Dr Oliver Mathematics
Applied Mathematics: Mechanics or Statistics
Section B
2013 Paper
1 hour

The total number of marks available is 32.
You must write down all the stages in your working.

1. Given that o
y = sin(e™),
d
find %,
Solution
y = sin(e’”) = g_gx/ — cos(e%®) - Be’®
= j—i = 5¢° cos(e™).

2. Matrices are given as

(a) Write (2)

as a single matrix.

Solution




(b) (i) Given that C is non-singular, find C™", the inverse of C.

Solution

det C =2y — (—3)
=2y+3

2 -3
Al AA

and so

For what value of y would matrix C be singular?

Solution

detC=0=2y+3=0

= 2y =—3
=y = —1%.
3. Use integration by parts to obtain
lnxd
s
where x > 0.
Solution
du
u=lhr=—=zg"!
dx
dv 3 1,2
— =1 "=0v=—zx
dz 2
Now,




4.

(a) State

in terms of n.

n n
Z r and Z rs
r=1 r=1

Solution

ol

In(n +1) and Z r’ = 1n’(n + 1)%

r=1

(b) Hence show that

n(n+1)(n—2)(n+ 3).

Z(r3—37’) = 1

Solution

as required,

= ilan(n + 132 —3n(n+1)
= tn(n+1) [n(n+1) — 6]
n(n+1) [n* +n — 6]

add to: +1 | 9 43
multiply to: —6 ’

(c) Use the above result to evaluate



Solution

15

Z (r® — 3r)

r=>5
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—~
=

w
|
w
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w
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N~—r

14040 — 70
= 13970.

5. Find the general solution of the differential equation

1d
28 oy =620
r do

Solution

1 dy

x dz

d
+2y=6=>—y+2a:y:6x
dz

d
=’ Y + 2xex2y — 6ze”
dx

d 2 2
= a(ex y) = 6xe”

= e‘CQy = JGZE o dr

:>em2y =3e” +¢

2

=y=3+ce .

6. The cycloid curve below is defined by the parametric equations

x=1t—sint,y =1—cost.

4



cycloid

d
(a) Find d—y in terms of ¢.

T
Solution
. dx
r=1—sint= — =1—cost
dt
dy
=1—cost= — =sint
Y at
Now,
d
dy _ &
dz
dx &
> sint
" 1—cost’

2

d
(b) Show that the value of —‘g is always negative, in the case where 0 < t < 27.

dx

Solution

I’y
dz?

N
(oN
Ny

)
sint
1 —cost

sint " dt
1 — cost dx

|2 &= &l

(o
~




. du
U =sint = — = cost

dit

)
v=1—cost = — =sint
dt

(1 — cost)(cost) — (sint)(sint) y 1

B (1 — cost)? 1 — cost
cost — cos® —sin’t
(1 —cost)?
cost — 1
(1 —cost)?
—(1 — cost)
(1 —cost)3
1
(1 — cost)?

and this is negative except when

cost=1=1t=0, 27.

A particle follows the path of the cycloid where t is the time elapsed since the particle’s

motion commenced.

(¢) Calculate the speed of the particle when t = 3.

Solution

dz\? dy 2
Speed = \/(E) + (_t)
= \/(1 — COS %7?)2 + (Sin %7‘(‘)2
= \/(1 — oS %7?)2 + (sin 37)2




