Dr Oliver Mathematics
Further Mathematics
Moments Part 2
Past Examination Questions

This booklet consists of 27 questions across a variety of examination topics. The total
number of marks available is 261.

1. A uniform ladder AB, of mass m and length 2a, has one end A on rough horizontal
ground. The other end B rests against a smooth vertical wall. The ladder is in a vertical
plane perpendicular to the wall. The ladder makes an angle a with the horizontal, where
tana = %. A child of mass 2m stands on the ladder at C' where AC' = %a, as shown in
Figure 1.

Figure 1: a uniform ladder AB, of mass m and length 2a

The ladder and the child are in equilibrium. By modelling the ladder as a rod and the
child as a particle, calculate the least possible value of the coefficient of friction between
the ladder and the ground.

Solution




Now,

R

A: F N be the frictional force and R N be the normal reaction.
B: P N be the normal reaction.

R(1) :

R(<):

Limiting equilibrium :
Moments about A :

2mg + mg

P

uR

a)(1.2mg) + a(0.6mg) = (2a)(0.8P).

R
F
F

N

N =

(3a)(1.2mg) + a(0.6mg) = (2a)(0.8P)
1.2mg = 1.6P

1.2mg = 1.6F

F =0.75mg

0.75mg < uR

0.75mg < 3pumg

= 0.25.

2. A uniform ladder, of weight W and length 2a, rests in equilibrium with one end A on a
smooth horizontal floor and the other end B on a rough vertical wall. The ladder is in
a vertical plane perpendicular to the wall. The coefficient of friction between the wall
and the ladder is p. The ladder makes an angle 6 with the floor, where tanf = 2. A
horizontal light inextensible string C'D is attached to the ladder at the point C', where
AC = %a. The string is attached to the wall at the point D, with BD vertical, as shown

in Figure 2.
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Figure 2: a uniform ladder, of weight W and length 2a

The tension in the string is iW. By modelling the ladder as a rod,
(a) find the magnitude of the force of the floor on the ladder,

Now,

Solution

R

A: P N be the normal reaction.
B: F N be the frictional force and R N be the normal reaction.
C: S N be the tension.

R(}): W=F+P

R(<): R=1w

i

Equilibrium :  F < puR
Moments about B : P(2acosf) = W(acosf) + (

1
4 2

P(2acos) = W(acos®) + (1W)(2asin )

1 2
2P cos = W cos 6 + %Wsine
1 1 3 2
2PX——WX75+§WX75

V5
2P =W +3W
2P = Iw
pP=1w.

W)(2asin®).




(b) show that p > 1.

Solution

W=F+P=W=F+IW
uW

N[ 0ol
A %
= A

»Mr—'

(c) State how you have used the modelling assumption that the ladder is a rod.

Solution
E.g., it does not bend or it negligible thickness.

3. A uniform ladder AB, of mass m and length 2a, has one end A on rough horizontal
ground. The coefficient of friction between the ladder and the ground is 0.6. The other
end B of the ladder rests against a smooth vertical wall.

A builder of mass 10m stands at the top of the ladder. To prevent the ladder from
slipping, the builders friend pushes the bottom of the ladder horizontally towards the
wall with a force of magnitude P. This force acts in a direction perpendicular to the
wall. The ladder rests in equilibrium in a vertical plane perpendicular to the wall and

makes an angle o with the horizontal, where tan o = %

(a) Show that the reaction of the wall on the ladder has magnitude 7mg.

Solution
Let’s start with a picture.

10myg

L 4

F+P|l/ myg
A

A: F N be the frictional force, R N be the normal reaction, and P N be the
friend’s push.




B: S N be the normal reaction.

R(1): R =mg+ 10mg
R(~): F+P=S
Limiting equilibrium : F = 0.6R

Moments about A : mg(acosa) + 10mg(2a cos o) = S(2asin o).
Now,

mg(a cos a) + 10m(2a cos o) = S(2asin «)

= amg + 20amg = 2aS tan «
= 35 =2Imyg
= S ="Tmg.

(b) Find, in terms of m and g, the range of values of P for which the ladder remains in
equilibrium.

Solution
R =11lmg

and
F=0.6 x11mg = 6.6mg.

Now, for the minimum of P, we use

P =Tmg —6.6mg = 0.4mg

and, for the maximum of P, we use

P =Tmg+ 6.6mg = 13.6mg.

4. A uniform rod AB, of length 8a and weight W, is free to rotate in a vertical plane about
a smooth pivot at A. One end of a light inextensible string is attached to B. The other
end is attached to point C which is vertically above A, with AC' = 6a. The rod is in
equilibrium with AB horizontal, as shown in Figure 3.
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Figure 3: a uniform rod AB, of length 8a and weight W

(a) By taking moments about A, or otherwise, show that the tension in the string is

By

Solution

sino =

Ul

6a 10a
cosa =

(SIS

8a

R(t): W=2R
Moments about A : 4a x W = 8a x (2R).

Moments about A:

dax W =8ax (2R) = R=2W.

(b) Calculate the magnitude of the horizontal component of the force exerted by the

pivot on the rod.



Solution

Let S N be the horizontal component of the force exerted by the pivot on the
rod. Then

S=32Wx1=2Ww.

5. A uniform pole AB, of mass 30 kg and length 3 m, is smoothly hinged to a vertical wall
at one end A. The pole is held in equilibrium in a horizontal position by a light rod C'D.
One end C of the rod is fixed to the wall vertically below A. The other end D is freely
jointed to the pole so that ZAC'D = 30° and AD = 0.5 m, as shown in Figure 4.

< 3Im >
0.5m
A— B
D
30°
(i

Figure 4: a uniform pole AB of mass 30 kg and length 3 m

Find
(a) the thrust in the rod C'D,

Solution
A: R N be the tension to the left and let S N be the tension to the down.
CD: T N be the tension.
R(}): R=Tsin30°
R(<): Tcos30° =S+ 30g
Moments about A: T x 0.5c0s30° = 1.5 x 30g.
Moments about A:

45g
T x05c0830° = 1.5 x 309 = T = — 29
e I T 0 s 30°
=T = 60\/§g

— T = 1018.445875 (FCD)
— T = 1000 (2 sf).




(b) the magnitude of the force exerted by the wall on the pole at A.

Solution
R = T'sin 30° = 509.2229374 (FCD)
and
S =T cos30° — 30 = 588.
Now,

resultant = v/509.222 .. .2 + 5882
— 777.850885 5 (FCD)
=780 N (2 sf).

The rod CD is removed and replaced by a longer light rod CM, where M is the mid-
point of AB. The rod is freely jointed to the pole at M. The pole AB remains in
equilibrium in a horizontal position.

(c) Show that the force exerted by the wall on the pole at A now acts horizontally.

Solution

T and the mass of the object meet at mid-point M. In equilibrium, all forces
act through a point. Hence the reaction is horizontal.

. A ladder AB, of weight W and length 4a, has one end A on rough horizontal ground.
The coefficient of friction between the ladder and the ground is . The other end B rests
against a smooth vertical wall. The ladder makes an angle 6 with the horizontal, where
tanf = 2. A load of weight 4W is placed at the point C' on the ladder, where AC = 3a,
as shown in Figure 5.
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Figure 5: a ladder AB of weight W and length 4a

The ladder is modelled as a uniform rod which is in a vertical plane perpendicular to the
wall. The load is modelled as a particle. Given that the system is in limiting equilibrium,

(a) show that p = 0.35.

Solution

A: F N be the frictional force and R N be the normal reaction.
B: P N be the normal reaction.

R(1): R=W +4W
R(<~): F=P
Limiting equilibrium : F = uR
Moments about A: W (2acos#) + 4W (3acosf) = P(4asin ).

Now,

W (2acosf) + 4W (3acosf) = P(4asinf)

= 14W = 4Ptanf
= 14W =4uR x 2
= 14W = 8u x 5W
= u = 0.35,

as required.




A second load of weight kW is now placed on the ladder at A. The load of weight 4W
is removed from C' and placed on the ladder at B. The ladder is modelled as a uniform
rod which is in a vertical plane perpendicular to the wall. The loads are modelled as
particles. Given that the ladder and the loads are in equilibrium,

(b) find the range of possible values of k.

Solution

R(1): R=W +4W + kW
R(<~): F=P
Limiting equilibrium : F < 0.35R
Moments about A: W (2acos#) + 4W (4acosf) = P(4asin ).

Now,

W (2acosf) + 4W (4acosf) = P(4asin )
18W = 4Ptanf

18W =4F x 2

18W <8 x 0.35R

18W < 2.4(5 + k)W

F+k=>%

k>

k=14 (2sf).

R 2

7. A wooden plank AB has mass 4m and length 4a. The end A of the plank lies on rough
horizontal ground. A small stone of mass m is attached to the plank at B. The plank is
resting on a small smooth horizontal peg C', where BC' = a, as shown in Figure 6.

Figure 6: a wooden plank AB has mass 4m and length 4a

The plank is in equilibrium making an angle o with the horizontal, where tan o = %.
The coefficient of friction between the plank and the ground is . The plank is modelled

10



as a uniform rod lying in a vertical plane perpendicular to the peg, and the stone as a
particle. Show that

(a) the reaction of the peg on the plank has magnitude 1 —mg,

Solution

A: F N be the frictional force and R N be the normal reaction.
B: P N be the normal reaction.

C: @ N be the normal reaction.

R(}): R+ Qcosa =4mg+ mg
R(<): F =Qsn«
Limiting equilibrium : F < uR
Moments about A : 3aQ = (2a)(4mgcos ) + (4a)(mg cos ).

Now,
3aQ) = (2a)(4mg cos a) + (4a)(mg cos «)
= 3@ = 12mg x %
= Q=7mg.

Solution
R+Qcosa—4mg+mg:>R—5mg——mg>< 4
= R = mg,
F=Qsina

_ 16 3
_ 48
- %mga

and

F<uR =14 25mg < 25umg
48

(c) State how you have used the information that the peg is smooth.

11



Solution
E.g., there is no friction at the peg.

8. A horizontal uniform rod AB has mass m and length 4a. The end A rests against a
rough vertical wall. A particle of mass 2m is attached to the rod at the point C', where
AC = 3a. One end of a light inextensible string BD is attached to the rod at B and the
other end is attached to the wall at a point D, where D is vertically above A. The rod
is in equilibrium in a vertical plane perpendicular to the wall. The string is inclined at
an angle o to the horizontal, where tan o = %, as shown in Figure 7.

Figure 7: a horizontal uniform rod AB has mass m and length 4a

(a) Find the tension in the string.

Solution

A: F N be the frictional force and R N be the normal reaction.
B: P N be the tension.

R(}): F+ Psinf =mg+ 2mg
R(<): R = Pcosf
Limiting equilibrium : F' = uR
Moments about A: (2a)(mg) + (3a)(2mg) = (4a)(Psiné).

Now,

(2a)(mg) + (3a)(2mg) = (4a)(Psin0)
= 8mg=4P x 2

= P= %mg.
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(b) Show that the horizontal component of the force exerted by the wall on the rod has
magnitude %mg.

Solution

R = Pcos0

1 4
=3mg X3

__ 8

The coefficient of friction between the wall and the rod is p. Given that the rod is in
limiting equilibrium,

(c) find the value of p.

Solution
F =3mg— (§mg x ) =my

and

F = pR = mg = Sumg

= U=

oolw

9. A uniform beam AB of mass 2 kg is freely hinged at one end A to a vertical wall. The
beam is held in equilibrium in a horizontal position by a rope which is attached to a
point C' on the beam, where AC = 0.14 m. The rope is attached to the point D on the
wall vertically above A, where ZAC'D = 30°, as shown in Figure 8.

Ce— 0.14m — B

Figure 8: a uniform beam AB of mass 2 kg

The beam is modelled as a uniform rod and the rope as a light inextensible string. The
tension in the rope is 63 N.
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(a) the length of AB,

Solution

A: F N be the frictional force and R N be the normal reaction.
B: P N be the tension.
Let x m be the length of AB.

R(}): F +63sin30° = 2g
R(<): R =63cos30°
Limiting equilibrium : F' = uR
Moments about A : (0.14)(63sin30°) = (3z)(2g).

Now,

(0.14)(63 sin 30°)
= 441 =98z

= z=0.45m.

(37)(29)

(b) the magnitude of the resultant reaction of the hinge on the beam at A.

Solution
F =29 —63sin30°,
R = 63 cos30°,

and

resultant = 4/(2g — 63sin 30°)2 + (63 cos 30°)2
— 55.84227789 (FCD)
=56 N (2 sf).

10. A ladder AB, of mass m and length 4a, has one end A resting on rough horizontal
ground. The other end B rests against a smooth vertical wall. A load of mass 3m is
fixed on the ladder at the point C', where AC' = a. The ladder is modelled as a uniform
rod in a vertical plane perpendicular to the wall and the load is modelled as a particle.
The ladder rests in limiting equilibrium making an angle of 30° with the wall, as shown
in Figure 9.

14



30°

4a

C

a

A

Figure 9: a ladder AB of mass m and length 4a

Find the coefficient of friction between the ladder and the ground.

Solution

A: F N be the frictional force and R N be the normal reaction.
B: P N be the normal reaction.

R(}): R=mg+3mg
R(~): F=P
Limiting equilibrium : F = uR
Moments about A :  (3mg)(acos60°) 4+ (mg)(2a cos 60°) = P(4asin60°).

(3mg)(acos60°) + (mg)(2a cos60°) = P(4asin 60°)
= bHmg = 4P tan60°

—~ p=58

2 mg.

Finally,

quR:%gmgzélmgu
- p =5
= = 0.18 (2 sf).

11. A plank rests in equilibrium against a fixed horizontal pole. The plank is modelled as a
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uniform rod AB and the pole as a smooth horizontal peg perpendicular to the vertical
plane containing AB. The rod has length 3a and weight W and rests on the peg at C,
where AC' = 2a. The end A of the rod rests on rough horizontal ground and AB makes
an angle o with the ground, as shown in Figure 10.

A

Figure 10: a plank rests in equilibrium against a fixed horizontal pole

(a) Show that the normal reaction on the rod at A is

(4 — 3cos® a)W.

1
1

Solution

A: F N be the frictional force and R N be the normal reaction.
C: @ N be the normal reaction.

R(l): R+ Qcosa=W
R(<): F=Qsina
Limiting equilibrium : F' = puR
Moments about A: (2a)(W cosa) = (2a)Q.

Now,

(%a)(W cosa) = (2a)Q = Q = %Wcosa

and

R=W —Qcosa
=W — cosa(3W cosa)
=W - %Wcos2oz
= 1(4 = 3cos® )W,

as required.

16



Given that the rod is in limiting equilibrium and that cosa = %,
(b) find the coefficient of friction between the rod and the ground.

Solution

and

F=Q@sina
=%Wcosasina
e 75 2 V5
= 4VV>< o XA

— oy
s W.

Finally,

12. Figure 11 shows a ladder AB, of mass 25 kg and length 4 m, resting in equilibrium with
one end A on rough horizontal ground and the other end B against a smooth vertical
wall. The ladder is in a vertical plane perpendicular to the wall. The coefficient of
friction between the ladder and the ground is % The ladder makes an angle § with the
ground. When Reece, who has mass 75 kg, stands at the point C' on the ladder, where
AC = 2.8 m, the ladder is on the point of slipping.

B [

A
Figure 11: a ladder AB of mass 25 kg and length 4 m
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The ladder is modelled as a uniform rod and Reece is modelled as a particle.

(a) Find the magnitude of the frictional force of the ground on the ladder. (3)

Solution

A: F N be the frictional force and R N be the normal reaction.
B: P N be the normal reaction.

R(l): R =25g+ Thg
R(<): F=P
Limiting equilibrium : F'= %R
Moments about A :  (2)(25g cos 8) + (2.8)(75g cos 5) = (4)(Psin j3).

Now,
F=2R
11
= 44g
=430 N (2 sf).
(b) Find, to the nearest degree, the value of . (6)
Solution
(2)(25g cos B) + (2.8)(7hg cos 5) = (4)(Psin 5)
= 2609 =4 x 44gtan
= tanf = %
= [ =55.90502205 (FCD)
= [ =056 (2 sf)
(c) State how you have used the modelling assumption that Reece is a particle. (1)
Solution
E.g., his mass acts directly at the point C.

13. A uniform rod AB, of length 1.5 m and mass 3 kg, is smoothly hinged to a vertical wall
at A. The rod is held in equilibrium in a horizontal position by a light strut CD as
shown in Figure 12.

18



The rod and the strut lie in the same vertical plane, which is perpendicular to the wall.
The end C of the strut is freely jointed to the wall at a point 0.5 m vertically below A.

A 05m—p

Figure 12: a uniform rod AB of length 1.5 m and mass 3 kg

The end D is freely joined to the rod so that AD is 0.5 m.
(a) Find the thrust in C'D.

Solution
A: R N be the tension to the left and let S N be the tension to the down.
CD: T N be the tension.
R(}): R =Tsin45°
R(<): Tcos45” =S+ 3¢
Moments about A: T x 0.5cos45° = 0.75 x 3g.

Now,

T x 0.5cos45° = 0.75 x 3g

2.25g
= - —
0.5 cos 45°
= T = @

— T =062N (2sf).

Find the magnitude and direction of the force exerted on the rod AB at A.

Solution
R = Tsin4s° = %

2

19



and

Now,

at an angle

tan—

S =Tcosdb” — 3g = 37".

resultant = (92_9)2 + (3?9)2
_ 3/I0g
2
=46 N (2 sf),
39
2 11
2

= 18.434948 82 (FCD)
= 18° (2 sf) below the line BA.

14. A uniform rod AB, of mass 20 kg and length 4 m, rests with one end A on rough
horizontal ground. The rod is held in limiting equilibrium at an angle « to the horizontal,
where tan a = %, by a force acting at B, as shown in Figure 13.

A

Figure 13: a uniform rod AB of mass 20 kg and length 4 m

The line of action of this force lies in the vertical plane which contains the rod. The
coefficient of friction between the ground and the rod is 0.5. Find the magnitude of the
normal reaction of the ground on the rod at A.
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Solution

A: F N be the frictional force and R N be the normal reaction.

Limiting equilibrium : F = 0.5R
Moments about B : (4)(Rcosa) = (2)(20g cosar) + (4)(F'sin ).

Now,

(4)(Rcosa) = (2)(20g cos ) + (4)(F sin o)

= 4R =40g + 4F tan «
= 4R =40g + 3F

= 4R =409 + 1.5R

= 2.5R =40g

= R =16g

= R =160 N (2 sf).

15. Figure 14 shows a uniform rod AB of mass m and length 4a.

D

F 3

2a

F 9
L
F
L 4

3a a

Figure 14: a uniform rod AB of mass m and length 4a

The end A of the rod is freely hinged to a point on a vertical wall. A particle of mass
m is attached to the rod at B. One end of a light inextensible string is attached to the
rod at C', where AC' = 3a. The other end of the string is attached to the wall at D,
where AD = 2a and D is vertically above A. The rod rests horizontally in equilibrium
in a vertical plane perpendicular to the wall and the tension in the string is 7.

(a) Show that T = mg+/13.
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Solution

A: F N be the frictional force and R N be the normal reaction.
C: T N be the tension.

Moments about A : (2a)(mg) + (4a)(mg) = (3a)(T sin ).

Now,

(2a)(mg) + (4a)(mg) = (3a)(T sin 0)

= 2mg=T><\/LT3

= T =mgVv13.

The particle of mass m at B is removed from the rod and replaced by a particle of mass
M which is attached to the rod at B. The string breaks if the tension exceeds 2mg+/13.

Given that the string does not break,
(b) show that M < Zm.

Solution
Moments about A :  (2a)(mg) + (4a)(Mg) < (3a)(2mg\/13sin6).

Now,

(2a)(mg) + (4a)(Mg) < (3a)(2mg+/13 sin 0)
= m+2M < 6m
= 2M <bm
= M<

DOt

m.

16. A uniform plank AB, of weight 100 N and length 4 m, rests in equilibrium with the
end A on rough horizontal ground. The plank rests on a smooth cylindrical drum. The
drum is fixed to the ground and cannot move. The point of contact between the plank

and the drum is C'; where AC' = 3 m, as shown in Figure 15.

22
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4m

A

Figure 15: a uniform plank AB of weight 100 N and length 4 m

The plank is resting in a vertical plane which is perpendicular to the axis of the drum,
at an angle « to the horizontal, where sina = % The coefficient of friction between the
plank and the ground is u. Modelling the plank as a rod, find the least possible value of

Lb.

Solution

A: F N be the frictional force and R N be the normal reaction.

C: @ N be the normal reaction.

R(7) :

R(<):

Limiting equilibrium :
Moments about A :

Now,

(2a)(100 cos «)

F=Qsina =

and

R =100 —

Finally,

F=uR=

= U=

R+ Qcosa =100
F=Qsina
F=uR
(2a)(100 cos «)

(30)Q = Q = 295,

2001/8
27

1100

Qcosa = .

200v/8 _ 1100
27 27 M

44/2
11

= 1= 0.51 (2 sf).
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17. A uniform rod AB, of mass 3m and length 4a, is held in a horizontal position with
the end A against a rough vertical wall. One end of a light inextensible string BD is
attached to the rod at B and the other end of the string is attached to the wall at the
point D vertically above A, where AD = 3a. A particle of mass 3m is attached to the
rod at C, where AC' = z. The rod is in equilibrium in a vertical plane perpendicular to
the wall as shown in Figure 16.

17.‘?4?‘:

Ale— 44

Y

Figure 16: a uniform rod AB of mass 3m and length 4a

The tension in the string is %mg. Show that
(a) x = 3a,

Solution
A: F N be the frictional force and R N be the normal reaction.

R(1): F+ %mg sinf = 3mg + 3mg
R(<): R=Zmgcosb
Limiting equilibrium : F' = uR
Moments about A : (2a)(3mg) + (z)(3mg) = (4a)(2mgsind).

Now,

(2a)(3mg) + (x)(3mg) = (4a)(%mg sin )

= 6a+ 3z =4a x 2mg x ¢
= 6a+ 3z =9
= z = Ja,

as required.
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(b) the horizontal component of the force exerted by the wall on the rod has magnitude
omg.

Solution

as required.

The coefficient of friction between the wall and the rod is . Given that the rod is about
to slip,

(c) find the value of p.

Solution
F =6mg— (2mg x 2) = 2myg

and
9
amg = dmgu = p = 0.45.

18. A uniform rod AB has mass 4 kg and length 1.4 m. The end A is resting on rough
horizontal ground. A light string BC' has one end attached to B and the other end
attached to a fixed point C'. The string is perpendicular to the rod and lies in the same
vertical plane as the rod. The rod is in equilibrium, inclined at 20° to the ground, as
shown in Figure 17.

l4m

—

20°
A

Figure 17: a uniform rod AB has mass 4 kg and length 1.4 m

(a) Find the tension in the string.
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Solution

A: F N be the frictional force and R N be the normal reaction.
C: @ N be the normal reaction.

R(1): R+ Qcos20° =4y
R(<): F =(Qsin20°
Limiting equilibrium : F = uR
Moments about A :  (2¢)(0.7 cos 20°) = 1.4Q.

Now,

(49)(0.7cos 20°) = 1.4Q
= () =2gcos20°
— Q=18 N (25

Given that the rod is about to slip,
(b) find the coefficient of friction between the rod and the ground.

Solution

F = R = 2g5sin 20° cos 20° = 2¢(2 — cos® 20°) i1
sin 20° cos 20°
2 — cos? 20°
= 1 = 0.2877351824 (FCD)
= 1= 0.29 (2 sf).

==

19. A uniform rod AB, of mass 5 kg and length 4 m, has its end A smoothly hinged at a
fixed point. The rod is held in equilibrium at an angle of 25° above the horizontal by a
force of magnitude F' newtons applied to its end B. The force acts in the vertical plane
containing the rod and in a direction which makes an angle of 40° with the rod, as shown
in Figure 18.
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A

Figure 18: a uniform rod AB of mass 5 kg and length 4 m

(a) Find the value of F.

Solution

A: R N be the normal reaction.
Note the F' only makes an angle 40 — 25 = 15° with the vertical.

R(}): R+ Fsinlh® = b5g
Moments about A : (2)(5g cos25°) = F(4sin40°).

Now,

) 10g cos 25°
2)(5 25%) = F(4 40° F=—
(2)(5g cos 257) (48in40°) = FISRTE

— F = 3454413316 (FCD)
— F =35N (2sf).

(b) Find the magnitude and direction of the vertical component of the force acting on

the rod at A.

Solution

R =5g — F'sin 15°
= 40.05932044 (FCD)
=40 N (2 sf) upwards.

20. A ladder, of length 5 m and mass 18 kg, has one end A resting on rough horizontal
ground and its other end B resting against a smooth vertical wall. The ladder lies in
a vertical plane perpendicular to the wall and makes an angle o with the horizontal

4

ground, where tan a = 3, as shown in Figure 19.
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A

Figure 19: a ladder of length 5 m and mass 18 kg

The coefficient of friction between the ladder and the ground is p. A woman of mass
60 kg stands on the ladder at the point C', where AC' = 3 m. The ladder is on the point
of slipping. The ladder is modelled as a uniform rod and the woman as a particle.

Find the value of pu.

Solution

A: F N be the frictional force and R N be the normal reaction.
B: P N be the normal reaction.

R(l): R =18g+ 60g
R(e): F=P
Limiting equilibrium : F' = uR
Moments about A : 2.5(18g cos a) + 3(60g cos ) = 5(Psin ).

Now,

2.5(18g cos &) + 3(60g cos ) = 5(Psin )
= 2259 =5Ptan«
— 2259 = 2p

_ 135
= P =g,
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F = %g and R = 78g.
Finally,

F=;LRz>12—5g=7Sgu

45
104

— 1 =0.43 (2 sf).

= U=

21. A uniform rod AB, of mass m and length 2a, is freely hinged to a fixed point A. A
particle of mass m is attached to the rod at B. The rod is held in equilibrium at an
angle 6 to the horizontal by a force of magnitude F' acting at the point C' on the rod,
where AC' = b, as shown in Figure 20.

Figure 20: a uniform rod AB of mass m and length 2a

The force at C' acts at right angles to AB and in the vertical plane containing AB.
3amg cos 0

(a) Show that F' = 2

Solution

A: R N be the frictional force and S N be the normal reaction.
C: F N be the normal reaction.

R(}): S+ Fcosf =mg+ mg
R(<): R = Fsinf
Limiting equilibrium : F' < uR
Moments about A : a(mgcos®) + (2a)(mgcosf) = bF.
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Now,

a(mgcosf) + (2a)(mgcos @) = bF
= bF = 3amgcosf

3amg cos 6

F =
= b ,

as required.

(b) Find, in terms of a, b, g, m, and 6,
(i) the horizontal component of the force acting on the rod at A,

Solution _
3amg sin 0 cos 0

= Fsinf =
R sin ;

(ii) the vertical component of the force acting on the rod at A.

Solution

S =2mg — F cosf

3amg cos® 0
~ mg(2b — 3acos® )
— ; ,

Given that the force acting on the rod at A acts along the rod,
(c) find the value of %.

Solution
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b

SIS]

mg(2b—3a cos? 6)
_ b
tant = 3amg sin 6 cos 0
b

2b — 3a cos® 0

3asin f cos
3asin?6 = 2b — 3a cos® 6

3a(sin? 0 + cos® 0) = 2b
3a = 2b

tanf =

2
3

22. A rough circular cylinder of radius 4a is fixed to a rough horizontal plane with its axis
horizontal. A uniform rod AB, of weight W and length 6a+/3, rests with its lower end A
on the plane and a point C' of the rod against the cylinder. The vertical plane through
the rod is perpendicular to the axis of the cylinder. The rod is inclined at 60° to the

horizontal, as shown in Figure 21.

A

60°

Figure 21: a uniform rod AB of weight W and length 6a/3

(a) Show that AC = 4a+/3.

Solution

4a

30° 4a
30°
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4a
C = = 3.
tan 30° L\C
The coefficient of friction between the rod and the cylinder is ‘? and the coefficient of

friction between the rod and the plane is pu. Given that friction is limiting at both A
and C,

(b) find the value of p.

Solution

You need the frictional and normal reaction at both A and C.
A: F4 N be the frictional force and R4 N be the normal reaction.
C: F¢ N be the frictional force and Ro N be the normal reaction.

R(}): Ra+ Rccos60° + Fpoeos30° =W
R(<): F4+ Focos60° = Resin60°
Limiting equilibrium at A: Fs = puRa
Limiting equilibrium at C': Fp = @RC
Moments about A : W (3av/3cos60°) = (4a+/3)Re.

Now,
SW =4Rc = Ro = 3W,
Fo = x §W = 53W,
Fy = Resin60° — Fecos 60° = 21,
and
RA =W — RC cos 60° — FcCOS3OO = gW
Finally,
By
Fy=pRoa=p= gW
= U= ?3
= 1= 0.35 (2 sf).

23. A uniform rod AB of weight W has its end A freely hinged to a point on a fixed vertical
wall. The rod is held in equilibrium, at angle # to the horizontal, by a force of magnitude
P. The force acts perpendicular to the rod at B and in the same vertical plane as the
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rod, as shown in Figure 22.

Figure 22: a uniform rod AB of weight W

The rod is in a vertical plane perpendicular to the wall. The magnitude of the vertical
component of the force exerted on the rod by the wall at A is Y.

(a) Show that
Y = %(2 — cos® ).

Solution

A: F N be the frictional force, X N be the horizontal normal reaction, and Y N
be the vertical normal reaction.

B: P N be the normal reaction.

Let 2a be the length of the rod.

R(l): Y+ Pcosf =W
R(<): X = Psinf
Moments about A : a(W cosf) = 2aP.

Now,

Wecosf =2P = P =Wcosh

2
=Y =W - Pcosb
=>Y=W—%00829

=Y =% (2 cos®0).

33



Given that 6 = 45°,

(b) find the magnitude of the force exerted on the rod by the wall at A, giving your
answer in terms of W.

Solution

X = sin45°(% cos45°) = 1W
and

Y =%(2—cos®45°) = 3W.
Finally,

resultant = \/(§W)2 + (3W)?

4
_ Vi0
=5 W

24. A non-uniform rod, AB, of mass m and length 2[, rests in equilibrium with one end A
on a rough horizontal floor and the other end B against a rough vertical wall. The rod
is in a vertical plane perpendicular to the wall and makes an angle of 60° with the floor
as shown in Figure 23.

60°

A

Figure 23: a non-uniform rod, AB, of mass m and length 2/

The coefficient of friction between the rod and the floor is i and the coefficient of friction
between the rod and the wall is % The rod is on the point of slipping at both ends.

(a) Find the magnitude of the vertical component of the force exerted on the rod by
the floor.
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Solution

A: F4 N be the frictional force and R4 N be the normal reaction.
B: Fg N be the frictional force and Rp N be the normal reaction.

R(1): Ra+Fp=mg
R(<): F4=Rp
Limiting equilibrium at A: F4 = zRy4
Limiting equilibrium at B: Fp = %Rp
Moments about A : Fp(2lcos60°) + Rp(2[sin60°) = AB(mg cos 60°).

RA:mg—FB:RAzmg—gRB
SRAng—éFA
=>RA=mg—§(Z—11RA)
:RAzmg—éRA
= IRy =mg

= R4 = gmg.

The centre of mass of the rod is at G.
(b) Find the distance AG.

Solution
FA:}lRAﬁFA:ixgmg
= FA = %mg
= RB = %mg
= F'p = mg — gmg = %mg.
Now,
Fp(2lcos60°) + Rp(20sin60°) = AB(mg cos60°)
1(20cos60°) + 2 (2Isin60°) = 1AB

AB = 1+ 383
_1(2+434/3)
AB = ==+

AB = 1.0l m (2 sf).

bbbl
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25. A ladder AB, of weight W and length 2/, has one end A resting on rough horizontal
ground. The other end B rests against a rough vertical wall. The coefficient of friction
between the ladder and the wall is % The coefficient of friction between the ladder and
the ground is p. Friction is limiting at both A and B. The ladder is at an angle 6 to

the ground, where tanf = g The ladder is modelled as a uniform rod which lies in a

vertical plane perpendicular to the wall.

Find the value of u.

Solution

Let’s start with a picture, shall we?

Ry |1

Ry

A
L 4

Fa )/ w
A

A: F4 N be the frictional force and R4 N be the normal reaction.
B: Fg N be the frictional force and Rg N be the normal reaction.

R(}): Ra+Fp=W
R(<): Fa=Rp
Limiting equilibrium at A: Fi = puRa
Limiting equilibrium at B: Fg = %RB
Moments about A : Fg(2lcosf) + Rp(2lsinf) = (W cosh).
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Fg(2lcos) + Rp(2lsinf) = [(W cos )

= 2Fg+2Rgtanf =W

= 2Fp+ %RB =W

= 2FB =W — %RB

= [p= %W — gRB

= %RB == %W 2 gRB

= RB — leW
Now,

Fu=Rp = 1w
and
Ry=W — Fp = 4w

Finally,

W=0Wp=p=2=
= 1 = 0.27 (2 sf).

1
4

26. A non-uniform rod AB, of mass 5 kg and length 4 m, rests with one end A on rough
horizontal ground. The centre of mass of the rod is d metres from A. The rod is held
in limiting equilibrium at an angle 6 to the horizontal by a force P, which acts in a
direction perpendicular to the rod at B, as shown in Figure 24.

37



4m

A

Figure 24: a non-uniform rod AB of mass 5 kg and length 4 m

The line of action of P lies in the same vertical plane as the rod.

(a) Find, in terms of d, g, and 6,

(i) the magnitude of the vertical component of the force exerted on the rod by the
ground,

Solution
A: F4 N be the frictional force and R4 N be the normal reaction.
B: Let X N and Y N be the horizontal and vertical components of P.

R(}): Ra+ Pcosf = bg
R(<): F4= Psinf
Limiting equilibrium : Fy4 = %R A
Moments about A : d(5gcosf) = 4P.

d(bgcosf) = 4P

__ 5dgcosf
= 4

Ry =5g — (cosf x 2450
RA _ 59 o 5dgc40526

5g(4—d cos? 0
Ry = Yz §)

bbbl

(ii) the magnitude of the friction force acting on the rod at A.
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Solution
5dg sin 6 cos 6

Fy= —5ng°59 x sinf = 1

Given that tanf = % and that the coefficient of friction between the rod and the ground
1
1S 9

(b) find the value of d.

Solution

L ad o g L AT _ 12
tan @ = 5 = sinf = 5 and cosf = 5

Now,

5g(4—d cos? )
4

5dgsinfcosf __ 1 «
4 )

= 2(5dsinfcosf) = 5(4 — dcos? )
o

= %24—%

= %124

= dz%

= d=26m (2sf).

27. A uniform rod AB, of mass 5 kg and length 8 m, has its end B resting on rough horizontal
ground. The rod is held in limiting equilibrium at an angle o to the horizontal, where
tana = %, by a rope attached to the rod at C'. The distance AC = 1 m. The rope is
in the same vertical plane as the rod. The angle between the rope and the rod is 5 and
the tension in the rope is T" newtons, as shown in Figure 25.
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T newtons

v v

Figure 25: a uniform rod AB of mass 5 kg and length 8 m

The coefficient of friction between the rod and the ground is % The vertical component
of the force exerted on the rod at B by the ground is R newtons.

(a) Find the value of R.

Solution
B: F N be the frictional force and R N be the normal reaction.

R(}): R+ Tsin(f—«a)=5g
R(«): F =Tcos(f—a)

2

Limiting equilibrium : F = R

Moments about C':  (5¢g)(3cosa) + F(7sina) = R(7 cos ).

Now,

tan o = % = sina = % and cosa = %.

Finally,

(59)(3cosa) + F(7sina) = R(7 cos )

= 159+ 3R(Ttanw) = TR
= 159+ IR="7TR

— IR =15

= R=3—7og

—~ R=—42N.

(b) Find the size of angle f.
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Solution

Now,
tano = 2 = sina = 2,
F = % x 42 = 28,
and
T'sin(f — «) 59 — 42
t —a)=————~ =t —a)=
an(f - a) T cos(f8 — ) = tan(f - a) 28

— [ —a = 14.036 24347 (FCD)
— B = 50.906 14111 (FCD)
= [ =51" (2sf).
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