Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2011 November Paper 2 Variant 1: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. Solve the equation (3)
|4z — 5] = 21.

Solution

4y — 5 =21:

4y —H =21 = 4x = 26

@l
:>x—62.

—(4z —5) =21 :

—(4x—5)=21= —4r+5=21

= —4x =16
=T =—4.
Hence, the solutions are
x=—4orx =03
2. Given that the straight line (4)
y=3z+c

is a tangent to the curve
y=12°+ 9z + k,

express k in terms of c.



Solution

Well,
>+ 92 +k=3v+c=2"+6x+(k—c)=0

and

b —4ac=0=6>—4(1)(k—c) =0

= 4(k —c) = 36
=k—-c=9
=k=c+9.

3. Without using a calculator, find the value of cosf , giving your answer in the form

a+ bv3

)
C

where a, b, and ¢ are integers.

243

Solution

Cosine rule:

(2+3)?+22 -2 x (24 /3) x 2 x cosf = 3




X‘2 +A/3

2 4 +24/3
+/3 | +2v/3 +3

— (T+4V3)+4—4(2+/3)cosh =9

(7T+4v3) —4(2+v/3)cosh = 5

=  —4(2+/3)cosh = —2—4/3
2+44/3

= CoOSU = —————

4(2 +/3)

U

X ‘ 2 +44/3

2 4 +8/3
—2¢/3 =12

x‘2 +/3

4 4243
-3 -2v3 -3

—8+6v/3

4(4-3)

—8 4 64/3
4

—4+ 343
2

= cosf =

= cosf =

= cosf =

hence, a = —4, b =3, and ¢ = 2.




4.

(a) Given that

y:

22+ 3’
show that
dy kx
dz (22 +3)?’
where k is a constant to be found.
Solution
Well,
y= =y =+
2+ 3
d
ﬁ =—(2+3)* x 2z
dy 2z
N )
dz (22 + 3)%’
hence, k = —2.
(b) Hence find
f 6x d
T
(x2 + 3)?
and evaluate
f?’ 6z d
z.
1 (22 + 3)?

Solution
Now,

and




d.

(a) The functions f and g are defined, for x € R, by

Find fg(4).

f:xw— 2x+ 3,

gr—a®—1.

Solution
Well,

(b) The functions h and k are defined, for x > 0, by

h:zw—x+4,

k :x — /.

Express each of the following in terms of h and k.

(i) x — Va +4,

Solution
kh(zx).

(i) z— x+8,

Solution
h?(x).

(iii) = — 2* — 4.

Solution
Well,

and

Now,

y=rx+4=y—4==x




and
k™!(z) = 22

Hence, h 'k~ !(x).

6. Solutions to this question by accurate drawing will not be accepted.

The points A(1,4), B(3,8), C(13,13), and D are the vertices of a trapezium in which
AB is parallel to DC' and angle BAD is 90°.

Find the coordinates of D.

Solution

Well,
~8—-4

TAB T 3T

4
2
=2

and so map = —%. Now, the equation of AD is

y—4=—%(x—1) (1).
Next, as AB is parallel to DC', mecp = 2 and the equation of C'D is
y—13=2(x—13) (2).

Do (1) — (2):
9=—2(z—1)—2(x—13)=9=—3z+ 35 — 2z + 26
=% =4
=xr=7

insert into (1):

[Check in (2): 2(7—13) = =12 = 1 — 13 V]
Hence, the coordinates of D(7,1).




7. (a) Given that
tanx = p,

find an expression, in terms of p, for cosec? x.

Solution
Now,

cosec’zr =1+ cot’x

(b) Prove that
(1 + sech)(1 — cosf) = sinftand.

Solution
Well,
X ‘ 1 +sec
1 1 +sec
—cosf | —cosf —1
and so

(14 sech)(1 — cosf) =secl — cosd

—cos 0

cos 6

1 —cos?6
cos 6

sin” 6

cos 6

=sinf -
cos

= ginf tan6,

as required.




8. In the diagram,

e OA = a,
OO—B)zb,and
o 4P - 248,
4 X
a P
0 B
b

(a) Given that 0X = p(ﬁ), where p is a constant, express OX in terms of i, a, and
b.

Solution
Well,

E

and

(b) Given also that AX = \OB , where A is a constant, use a vector method to find the
value of p and of \.

Solution




Well,
OX = 04 + AX
= 04+ \OB
=a+ Ab.
As the result in part (a) equals the the result in part (b):

a:so%,uzl

:>,u:§
b:so%uz)\
:>)\=§.

9. The table shows experimental values of two variables x and y.

/1 2 3 4 5
y|340 292 293 3.10 3.34

It is known that x and y are related by the equation

a
— + bz,

VS
where a and b are constants.

(a) Complete the following table.

Yy |

Solution
All answers are to 2 decimal places:

z/r| 1 283 520 8 1118

yyr | 340 413 507 620 7.47




(b) Plot yy/z against z/z and draw a straight line graph.

Solution

O 4% 4 & & 10 127

(c) Use your graph to estimate the value of a and of b.

Solution
The line of best fit goes through (0, 3) and (12,7.8):

78-3
12-0
= 0.4

and the equation is

yvr —3 = 0.4(z/z — 0) = yy/r — 3 = 0.4xy/x + 3

3
:>y:—x+0.4x;

7

hence, a = 3 and b = 0.4.

(d) Estimate the value of y when x is 1.5.

Solution

10



Well,

x=1.5=y = 3.049489 743 (FCD)
=y =3.05 (2 dp).

10. It is given that

(a) Find 2A — B.

Solution
Well,
3 2 1 4
2A—B:2(1 _5>_(_2 3)
(6 4 A 1 4
2 —10 -2 3
(5 0
4 —-13 )°
(b) Find BA.
Solution

(7 —18
L AE)

(¢) Find the inverse matrix, A~".

Solution

Now,
det A =—-15—-2=—-17

11



and so

(d) Use your answer to part (c) to solve the simultaneous equations

3x + 2y =23
x — oy = 19.

Solution

Convert it into matrices:

|
o [\
~_

U

U

S~ N 7" N~ N,

LSRR R W

hence, the solutions are
r=9andy=—-2.

(a) (i) Solve

521+3 2527:1:

252t 1257

Solution

12



We make everything a power of 5:

52z+3 252—z 523:+3

1252 = (52)(2:1:) -

(52 ) (2—x)
252z

(5%)7

52z+3 52(2—3:)

54:(: - 5396
A 5(2x+3)—4x _ 52(2—96)—3
= 52:v+3—433 _ 54—2x—3x

- 572x+3 _ 5475:1:

= -2r+3=4->5x

=3r =1
=z =3
(ii) Solve
logyoy + logy(y — 15) = 2.
Solution

log oy + logo(y — 15) = 2 = logo y(y — 15) = 2

= y(y — 15) = 10?
= y* — 15y = 100
=y — 15y —100 =0

add to: —15
multiply to: —100 } — 20, 45

= (y—20)(y +5) =0

=y =200ry=—5.
But y # —5 (why?) soy = 2

I

(b) Without using a calculator, and showing each stage of your working, find the value

13



Solution

2 1 4

16 x 81
= logy, 9

= log,, 144
log,, 122
2log4 12

= 2.

EITHER
12. The diagram shows part of the curve

y=In(z+1)—Inz.

YA
B\
P(1,1n2)
y=In(x+1)-1nx
0 C A %
D

e The tangent to the curve at the point P(1,In2) meets the x-axis at A and the
y-axis at B.
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e The normal to the curve at P meets the z-axis at C' and the y-axis at D.

(a) Find, in terms of In2, the coordinates of A, B, C, and D.

Solution
APC :
Y 1 1
=1 1) -1 = = — =
y=1In(x + 1) nx:>dx =1 3
Now,
dy

and the equation of AB is

Next,

r=0=y—In2=-1(0-1)
=>y=1n2+%;

y=0=0-In2=—-1(z—-1)
=2n2=x-1
=r=2n2+1;

so, A(2In2 + 1,0) and B(0,In2 + 3).

PCD :

Myormal = 2

and the equation of C'D is
y—In2=2(z—1).
Now,

r=0=y—In2=20-1)
=y=In2-2

y=0=0—-In2=2(x—1)
:>—%1n2:x—1

:>a7=—%ln2+1;

so, C(—3In2+1,0) and D(0,In2 — 2).
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(b) Given that (3)
area of triangle BPD 1

area of triangle APC' &’

express k in terms of In 2.

Solution
Well,
area of triangle BPD =1 x 5 x 1
5
1
and
area of triangle APC' = % X gln2 x In2
= 5(In2)%
Finally,
area of triangle BPD %
area of triangle APC' 2(In2)?
1
- (In2)?’
hence, k = (In2)2.
OR
13. A curve has equation
y = xe’.
The curve has a stationary point at P.
(a) Find, in terms of e, the coordinates of P and determine the nature of this stationary (5)
point.
Solution
Product rule:
du ]
U=1r=— =
dx
v=e"=>—=¢
dx

16



and q
y xXr xX
P AR (&
dx
Now,
d
—y=0:xex+ex20
dx
=e"(z+1)=0
=r+1=0
=z =—1
=y=—c
so, P(—1,—e™1).
Product rule again:
d
u=z+1= i |
dx
v=e"= —=¢
dx
and )
dy
— = (x+1)e" +e".
2 = @+l
Next,
d?y
=—1=—-—S=e'>0
v da?
and the stationary point is a minimum.

The normal to the curve at the point Q(1,e) meets the z-axis at R and the y-axis at S.

(b) Find, in terms of e, the area of triangle ORS, where O is the origin.

Solution
Well,
dy
=1 = =2
T = e e
and
Mnormal = %

Now, the normal is

17
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and

r=0=y—e=—(0-1)

_ 1
=y—e=y
1.
2e’

y=0=0—e=—(z—1)

=y=e+

=2?=1—-1

=z =2e?41;
so, R(2e? + 1) and S(0,e + o). Finally,

area of triangle ORS = 1 x (2¢* + 1) x (e +
=1x (2 +1) x (2‘3;:1)
(2 +1)?

A de

)

&=
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