Dr Oliver Mathematics
Advance Level Further Mathematics
Core Pure Mathematics 1: Calculator

1 hour 30 minutes

The total number of marks available is 75.
You must write down all the stages in your working.

1.
f(2) = 2* + az® + b2® + cz + d,

where a, b, ¢, and d are real constants.
Given that

—1+4+2iand 3 —1i
are two roots of the equation f(z) = 0,

(a) show all the roots of f(z) = 0 on a single Argand diagram,

Solution
The solutions are —1 + 2i and 3 + 1.
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(b) find the values of a, b, ¢, and d.



Solution
X z +1 —=2i
z 22 4z —2iz
+1 +z +1 —=2i
+21 | +2iz +21 +4
So
[2 — (=1 +20)][z — (=1 —2i)] = 2* + 22 + 5.
X ‘ z -3 —1
z 22 -3z -1z
3| -3z +9 +3i
+i | +iz =31 +1
So
[z — (B+1)][z— (3—1)]=2*—62+10.
x ‘ 22 +22 +5
22 24 +222 +5z
—62z | —62% —1222 =30z
+10 | #1022  +20z 450
SO
(22 +22+5)(22 — 62 + 10) = 2* — 42% + 322 — 102 + 50,
hence, a = =4, b =3, ¢ = —10, and d = 50.

2. Show that

w - .
f Se =12 4k
o (2224 3)(x+1)

where k is a rational number to be found.

Solution




8r—12  Az+B C
22 +3)@+1) 22+3 o+1
(Az + B)(x + 1) + C(22* + 3)
(222 +3)(z + 1)

and hence
8r — 12 = (Az + B)(x + 1) + C(22% + 3).
z=—1 -20=5C = C = —4.
=0 -12=B-12= B =0.
z=1 —4=24A—-20= A =8.

Hence,
8xr — 12 8x 4

(2$2+3)(5L’+1)52x2+3_1’+1'

k 8x — 12 KT 8z 4
dx = — dx
o (222 +3)(x +1) 0 122243 x+1

= [2In|2% + 3| — 4|z + 1[]"_,
= (2In[2k* + 3| —4In|k + 1]) — (2In3 — 41In1)
(2k* + 3)?
(k+1)4
4k* + 12K + 9
=In —In9
k4 + 4k3 4 6k? + 4k + 1
A+ 3+
1414+ 2+5+ 5

Jk 8x 4 d
- x
0o 1222 +3 x+1

Now,

=1In

—1n9

=In —1n9

and so

JOO 8r — 12 q y
= lim
o (222 +3)(x+1) § o i

44+ 2+ 5
= lim [In 1 22 ]f | — In 9]
k—o0 1+E+ﬁ+k_3+k_4
=In4—-1n9
zlng.

3. Figure 1 shows the design for a table top in the shape of a rectangle ABCD. The length
of the table, AB, is 1.2 m.
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Figure 1: a table top

The area inside the closed curve is made of glass and the surrounding area, shown shaded
in Figure 1, is made of wood.

The perimeter of the glass is modelled by the curve with polar equation

r=04+acos20, 0 <0 <2r,

where a is a constant.
(a) Show that a = 0.2.

Solution
The glass is, horizontally, 1.2 m across:

1.2=2(04+acos0) = 04+a=0.6

=a=0.2,

as required.

Hence, given that AD = 60 cm,

(b) find that area of the wooden part of the table top, giving your answer in m? to
3 significant figures.

Solution




Wooden part = whole table top — glass part
2
= (1.2 x 0.6) — %wJ r?do
0
QT
=0.72—7 | (0.4+0.2cos26)*dd

JO
rT

=0.72—7 | (0.16 + 0.16 cos 20 + 0.04 cos® 26) df

JO
rT

—0.72—7 | (0.16 +0.16c0s 260 + 0.04 - $(cos 40 + 1)) df
JO
s

=0.72—m | (0.18 +0.16 cos 26 + 0.02 cos 40) d¢
Jo

= 0.72 — 7[0.180 + 0.08 sin 26 + 0.005 sin 46],_,
=0.72—-7{(0.184+0+0)—(0+0+0)}
=0.72 - 0.187

= 0.1545133224 (FCD)

= 0.155 m*.

. Prove that, forne Z, n > 0,

Zn: 1 _ (n+a)(n+d)
S+ 1)r+2)(r+3)  cn+2)(n+3)

where a, b, and ¢ are integers to be found.

Solution

1 A B C

(r+1)(r+2)(r+3) r+l 42 T+3
Ar+2)(r+3)+B(r+1)(r+3)+Cr+1)(r+2)

(r+1)(r+2)(r+3)
and hence
1=A(r+2)(r+3)+B(r+1)(r+3)+C(r+1)(r+2).

= —1: 1=—2A:>A=%.
r=-2.1=-B=B=-1.




r=—3: 1=—20:>C'=%.
Hence,
1 _ 3 1 3

- + :
r+0)(r+2)(r+3) r+1 r+2 r+3

Now,

|
N
= ol

|
o=

3
1 1 1 1
+oo4+ (2= + 2 ++|2=- + —2
(n n+1 n+2) ( +1 n+2 n+3
1

n
1 1 1 1
- (2_:2 2 2 _ 2
B (1 2) - <2> 4 n+2> +< n+2+n+3)
H_J . ~ V]

from the Ist term  from the 2nd term  from the (n—1)th term from the nth term

1 1 1

17 212 2+

(n+2)(n+3)—2(n+3)+ 2(n+2)

4(n+2)(n +3)

(N> +5n+6)—2n—6+2n+4
4(n+2)(n+3)

_ n?+5n+4

~ 4(n+2)(n+3)

 (n+1)(n+4)

~ 4(n+2)(n+3)

so,a=1,b=4, and c = 4.

5. A tank at a chemical plant has a capacity of 250 litres. The tank initially contains
100 litres of pure water.

Salt water enters the tank at a rate of 3 litres every minute. Each litre of salt water
entering the tank contains 1 gram of salt.

It is assumed that the salt water mixes instantly with the contents of the tank upon

6



entry.

At the instant when the salt water begins to enter the tank, a value is opened at the
bottom the of the tank and the solution in the tank flows out a rate of 2 litres every
minute.

Given that there are S grams of salt in the tank after ¢ minutes,
(a) show that the situation can be modelled by the differential equation

ds _, 25
dt 100 + ¢

Solution

First, salt enters the tank at a rate of 3 x 1 = 3 g/minute.

Second, 3 litres are entering the tank and 2 litres are leaving the tank; hence,
1 litre is entering the tank net which and so (100 + t) litres after ¢ minutes.

Third, 2 litres are leaving the tank and, if the salt in the tank is S grams, the
concentration is s

1.
00+ &/
Hence, salt leaves the tank at a rate of
25 Jminut
minute.
100 + ¢ &/
Putting that all together,
ds 5 25
dt " 100 + ¢t

(b) Hence find the number of grams of salt in the tank after 10 minutes.

Solution

ds_, 25 _ds. a5,
dt 100+t ~ dt 100+t




Integrating Factor (IF) = ! o077 At

— 2In(100+t)
_ eln(100+t)2
= (100 + t)?
100 + ¢)*— + 2(100 + ¢)S = 3(100 + ¢
dt

[10()+t25] 3(100 + t)*

(00+752 :J (100 + t)?

= (100 + t)*S = (100 + t)* +

Now,
t=0,S=0=0=100°+c¢
= ¢ = —1000000
and
(100 + ¢)2S = (100 + ¢)* — 1000 000.
Finally,

t =10 = (110)*S = (110)® — 1000 000
= 12100 S = 1331000 — 1000000
= 12100 S = 331000
= 5 =274

121 8-

When the concentration of the salt in the tank reaches 0.9 grams per litre, the value at

the bottom of the tank must be closed.

(c¢) Find, to the nearest minute, when the valve would need to be closed.

Solution

Now,

1000 000
(100 + ¢)%S = (100 + ¢)*> — 1000000 = S = (100 + t) —

(100 + t)?




and

(100 + ¢) — 1000000 1000000
100+; 0.9 = (100+t)—m — 0.9(100 + t)

(100 + t)* — 1000 000
(1())0 T — 0.9(100 + t)

= 0.1(100 + ¢)* = 1000 000

= (100 + t)* = 10000 000

= 100 + t = 215.443 469 (FCD)
=t = 115.443469 (FCD)

= t = 115 minutes (3 sf).

(d) Evaluate the model

Solution

E.g., It is assumed that the salt water mizes instantly with the contents of the
tank upon entry: unlikely that it is instantaneous.

6. Prove by induction that for all positive integers n
f(n) M 32n+4 g 22n

is divisible by 5.

Solution
n=1:

f(1) = 3° —2?
=729—-4
=725
=5 x 145,

and so we can see n = 1 is true.

Suppose n = k is true, i.e.,
f(k) —al 32k+4 9 4 22k:




is divisible by 5. Now,

f(k + 1) _ 32(k+1)+4 o 22(k+1)
_ 32k+6 o 22k‘+2
_ 32 . 32]€+4 _ 22 X 22k:
:9_32k+4_4.22k
o’ 5 ‘32k+4 4 4(32k+4 o 22/4:),

R,—/E) —— ——
- =5

and so f(k + 1) is divisible by 5.

Hence, by mathematical induction, f(n) = 3?*+*

— 2?7 is divisible by 5 for all n € N.

7. The line [; has equation
r—1 y+1 =z-4

2 -1 3

The line /5 has equation
r=1i+3k+t(i—j+2k),

where t is a scalar parameter.

(a) Show that /; and I lie in the same plane.

Solution
The line [; has equation

r=1i—j+4k +s(2i —j+ 3k)
=(1+4+2s)i+(-1—s)j+ (4+3s5)k
and we equate the x, y, and z terms:
1+2s=1+t (1)
—1—-s=—-t (2
443s=3+2t (3)
Now, (1) + (2):
s=1=3=1+1t
=1=2

Check them in equation (3):
443s=Tand 3+2t=7V.
So, 1 and [, lie in the same plane.
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(b) Write down a vector equation for the plane containing /; and ls. (1)

Solution
E.g.,
r=1i—j+4k+s(2i —j+3k) +t(i—j+ 2k).
(c) Find, to the nearest degree, the acute angle between I, and . (3)
Solution

a.b = |a||b| cosé
= 2+ 14+6=1/22+(—1)2+32- /12 + (—1)2 + 22 - cosf

— 9=+/14-v6-cosf
9

V146
0 = 10.893 39465 (FCD)
0 = 11° (nearest degree).

= cosf =

U

U

8. A scientist is studying the effect of introducing a population of white-clawed crayfish
into a population of signal crayfish.

At time ¢ years, the number of white-clawed crayfish, w, and the signal crayfish, s, are
modelled by the differential equation

dw

ar %(w —5)
ds B
E = %w — 906 t
(a) Show that (3)
d*w dw
2— — —5— 4 2w = 450et.
1 5 T + 2w 50e

Solution
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_sdw  5ds
2dt 2dt
dw -
= gg 5(5w —90e™)
_sdw w + 225¢~
24t
Now,
d*w d
2— —5— +2
dt? dt e
d
= 2 [gd—l: —w + 225e_t] -9 [g(w a S)] + 2w

d
- l2d—7“t” — 2w + 450e_t] —[B(w —s)] + 2w

= 450e” ",

as required.

(b) Find a general solution for the number of white-clawed crayfish at time ¢ years.

Solution

Complementary function:

2m* —5m+2=0= 2m—-1)(m—2)=0=m=1orm =2

and hence the complementary function is
L 2
w = Ae2' + Be*.

Particular integral: try

w=_Ce "= dy =—Ce'=

dx da? ~
Substitute into the differential equation:

2C +5C 4+ 2C = 450 = C = 50.

Hence the particular integral is w = 50e™".
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General solution: hence the general solution is

1
w = Ae2' + Be® + 50e".

(c¢) Find a general solution for the number of signal crayfish at time ¢ years.

Solution
dw dw
Ezg(w—s):égzw—s
o dw
= S =W — gE
L 2% —t o dw
= s = (Ae2" + Be™ + 50e )—gE.
Now,

1 2
w = Ae2" + Be® + 50e"
d 1
— =2 L4ex' + 2Be” — 50c
dt
which means
1 1
s = (Ae2’ + Be™ + 50e7") — 2 | 1 Ae2" + 2Be™ — 50e_t]
1 1
= (Ae2’ + Be* 4+ 50e") — (2 Ae2’ + $Be* — 20e7")
1
= 24e2' + 1Be* + T0e™".

The model predicts that, at time T years, the population of white-clawed crayfish will
have died out.

Given that w = 65 and s = 85 when t = 0,

(d) find the value of T, giving your answer to 3 decimal places.

Solution
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Well,

w=065t=0=65=A+ B+50
=A+B=15 (1)

and
s=85,t=0=85=24+1B+170
= 2A+:iB=15
=4A+B=T75 (2).
Do (2) — (1):
3A=60=A=20
= B = -5.
So,
1
w = 20e2" — 5e* + 50e".
Finally,

1
w=0= 20e2" — 5e* + 50e "t =0
3
= 20e2" — 5e¥ + 50 =0
3
= 5e3 — 20e2" — 50 = 0
3
= et —4e2' —10=0
3
=¥ —4e2! +4=14
§t 2
= (e2' —2)2 =14
§t
= e2" — 2 = /14 (why can we do without the minus sign?)
3
= e2! =2 +4/14
= 3t = In(2 + V14)
=t =2In(2+ V14)

— t = 1.165 165275 (FCD)
=t =1.17 (3 sf).

(e) Suggest

a limitation of the model.
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Solution
E.g., When the white-clawed crayfish have died out, the model will not be valid.
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