Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2010 June Paper 1 Variant 1: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. Differentiate with respect to x:

(a) V1 + 23, (2)

Solution
d g 1
—[ViTas| = S|+
dx x
= %(1 +JZ3)_2 x 312
1
= 322(1+2°)72.
(b) 2 cos 2. (3)
Solution
Product rule:
du
2
- )
u=at = =2
d
v = COos2x = & —2sin 2z
dx
SO
d s 2 :
e [2% cos 22| = (2%)(—2sin2z) + (2z)(cos 2x)
x
= —2x%sin 22 + 2z cos 2.
2. (a) Find the first 3 terms of the expansion, in ascending powers of z, of (2)

(1 + 3z)°.



Solution

6

=1+ 18z + 13522 + .. ..

u+3@6=1ﬂ%G3af@@4-QD@%@@2+”.

(b) Hence find the coefficient of 2% in the expansion of

(1+32)%(1 — 3z — 5z?).

Solution
Well,
X 1 +18x  +13522
1 o . +13522
-3z o —5412
—5x? | —bx?

so the coefficient of x? is
135 — 54 — 5 = T6.

3. Find the set of values of k for which the equation

2?+ (k—2)x+(2k—4) =0

has real roots.

Solution
Now,
b —4ac=0= (k-2 —4(1)(2k —4) =0
= (k—2%-8(k—-2)=0
= (k—2)[(k—2)—8]=0
= (k—2)(k—10) =0




We need a ‘table of signs’

| k<2 k=2 2<k<10 k=10 k>10

k—2 - 0 - - +
k—10 — — — 0 +
(k—2)(k—10) | + 0 - 0 +

Hence,
k<2ork>10.

4. We have a Venn diagram.

& A B

C

(@) Copy the Venn diagram above and shade the region that represents (An B)

uC.

Solution

(1)



C

(ii) Copy the Venn diagram above and shade the region that represents A’ n B'.

Solution

AW

C

Here

(iii) Copy the Venn diagram above and shade the region that represents (Au B)

nC.

Solution

(1)



Ay

(b) It is given that the
e universal set & = {x : 2 < x < 20, z is an integer},
o X ={z:4 <z <15, zis an integer},
o YV ={z:x>9, xis an integer}, and
e 7 = {z:xis a multiple of 5}.
) List the elements of X nY.

t

—

Solution
{9,10,11, 12,13, 14}.

(ii) List the elements of X UY.

Solution

{5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18, 19, 20}.

(iii) Find (X 0Y) n Z.

Solution

.

5. Solve the equation
3r(x? +6) =8 — 1727



Solution

Well,
3z(2? +6) =8 — 172> = 32° + 18z = 8 — 1727
= 32° + 172° + 182 — 8 = 0.
Let
f(z) = 32° + 172% + 187 — 8 = 0.
Now,
f(1) = 30
f(—1) = —12
£(2) = 120
f(—2) =0,

so (z + 2) is a factor of f(z).

We use synthetic division:

-2(3 17 18 =8
| -6 —-22 8
3 11 -4 0

and
f(z) = (z +2)(32% — 11z — 4).
add to: +11
multiply to: (4+3) x (—4) = —12 } —12, +1
E.g.,

302+ 1lz—4=0=322+120—2—-4=0
=3z(r+4)—1(z+4) =0
= Bz —1)(z+4) =0
1

:>:c=50rx=—4.

Hence, the solutions are

Wl

rT=—4,c=-2, orz=—




6. Given that

loggp = x and loggq = v,

express in terms of x and/or y:

(a) logg D+ logg ¢

Solution

1
logg /p + logg ¢ = logg p2 + 2logg q
= 2 loggp + 2logg ¢

1

(b) logs (1),

Solution

logg (%) = logg g — logg 8

=y— 1

(c) logy(64p).

Solution

log, (64p) = log, 64 + log, p

logs p
logg 2

1
— G+ o8P

= log, 26 4

7. The function f is defined by

Find

f(z) = (22 4+1)* =3, forz > —1.



(a)

the range of f.

Solution
Well,
f(-3)=(-1+1*-3
= -3,
and so
f(x) > -3

an expression for f~'(x).

Solution
y=0r+1)P2-3=y+3= 02z +1)?
=\/y+3=2x+1
=\y+3—-1=2z
_vyrs-l_ o
2
and so
(z) vr+3-1
5 :

The function g is defined by

()

3
g(l’) = H—x’ for x > —1.

Find the value of z for which
fg(r) = 13.

Solution




8.

Well,

mvert:

U
8
I

(a) Solve the equation
(23—4x>(4x+4) =9

Solution

(2340) (45+1) = 2 = (23-4)[(22)7+4] = 2
— (23—4x)((22x+8) =9
— 93—4z+2048 _ o
_, 9ll-2z _ 91
=11-2xr=1
= 2z =10

= = J.

(b) (i) Simplify -
V108 — el

giving your answer in the form k+/3, where k is an integer.

Solution




V108 —

e (5 3)

—— >< —_—
V3 V3 V3
124/3
~VEx V3 20
= 6v3 - 43
= 2\/3;
so, k = 2.
(ii) Simplify
V5 +3
V5 -2
giving your answer in the form
av's + b,
where a and b are integers.
Solution
Well,
X ‘ V5 —2
VB 5 —2v5
+2 | +2v/5 -4
and
X ‘ \5 +2
VBl 5 425
+3 | +3v5 46
and so
v6+3 V543 5+2
V=2 W5-2 5+2
~1145V5
54
— 55 + 11;
hence, a = 5 and b = 11.

10



9.

(a) Variables x and y are related by the equation
y=5¢+2—4e".

(i) Find dy

dx’

Solution
dy

y=5+2—-4e "= = =5+4e"".
dx

(ii) Hence find the approximate change in y when z increases from 0 to p, where p

is small.
Solution
Well,
dy
=0=—-—==9
x = T
and
d
oy ~ ﬁ X 0x
=9

(b) A square of area A cm? has a side of length z cm.

Given that the area is increasing at a constant rate of 0.5 cm?s™!, find the rate of

increase of x when A = 9.

Solution
Well,
A=z2'= % = 2x
dz
and
A=9=z2=3.

11



Now,

dA  dA

— = X — = — _at
dx dt = dx de 4z

dA
dt _dA G
dt
dA
A
dt &
dx 0.5
> — =
dt 2x3
d
= d—f = % cms .

10. Solve
(a) 4sinz = coszx for 0° < z < 360°,

Solution

4siny = cosr = tanw = ;
= r = 14.036 24347, 194.036 24347 (FCD)

— x = 14.0, 194 (3 sf).

1

(b) 3+ siny = 3cos?y for 0° < y < 360°,

Solution
siny =0 :
siny = —% :

3+ siny = 3cos’y = 3 +siny = 3(1 —sin’y
Y

= 3 +siny = 3 — 3sin’y
= 3sin’y 4 siny = 0
= siny(3siny +1) =0

wl=

= siny =0 or siny = —

siny = 0=y = 180.

siny = —1 = y = 199.471 2206, 340.528 7794 (FCD)
= y = 199, 341 (3 sf).

12



(c) sec (g) =4 for 0 < z < 5 radians.

Solution
Well,
z D
0 b=0< - <2
<z<5=0<g<g
and
sec (f) =4 = cos (E) = i
3 3
- g — 1318116072 (FCD)
= z = 3.954 348215 (FCD)
= 2z = 3.96 (3 sf).
EITHER

11. A curve has equation

Inz
Yy = —5, where z > 0.
x

(a) Find the exact coordinates of the stationary point of the curve.

Solution
Quotient rule:

| du 1
u=lnr=—=—
de =z
dv
2
_ -9
v x:dx T

and so

13



Now,

dy r—2rxlnx
—=0=—=0
dx - x4

=z(l—2Inz)=0

=2 =0 (nol) or Inz =1
1

=1 =e2

_ 1.-1.
=Y =3¢ 7

hence, the exact coordinates of the stationary point of the curve are

1
(2, e ).

2

d
(b) Show that © Y can be written in the form

dz?
alnx +0b
4

9

where a and b are integers.

Solution
Quotient rule:

d
u=x—2xlnx=>d—uzl—(2+2lnx)=—2lnx—1
T
dv
— 2t = = =423
v=al= o =da

and so

d’y  (z")(—2lnz —1) — (42%)(z — 2zInx)

dr2 (z4)2
—2xInx —xz —4x +8zxlnx
6xlnx — bz
-
6lnx — 5
.

hence, a = 6 and b = —5.

14



(c) Hence, or otherwise, determine the nature of the stationary point of the curve.

Solution

Well,
1 d*y

and so the nature of the stationary point of the curve is a maximum.

Tr =€

OR
12. A curve is such that

dy
dx

= 6cos(2z + i) for — imr <z <

Ot
3

The curve passes through the point (%7?, 5).

Find

(a) the equation of the curve,

Solution
Well,
dy
dz
for some constant c. Now,

= 6cos(2z + 3m) = y = 3sin(2z + 37) + ¢,

x=3my=>5=3sin(m)+c=5

= c = 9;

hence,
y = 3sin(2z + 37) + 5.

(b) the xz-coordinates of the stationary points of the curve,

Solution
Now,

—lr<e<ir= <2<

m
=0< 20+ 37) <37

15



and

dy A
P 0= 6cos(2z + 5m) =0
= cos(2z + 3m) =0
= 2z + %77 = %7?, %71’, gﬂ'

=2x =0, m 27

=z =0, %71’,71'.

the equation of the normal to the curve at the point on the curve where = 37.

4

Solution
Well,
T = %77 =y=>5
dy
= —=206
dx
= Mnormal _%
Finally, the equation of the normal is
y—5=—3(c—3n)=>y—5=—to+im

=>y=—%x+%7r+5.

16



