show that A = 8.

Solution

P=Fv=15000 = F x 25
= F' = 600 N.

The equation of motion:

F —200 — [200 + (A x 25)] = 0 = 25X = 200

32\_:_87

as required.




Later on, the car is pulling the trailer up a straight road inclined at an angle 6 to the
horizontal, where sin 6 = 1—15

The resistance to the motion of the trailer from non-gravitational forces is modelled as
a constant force of magnitude 200 N at all times. At the instant when the speed of the
car is v ms~!, the resistance to the motion of the car from non-gravitational forces is
modelled as a force of magnitude (200 + 8v) N.

The engine of the car is again working at a constant rate of 15 kW.

When v = 10, the towbar breaks. The trailer comes to instantaneous rest after moving
a distance d metres up the road from the point where the towbar broke.

(b) Find the acceleration of the car immediately after the towbar breaks.

Solution
Let @ ms~2 be the acceleration. Then,

v=10= 15000 = 10F
= ["=1500 N

and we have the equation of motion:

1500 — [200 + (6 x 10)] — 600g sin @ = 600a = 1500 — 280 — 40g = 600a
1220 — 40g
600
=a =138
= a=1.4ms? (2 sf).

= q =

(c) Use the work-energy principle to find the value of d.

Solution
Well, the work-energy equation is

1 x 150 x 10* = 200d + 150dg sin § = 7500 = d(200 + 10g)
7500
~ 200 + 10g
= d = 25.167 78523 (FCD)
=d=25m (2 sf).




5. A particle P of mass 3m and a particle @) of mass 2m are moving along the same straight
line on a smooth horizontal plane. The particles are moving in opposite directions
towards each other and collide directly.

Immediately before the collision the speed of P is u and the speed of @ is 2u.

Immediately after the collision P and () are moving in opposite directions.

The coefficient of restitution between P and () is e.

(a) Find the range of possible values of e, justifying your answer.

Solution

U ms 2u ms~ T ms Yy ms
(—

|
W
|

P (3m) Q (2m) P (3m) Q (2m)
Conservation of momentum: (3m)(u) — (2m)(2u) = —(3m)z + (2m)y
Newton’s Law of Restitution: — =~
Now,
y;;:v —e=z+y=3eu (1)
and

(3m)(u) — (2m)(2u) = —(3m)r + (2m)y = —u = =3z + 2y
=3r—-2y=u (2).

Do 2 x (1) + (2):

52 = u(l + 6e) = = = tu(1 + 6e)
= tu(l + 6e) +y = 3eu

= tu+ feu+y = 3eu

=y = Jeu— tu
=y = tu(9e — 1).




Next,

y>0=9—-1>0

1

:>€>§.
But

0<ex<l1
and so we have

%<e<1

Given that @ loses 75% of its kinetic energy as a result of the collision,
(b) find the value of e.

Solution
Well,
Final KE | N 3 % 2m x [tu(9e —1)]? 1
Initial KE 4 2 % 2m x (2u)? 4
2 2
= - (19060u2n - %
= (9e —1)* =25
=09e—-1=5
= 9e¢ =
=e= %

6. (In this question i and j are perpendicular unit vectors in a horizontal plane.)
A smooth uniform sphere A has mass 0.2 kg and another smooth uniform sphere B,
with the same radius as A, has mass 0.4 kg.

The spheres are moving on a smooth horizontal surface when they collide obliquely.
Immediately before the collision, the velocity of A is (3i + 2j) ms™! and the velocity of
Bis (—4i —j) ms™.

At the instant of collision, the line joining the centres of the spheres is parallel to i.

The coefficient of restitution between the spheres is %



(a) Find the velocity of A immediately after the collision.

Solution
We begin with a picture:

—xi + 2j —4i—j
31+ 2

yi—j

3
hence, the velocity of A immediately after the collision is

(—5i+2j) ms™.

CLM (par. to line of centres): (0.2)(3) — (0.4)(—4) = —(0.2)z + (0.4)y

Newton’s Law of Restitution: Y —; - %
Now,
yre =2=z+y=3 (1
7 7
and
(0.2)(3) = (0.4)(—4) = —(0.2)x + (04)y = —1 = —0.2z + 0.4y
= —xr+2y=-5 (2).
Do (1) + (2):
Jy=-—2=y=-2
—r=3- ()
=qr=4u

(b) Find the magnitude of the impulse received by A in the collision.
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Solution

Magnitude of impulse on A = 0.2 (Y — (=3))

(c) Find, to the nearest degree, the size of the angle through which the direction of

motion of A is deflected as a result of the collision.

Solution

131 + 2j| = V32 + 22 = V13
and

S+ 2j] =4/(5)2+22 = @
Finally,
a.b = |a||blcosf = —11 +4 = /13- \/;577 - cosf
= cosf = ﬁ
3

— 0 = 117.6994728 (FCD)
— 0 = 118° (3 sf).

7. A particle P, of mass m, is attached to one end of a light elastic spring of natural length

a and modulus of elasticity kmg.
The other end of the spring is attached to a fixed point O on a ceiling.
The point A is vertically below O such that OA = 3a.

The point B is vertically below O such that OB = %a.

The particle is held at rest at A, then released and first comes to instantaneous rest at

the point B.
(a) Show that k = 3.
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Solution
First, 3a —a = 2a and a — %a ./ %a. Second,

elastic potential energy lost = gravitational potential energy gained

kmyg o kmg ., o 1
= o (2a)” - W(ga) = mg[za — (—2a)]
= 2akmg — %akmg = gamg
15, _ 5
= Fh=3
= k= %.

(b) Find, in terms of g, the acceleration of P immediately after it is released from rest

at A.

Solution
Let b ms~2 be the acceleration. Then, an equation of motion is

(¢) Find, in terms of g and a, the maximum speed attained by P as it moves from A

to B.

Solution
Well, the maximum speed is at the equilibrium position:

4dmge 4e
=mg=—=1
3a 3a

:>e=%a.
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Let the maximum speed be v ms™!. Finally, we use the conservation of energy:

dmg dmg
3. 2a(2a)2:: §T7Z;(%a)2-+ Imv? + myg(2a)
3a 3a
R Tl AL
2bag
1,2
R ARY!
o2 25ag
12

25ag
V=4 .
12
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