Dr Oliver Mathematics
Further Mathematics
Series
Past Examination Questions

This booklet consists of 19 questions across a variety of examination topics.
The total number of marks available is 130.

Zr:%n(rm—l)

i r* =in(n+1)(2n + 1)

Z r® = 1n’(n + 1)%

1. Calculate

Solution

40 40 40 40

DBr—=12=9>1r"—6>r+ 1

r=1 r=1 r=1 r=1
:9><%><40><41><81—6><%><40><41+40
= 199260 — 4920 + 40
= 194 380.

2. Show that

2n
Z r? = %n(n + 1)(an + b),

where a and b are constants to be found.



Solution

2n 2n n—1
I
r=n r=1

s@2n)2n+1)(dn+1) — (n—1)(n)(2n — 1)
;n2@2n+1)(4n+1) — (n —1)(2n — 1)]
tn[(16n* +12n +2) — (2n® — 3n + 1)]
in(14n® + 150 + 1)

tn(n + 1)(14n + 1);

so,a =14 and b= 1.

3. (a) Show that

Solution

Z(rz—r—l):

Dﬁ:
i
bj:
|
e

=nn+1)2n+1)—in(n+1)—n
tnf(n+1)(2n+1) = 3(n+1) — 6]

= in[(2n® +3n+1) — (3n + 3) — 6]

= tn(2n® - 8)

= in(n® — 4).

(b) Hence, or otherwise, find the value of

Solution




4.

20 20

M@

Z(TQ—T—l)ZZT—T’—l (r* —r—1)
r=10 r=1 r=1
=2 x20x (20 —4) — £ x 9 x (9° —4)
= 2640 — 231
= 2409.

(a) Show, using the formulae for Y 7 and > 72, that
DU6r* +4r —1) = n(n +2)(2n + 1).

r=1

Solution

zn](ar +4r —1) _GZr +4Z¢=Z1

n+1) 2n+ )+2n(n+1)—
2n+1)+2(n+1)—1]
2n+1)+ (2n+2) —1]
(2n+1)+ (2n+1)]
+2)(2n +1).

(n+1
(n+1
(n+1

I
33333

( (
[ )
[ )
[ )
(n+2)2

(b) Hence, or otherwise, find the value of

20

D1(6r% +4r —1).

r=11

Solution
20 20 10
D(6r7 +4r —1) = Y (6r7 +4r — 1) — > (617 + 4r — 1)
r=11 r=1 r=1
=20 x 22 x 41 — 10 x 12 x 21
= 18040 — 2520
= 15520.




5. (a) Show that

ST r(r 4+ 2)(r +4) = tn(n + 1)(n + 4)(n +5).

r=1

Solution
ir(r+2)(r+4) > Zn]r?’—i—GZn:rz—i—Sir
) = %ng(n + 17); +n(n —17—71)(271 +1)+4n(n+1)
}ln(n + D[n(n+1)+4(2n + 1) + 16]
In(n+1)[(n* +n) + (8n + 4) + 16]
In(n+1)(n® + 9n + 20)
= in(n + 1)(n+4)(n +5).

(b) Hence evaluate

Z r(r+2)(r +4).

r=21

Solution

30

r=21

30 20

Dir(r+2)(r+4) =Y r(r+2)(r+4) = > r(r+2)(r+4)

r=1 r=1

%‘><30><31><34><35—}1><20><21><24><25
= 276675 — 63000
= 213675.

6. (a) Using the formulae for Z r and Z 73, show that

r=1 r=1

zn:(TS +3r+2) =in(n+2)(n*+7).



Solution

n

D +3r+2) =

r=1

3

M

32r+22

= (n—i—l) —|—§n(n—i—1)+2n
[n(n +1)* +6(n + 1) + 8]
[(n® + 2n* + n) + (6n + 6) + 8]
n(n® + 2n* + Tn + 14)

n(n +2)(n* + 7).

ﬁ
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(b) Hence evaluate
25

Z (r® + 3r + 2).
r=15
Solution
25 25 14
2(r3+3r—|—2) = 2(7‘3—1—37"—1—2)—2(7"34—37“—1—2)
r=15 r=1 r=1
= 1(25)(27)(25% + 7) — 1(14)(16)(14* + 7)

= 106650 — 11 368
= 95 282.

7. (a) Using the standard results for Z r and Z r?, show that
r=1

27’4-2 (r+3) = in(n® + an + b),

where a and b are integers to be found.

Solution




n

Dr+2)(r+3)=

1=

(r? +5r +6)

ﬁ
Il
—

I
[+
3
[\

r—1 r—

= n(n + )(n+1)+ 2n(n+1) + 6n
In[(n+1)(2n+ 1) + 15(n + 1) + 36]
tn[(2n® + 3n + 1) + (15n + 15) + 36]
in(2n® + 18n + 52)

= in(n® + 9n + 26);

so, a =9 and b = 26.

(b) Hence show that

2n

D1 (r+2)(r +3) = In(7n® + 27n + 26).

r=n+1

Solution

2n

> (r+2)(r—|—3)=

r=n+1

M:

r+2 J(r+3)— > (r+2)(r+3)

WMS

Il
—

2n )[( n)? + (2n)r+ 26] — in(n® + 9n + 26)
n(8n* + 36n + 52) — in(n’ + 9n + 26)
n(7n?® + 27n + 26).
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8. (a) Use the results for Z T, Z r?, and Z r3, to prove that

r=1 r=1 r=1

Z r(r+1)(r+5)=1in(n+1)(n+2)(n+7).

r=1

Solution




n

Zn:r(r+ 1)(r+5) = Z(TS + 672 + 57)

r=1 r=1

Zr3+627’2+52r

r=1 r=1 r=1

+n(n+1)2n+1) + 3n(n+1)
n(n+1)+42n+1) + 10]

(n* +n) + (8n +4) + 10]
n® + 9n + 14)
n+2)(n+7).

= an“(n +

1

(n+1)
n(n +1)
(n+1)
(n+1)

N /N M mm —
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(b) Hence, or otherwise, find the value of

50

Z r(r+ 1)(r +5).

r=20
Solution
50 50 19
Z r(r+1)(r+5) = Zr(r+1)(r+5)—Zr(r+1)(r+5)
r=20 r=1 r=1

:;11><50><51><52><57—%><19><20><21><26
= 1889550 — 51870
= 1837 680.

n

9. (a) Use the results for Z r and Z r? to show that

r=1 r=1

Zn:(zr —1)* = in(2n - 1)(2n + 1),

for all positive integers n.

Solution




n

Z (2r —1)? zn:élr —4r+1)

r=1 r=1

3
3

2

I
D}
|
1
:
1

n+ )(2T;+1)T—:2n(n+1)+n
2(n+1)2n+1)—6(n+1) + 3]
(4n* + 6n + 2) — (6n + 6) + 3]

3

Wl Wi Wi Wi WIN
—~ A —

= In(4n® — 1)
=:n(2n—1)2n +1).
(b) Hence show that
3n
Z (2r —1)* = 2n(an® + b),
r=n+1

where a and b are integers to be found.

Solution
3n 3n n
D@r—12 =) @2r 172> (2r— 1)
r=n+1 r=1 r=1

( 3
(6n—1)(6n + 1) — 3n(2n —1)(2n + 1)
n[3(36n* — 1) — (4n* — 1)]
n(104n* — 2)

n(52n* — 1);

I
3

WIN WOl ol

S0, a =52 and b = —

$(3n)[2(3n) — 1][2(3n) + 1] — 3n(2n — 1)(2n + 1)

(a) Using the result

show that



Solution

-

(=2

P
n2(n+1)2—2n

n(n +1)? — 8]
n(n® +2n + 1) — 8]
n® +2n* +n —8).

|
FM:
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L e L Ll Lo
3

(b) Calculate the exact value of

Solution

50 19

DP—2) = (" =2)= Y (r* - 2)

r=

%Lx50><130042—i>< 19 x 7592

1 r=1

= 1625525 — 36 062
= 1589463.

11. (a) Use the standard results for Z r and Z % to show that

2

for all positive integers n.

r=1

r° 4+ 6r —

r=1

n*(n® + 2n + 13),

Solution




Dt +6r—3)=>r*+6) r— >3
= r=1 r=1 r=1
= in*(n+ 1) +3n(n+1) —3n
= gnln(n + 1)* +12(n + 1) — 12]
= in[(n® + 2n* + n) + (12n + 12) — 12]
n(n’® + 2n* + 13n)
= in*(n® + 2n + 13).
(b) Hence find the exact value of
30
Z (r® + 6r — 3).
r=16
Solution
30 30 15
D107+ 6r—3) = > (r* 4+ 6r—3) = > (r® +6r —3)
r=16 r=1 r=1

= 1% 30% x 973 — 1 x 15% x 268
— 218925 — 15075
= 203 850.

12. Show, using the formulae for Z r and Z r?, that

r=1

Zn: 3(2r —

r=1

for all positive integers n.

r=1

1) =n(2n—1)(2n + 1),

Solution

10



Di3(2r —1)% = Y 3(4r” —4r + 1)
r=1 r=1

:12Zn:r2—12ir+i3

=2n (n+1)(2n:1)—;;1(n+1)+3n
=n[2(n+1)2n+1) —6(n +1) + 3]
= n[(4n* + 6n + 2) — (6n + 6) + 3]
n(
= n(

4n* — 1)
2n —1)(2n + 1).

13. (a) Use the standard results for Z r and Z 7% to show that

r=1 r=1

n

D 2(r+2)(r +3) = tn(n® + 9n + 26),

r=1

for all positive integers n.

Solution

NgE

(r* + 5r + 6)

oS
( 1)(n—|—1)+ 2n(n+1) + 6n
n[(n+1)(2n + 1) + 15(n + 1) + 36]
n[(2n® + 3n + 1) + (150 + 15) + 36]
(
(n*

Dr+2)(r+3) =

ﬁ
Il
—_

||
1=
ﬁl\')

<
—_

S
S
+

"f_

n(2n* + 18n + 52)
n(n® + 9n + 26).

Wl D= D D= D=

(b) Hence show that

Zn: (r+2)(r +3) = Zn(an® + bn + ¢),

r=n-+1

where a, b, and ¢ are integers to be found.

11



Solution

3n

(r+2)(r+3) Zr+2 )(r + 3)

3n)[(3n)? + 9(3n) 26] — +n(n® + 9n + 26)
27n* 4 81n + 78) — in(n® + 9In + 26)

Z (r+2)(r+3)=2
r=n+1 r=1
-k
3n(2

= In(26n® + 72n + 52)

= 2n(13n + 36n + 26);

so, a =13, b = 36, and ¢ = 26.

14. Given that

zn] 2r — 1) = In(n + 1)(4n — 1),

show that
3n

dor(er—1)=

r=n+1

where a, b, and c¢ are integers to be found.

in(an® + bn + ¢),

Solution

w
3

3n

r=n+1

—~ |

n

Wl o= O~ D= o= 3

n

Z r(2r—1) = (2r—1) Z (2r —1)

3n)(3n + 1)(12 —1) —in(n+1)(4n —1)
n[3(3n +1)(12n — 1) — (n + 1)(4n — 1)]
[(108n% + 27n — 3) — (4n® + 3n — 1)]
n(104n” + 24n — 2)

n(52n? + 12n — 1);

a=>52,b=12, and c = —1.

n

15. (a) Use the standard results for Z r and Z

r=1 r=1

n

dier-1) =

r=1

12

r? to show that

in(4n® — 1),



for all positive integers n.

Solution

i%—l

ziélr —dr 4+ 1)

r=1
r? —4 ; r+21

r=1 r=1

I
D“Zz

= 2n(n + )(2n—|—1)—2n(n+1)+n
= :n[2(n+1)2n+1) —6(n + 1) + 3]
= in[(4n® + 6n + 2) — (6n + 6) + 3]
= in(4n® - 1).

(b) Hence show that

r=

In

Z (2r — 1)? = an(bn® — 1),

2n+1

where a and b are integers to be found.

Solution

4n

r=2n+1

S0, a = % and b = 112.

> (2r-1)

4 2n

=>l@r—1= > (2r-1)

S

= :(4n)[4(4n)* — 1] — 1(2n)[4(2n)* — 1]
1(256n” — 4) — in(32n° — 2)

= n(224n* — 2)

= 2n(112n° — 1);

16. (a) Use the standard results for Z r and Z 7% to show that

Y r(r?

r=1

r=1 r=1

—3)=3in(n+1)(n+3)(n—2).

13



Solution

T

Zr(r2 -3) =

1

RgE
ﬁw
o

NgE
<

= %_712(71 + 13; —3n(n+1)
tn(n+1)[n(n+1) — 6]
In(n+1)(n® + n—6)

= n(n+1)(n+3)(n—2)

(b) Calculate the value of

50

Z r(r? —3).

r=10

Solution

50

Z r(r? —

r=10

50 9

3)= > r(r*=3) = > r(r* - 3)

r=1 r=1

:Lll><5O><51><53><48—%1><9><10><12><7
= 1621800 — 1890
=1619910.

17. (a) Using the formulae for Z r and Z 7%, show that

r=1 r=1

M+ 1)(r +4) = in(n+4)(n +5),

for all positive integers n.

Solution

14



n

D+ 1)(r+4) =

I
1=
=
no

1=

(r* + 57 + 4)

w533

n + )(n+1)+ 2n(n+1) +4n
(n+1)(2n+1) +15(n + 1) + 24|
(

(
|
n[(2n® + 3n + 1) + (15n + 15) + 24]
n(2n + 18n + 40)
(n”
(

ﬁ
Il
—

1
Il
—

n

n

n(n® + 9n + 20)
n(n +4)(n +5).

Wl Wl D= D= D= D=

(b) Hence show that

2n

Z (r+1)(r+4) =

r=n+1

(n + 1)(an + b),

where a and b are integers to be found.

Solution

2n

r=n+1

so, a =7 and b = 20.

> (r+1)(7‘+4):

r+1 r+4) — Zr+1 )(r + 4)

r=1

ﬁ
AHM:

2n )(2n +4)(2n +5) — 3n(n + 4)(n +5)
n(8n® + 36n + 40) — in(n® + 9n + 20)
n(7n? + 27n + 20)

n(n + 1)(7n + 20);

wl»—t wl»—l w|>~ W=

n

18. (a) Using the formula for Z r? write down, in terms of n only, an expression for

r=1

15



Solution

i r* = 1(3n)(3n + 1)(6n + 1)

= in(3n+1)(6n + 1).

(b) Show that, for all integers n, where n > 0,

3n
Z r? = én(cm2 +bn + c),

r=2n-+1

where the values of the constants a, b, and ¢ are to be found.

Solution

3 - -3

n(3 )(6n +1) = :(2n)(2n + 1)(4n + 1)
n(3n+1)(6n+1) — in(2n + 1)(4n + 1)
n[3(3n + 1)(6n + 1) — 2(2n + 1)(4n + 1)]
n[(54n? + 27n + 3) — (16n* + 12n + 2)]
n(38n? + 15n + 1);

D D= D= NI N

so,a =38, b=15and c=1

19. (a) Use the standard results for Z r and Z % to show that

r=1 r=1

Zn:(BTZ +8r+3) = in(2n +5)(n+3),

r=1

or all positive integers n.

Solution

16



zn] 3r2 + 8r 4 3) _3Zr +82r+23

)(2n+1)+4n(n—|—1)+3n
n+1)2n+1)+8(n+ 1)+ 6]
2n% +3n + 1) + (8n + 8) + 6]

3

n

(
(

n(2n® + 11n + 15)
n(2n 4+ 5)(n + 3).

(n +
[
[
(
(

NI NI— NI N— N

Given that

12

DU3r* + 8r 4+ 3+ k(2771)] = 3520,

r=1

(b) find the exact value of the constant k.

Solution

I

R

12

D37+ 8r 4+ 3+ k(2771)] = 3520
r=1

12 12

DB +8r+3)+ kY (2771)] = 3520
r=1 r=1

$(12)(29)(15) + k(2" — 1) = 3520
2610 + 4095k = 3520

4095k = 910

17



