Dr Oliver Mathematics
Cambridge O Level Additional Mathematics
2011 November Paper 1 Variant 2: Calculator
2 hours

The total number of marks available is 80.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
You must write down all the stages in your working.

1. Show that (3)
1

— =sinfcos6.
tan 6 + cot 0

Solution
Well,

|
tanf + cot§  sin@ , cosd
1

sin® +cos2 6
sin 6 cos 0
1
1
sin 0 cos 0

= gin 6 cos b,

as required.

2. Find the coordinates of the points where the line 2y = z — 1 meets the curve (5)

2? +y? =29,



Solution

Well,
2y=c—-1=2=2y+1

and insert this into the circle:

m2+y2=29:>(2y+1)2+y2=29

X ‘ 2y +1
2y | 4y +2y
+1 | +2y +1

= (4y* +4y +1) +y*> =29
= 5y’ +4y — 28 =0

add to: +4
multiply to: (+5) x (—28) = —140 } — 10, +14
e.g.,
= 5y 4+ 14y — 10y — 28 =0
= y(5y + 14) — 2(5y + 14) = 0
= (y—2)(5y + 14) = 0
AN A —2%
=>:E=50rx=—4§;
hence,

:1:=5,y=20rx=—45,y=—2%.

(a) Express log, 2 in terms of a logarithm to base 2.

Solution
Well,

log, 2 = .
log,




(b) Using the result of part (a), and the substitution
u = log, 7,
find the values of x which satisfy

logy z = 3 — 2log, 2.

Solution

Now,

2
log,

log, x =3 —2log,2 = log,x = 3 —

= (log, 7)? = 3logy x — 2
= (logy2)* — 3logyx +2 =0
=u’—3u+2=0

add to: -3 | 9 _q
multiply to: +2 ’

= (u—2)(u—1)=0
=u=2o0ru=1

= logox =2 or log,x =1
=z=20orz=2

==gx=4o0rx=2.

4. A curve has equation
2
y = (32 + 15)3.

Find the equation of the normal to the curve at the point where z = 2.

Solution
Well,




so the point is (2,9). Now,

2 d 1
y = (322 + 15)3 = d—y — 2(32% +15)73 x 6z
x
d
% — 42(32% +15)73
Next,
dy
oW _s
X = dx 3

= Mnpormal = —

|w

Finally, the equation of the normal is

y—9=-3(2-2)=y-9==2z+3

-3 39
=Y=3T+ 7

5. Variables z and y are such that, when 3? is plotted against 2%, a straight line graph is
obtained.

(16,81)

This line has a gradient of 5 and passes through the point (16, 81).

(a) Express y? in terms of 27.

Solution




6.

Well,

y? — 81 = 5(2% — 16) = y* — 81 = 5(2%) — 80
= 9% = 5(2°) + 1.

(b) Find the value of x when y = 6.

Solution
Now,

y=6=6>=52")+1
=36 = 5(2") + 1
= 35 = 5(2%)
= =M

=z = log, 7.

(a) Given that
(3+2)°+ (3—12)° = A+ Ba? + O,
find the value of A, of B, and of C.

Solution
Well,

= | (Derars (5w (§)era () oo+ o]
n {35 n @ (3)(=z)' + @ (3)%(=a)?

(243 + 405z + 2702% + 90z* + 152" + 2°)
+ (243 — 405z + 2702* — 902° + 152" — 2°)
486 + 5402* + 30a*;

hence, A = 486, B = 540, and C' = 30.




7.

(b) Hence, using the substitution

solve, for x, the equation

(34 2)° + (3 —z)° = 1086.

Solution
Now,

(34 2)° + (3 —2)° = 1086 = 486 + 54022 + 30z* = 1086
= 486 + 540y + 30y* = 1086
= 30y* + 540y — 600 = 0
= 30(y* + 18y — 20) = 0.

Next, a =1, b = 18, and ¢ = —20:

—b £+ Vb? — 4ac
y= 2a
—18 +4/182 —4 x 1 x (—20)
= Y= 2% 1
—18 + /404

= y=—19.049...(cannot happen), 1.049875621 (FCD)
— 2 =1.024634384 (FCD);

hence, the solution is z = 1.02 (3 sf).

(a) Show that
(4 — /=)
N
can be written in the form y )
pr 2 +q+rr2,

where p, ¢, and r are integers to be found.

Solution
Well,




X ‘ 4 —\/T
4 16  —4y/x

—z | =4/ 4z

and so

(4—yo)?  16-8Jr+u
NG

1 1
= 162" 2 — 8 + x2;

B

hence, p =16, g = -8, and r = 1

(b) A curve is such that
dy (4o
dz ~ x

Given that the curve passes through the point (9, 30), find the equation of the curve.

for x > 0.

Solution
Now,
d 4—4/x)* d 1 1
ﬁ:M:£:16I*2_8+x2
dz N dz
1 3
=y =3222 — 8z + 222 +c.
Next,
r=9y=30=30=96—-72+18+c¢
= c = —12;
hence,
1 3
y = 3202 — 8z + 22 — 12,

8. The line CD is the perpendicular bisector of the line joining the point A(—1,—5) and
the point B(5, 3).

(a) Find the equation of the line C'D.



Solution
The midpoint, M, is

145 —5+3
O OF) g 1),
2 2

Now,
3—(-5H)
m e
AB 5— (1)
L 8
6
4
-3
and
mcop = —Z%.

Finally, the equation of the line C'D is

y+l=-2@2-2)=y+1l=-3z+
T+ 3.

o

=y =—

N

(b) Given that
e M is the midpoint of AB,
e that 2CM = M D, and that
e the x-coordinate of C'is —2,

find the coordinates of D.

Solution

Well,
r=-2=y=2

so C(—2,2).




Now,

OD =0M+ MD
— OM +20M

() ()
(4) ()
-(2)+(%)
(1)

S =

1

I

\]

so, D(10,—7).

Find the area of the triangle CAD.

Solution
Well,
CD =+/[10 — (=2)]2 + (-7 — 2)2
_ /121 (O
=15
and
AM = /(-1 -2 + [5— (-]
— V(3P + (a7
Finally,

area of the triangle CAD = %bh
= % x 15 x5
= 37%.




9. (a) Given that
y = xsindx,
dy

find —=.
. dx

Solution
Product rule:
u=r=—=1

dx

. v
v =sindr = — = 4cosdx
dx

and so

dy = (z)(4cosdx) + (1)(sin 4z)

dx
= 4x cosdx + sin4zx.
(b) Hence find
J x cosdx dx
and evaluate .
gﬂ'
f x cosdx dx.
0
Solution
Well,
d d
4x cosdx = & _ sindr = | xcosdxdxr = iJ (_y — sin4x) dx
dx dx

= chosélxdx = ixsinélx — ifsin4xdx

= J:ccosél:cd:r; £ i:r;sinélx + 1—16COS4£L‘+C.
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10.

Finally,

1

a7

8 dr = 1 : 1 87
zrcosdrdr = |Jrsindx + 5 cosdx 5

0

[y

4 0

= (57 +0) = (0+55)
1 1

:ﬁﬂ-_ﬁ'

(a) Solve
2sec’z = Stanx + 5, for 0° < x < 360°.
Solution
2sec’r = 5tanx + 5 = 2(tan’x 4+ 1) = Stanz + 5
— 2tan’z 4+ 2 = 5tanz + 5
= 2tan’z — 5tanz —3 =0
add to: -5 6. 41
multiply to: (+2) x (=3) = —6 ’
e.g.,
= 2tan’z — 6tanz 4+ tanz —3 =0
= 2tanz(tanz — 3) + 1(tanz — 3) =
= (tanx — 3)(2tanxz + 1) =0
= tanx = 3 or tanx = —%‘
tanx = 3 :
tanx = 3 = x = 71.565 051 18, 251.565 0512 (FCD)
= 1 =T71.6, 252 (3 sf).
tanx = —% :
tanz = —% = 1z = 153.434 9488, 333.434 9488 (FCD)
= x = 153, 333 (3 sf).
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(b) Solve

V2sin(3y + sm) =1 for 0 < y < 47 radians.

Solution
Well,
O<y<47T:>O<%y<27T
= i < (3y +37) < i
and so
: . V2
\/ism(%y +3m) =1 =sin(3y + i7m) = >
:%y—l—%ﬂz %71’, %71'
1 5 23
= iy ﬁﬂ-7 ﬁﬂ'
_5_ 23
=Y 67’(’, Fﬂ-
EITHER

11. A curve has equation
y =e “(Acos2x + Bsin2x).

At the point (0,4) on the curve, the gradient of the tangent is 6.
(a) Find the value of A.

Solution
Well,

r=0y=4=4=A+0

= A=4.

(b) Show that B = 5.

Solution
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Product rule:

o du A
u=e — = —¢
dz
d
v = Acos2x + Bsin2x = d—v = —2Asin 2z + 2B cos 2x
x
and
dy _ . _ .
P (e7*)(—2Asin 2z + 2B cos 2z) + (—e™*)(Acos 2z + Bsin 2x).
x
Now,

xzo,%:6:>6=(1)(0+QB)+(—1)(4+0)

—~ 4+2B=6
= 2B =10
:B_:__57

as required.

Find the value of z, where 0 < x < %71’ radians, for which y has a stationary value.

Solution
Well,

azo

(e7®)(—8sin2z + 10cos 2x) + (—e *)(4cos 2z + 5sin2x) = 0
e *[(—8sin2z + 10 cos2z) — (4 cos 2z + 5sin2zx)] = 0
e *(—13sin2x + 6cos2z) = 0

U

U

I

but e™* > 0:

— 13sin2x + 6cos2x =0

13sin 2x = 6 cos 2x

_ 6
tan 2x = 13

22 = 0.432407 7756 (FCD)
x = 0.216 2038878 (FCD)

z = 0.216 (3 sf).

U 2
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OR

12. A curve has equation
In(z* — 1)

5 for x > 1.
l’ J—

y p—

(a) Show that
dy kx|l —In(z®—1)]
dz (2 —1)? ’

where k is a constant to be found.

Solution
Quotient rule:

du 2x
dz 22-1

v=zx"—-1=— =2z

and so

% _ (22— 1) (ngl) — (22)[In(z* — 1)]
dz (2 —1)2
2z — 2x[In(2? — 1)]
@1
2z[1 — In(z? — 1)]
(x> -1

hence, k = 2.

(b) Hence find the approximate change in y when z increases from /5 to (v/5 + p),
where p is small.

Solution
Well,
d
z=15= d—i — —0.107972556 63 (FCD)
and, finally,
oy ~ j—z X 0x

— —0.107972556 63 x p
— —0.108p (3 sf).
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(c¢) Find, in terms of e, the coordinates of the stationary point on the curve.

Solution
Now,

dy PN 2z[1 — In(z? — 1)]

dz (x2—1)2
=1-In(2*-1)=0
=In(z*—-1)=1
=2’ —-1=¢

=a2l=c+1

=z =+ve+1
CIn(ye+ 1 - 1)

=0

=y 5
ve+1 —1
Infe+1-1)
>y=———">">=
e+1-—1
1
A= T *
e

hence, the coordinates of the stationary point on the curve are
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