Dr Oliver Mathematics
Advance Level Further Mathematics
Core Pure Mathematics 2: Calculator

1 hour 30 minutes

The total number of marks available is 75.
You must write down all the stages in your working.

1. (a) Prove that (5)
1
tanh_lxzéln< +x),—k<x<k,

11—z

stating the value of the constant k.

Solution

y = tanh 'z = 2 = tanhy
e —1
e + 1
= z(e® +1)=e% 1

= ze® +r=e" -1

=1+z=0e"— ze®
=1+x=(1-x)e*
1+x
1—=z

1
=2y =1In i
1l—a

-l 1+
y=gzhn{—)

= eV

and k£ = 1, as required.

(b) Hence, or otherwise, solve the equation (5)

22 = tanh(lnv/2 — 3z).



Solution

22 = tanh(In /2 — 3z) = tanh ™' 22 = In /2 — 3z

1+ 2z 1
= 1] n(2 — 3z)2
31 <12a:> 7)

1+ 22
= 1ln (—23:)_ n(2 — 3x)

1+

1 In(2 —

$n<1_2x> ( 3x)
1+ 22

:111(1 5 )—1n(2—3x)—0

— X

- <<1 o 3x>) -

1+ 22
T (1-22)(2-37)
=1+2z=(1-22)(2—-3x)
—1+22=622—Tr+2
= 622 — 92 +1=0

9+ /57
=0 = —
12 7
now,
e 2EVOT 1.379. ..
12
and so we are left with
9 — /b7
r=—
12

2. The roots of the equation
23— 2%+ 45 -5=0

are p, ¢, and r.

Without solving the equation, find the value of

2 2 2
(a) -+ =+ -,

p q T

Solution




Now,

ptqg+r=2
pqg+pr+qr =4
pqr = 5.

Finally,

2 2 9 <1 1 1)
SHS =24 =-+=

q p q r
2(qr + pr + pq)

pgr

(4)

flenioo ‘ [\

(b) (p—4)(q—4)(r—4),

Solution

(p—4)(q—4)(r—4) =pgr —4(pg +pr +qr) +16(p + g + 1) — 64
—5—4(4) + 16(2) — 64
— —43.

(c) p* + ¢ + 13

Solution

PP+ =p+q+7)=3p+q+r)pg+pr+qr) + 3pgr
= (2)° —3(2)(4) + 3(5)

=L




(a) Using a substitution, that should be stated clearly, show that

Jf(:v) dz = Asinh™(Bz) + c,

where ¢ is an arbitrary constant and A and B are constants to be found.

Solution

Finally,

hence, A = % and B =

Wi

u = sinh ™ (2

22) = sinhu = 2z

=0 = %sinhu

3

d
= £ = %coshu
= dx = %coshudu.
[ 1

(3 coshu) du

2 du
3/ sinh?u + 1

[ %coshud
U
J 3coshu

r‘1
§du

(&

J

1
§U+C

%simh_1 (%x) + ¢

(b) Hence find, in exact form in terms of natural logarithms, the mean value of f(x)

over the interval [0, 3].

Solution




Mean value = % : % [Sinh_l (%)]i:o
< %(sinh_l 2-0)
= :In(2+ V5).

4. The infinite series C' and S are defined by
C = cosf + %COS50+ }100899 + %0081394-...
S =sinf + 5sinb0 + 1 sin 90 + £ sin 1360 + . ..
Given that the series C' and S are both convergent,
(a) show that

' 2e19

Solution

C+iS = (cos€+ %COS5(9+ 500899—1- %C08139+...)
+i(sin0+ %sin59—|— isin90+ %sin130+...)
= (cosf +isinf) + 1(cos50 + isin56) + 1 (cos 90 + isin 96)
+ 5(cos 130 +isin136) + ...

= (cosf +isinf) + L(cosf +isinf)° + ;(cosd + isin6)”

+ 1(cosf +ising)" + ...

= (cosf +isinf) [1+ 1(cosf +isinf)* +

+ L(cosf +isinf)"?] + ...

L(cos 0 + isin6)®

8
= e’ [1+ e 4+ 1 4 Lty ]
oif
1 Leito
2810
T 9 oib’
as required.
(b) Hence show that
g_ 4sin 6 + 2sin 360

5 —4cos46



Solution

9eif 9eif 9 _ o1
9 _eldd 9 _ oidl x 9 _ p—idl
4ot _ 9p—130
(2 — e40)(2 — ¢ 140)
Jelf _ 9p—i30
4 — 2010 — 20140 4 |
4l — 9
©F — 2e40 _ 9p—idf
4(cosf + isin ) — 2(cos 30 — isin 30)
5 —2(cos 460 + isin46) — 2(cos 460 — isin 40)
(4cosf) —2cos30) +i(4sinf + 2sin 30)

— ;

5 — 4 cos40

hence,
_ 4sin6 + 2sin 30

%7 5 —4cos40

5. An engineer is investigating the motion of a sprung diving board at a swimming pool.
Let E be the position of the end of the diving board when it is at rest in its equilibrium
position and when there is no diver standing on the diving board.

A diver jumps from the diving board.
The vertical displacement, h cm, of the end of the diving board above E is modelled by

the differential equation

d&®h  dh
4—— 44— +37Th=0
@ tar !

where t seconds is the time after the diver jumps.

(a) Find a general solution of the differential equation.

Solution
Complementary function:

Am? +4m + 37 =0 = 4m? + 4m = —37




and hence the complementary function is

1
h = e 2"(Asin3t + Bcos3t).

When t = 0, the end of the diving board is 20 cm below E and is moving upwards with

a speed of 55 cms™.

1

(b) Find, according to the model, the maximum vertical displacement of the end of the
diving board above E.

Now,

and

Next,

and so

Solution

dh

dt

A 2R 2R

t=0,h=-20= B =—20.

1 1
= —1e72"(Asin 3t — 20 cos 3t) + e 2*(3A cos 3t + 60 sin 3¢)

dh
tZO’E:55:>_%(_20)+3A:55
= 10+ 3A4A =55
= 34 =45
= A=15

1
h = e 2"(15sin 3t — 20 cos 3t).

dh
i
— %e_%t(15 sin 3t — 20 cos 3t) + e—%f(45 cos 3t + 60sin3t) = 0
— (15sin 3t — 20 cos 3t) + 2(45cos 3t + 60sin 3t) = 0

— 15sin 3t 4+ 20 cos 3t + 90 cos 3t + 120sin 3t = 0

105sin 3t = —110cos 3t

tan 3t = —22
3t = 2.332942867 (FCD)
t=0.7776476225 (FCD)

0

(8)



and, finally,

1 0.777
— ¢ 20T [156in(3 x 0.777...) — 20 cos(3 x 0.777...)]
— 16.715769 02 (FCD)
= 16.7 cm (3 sf).

h

(c) Comment on the suitability of the model for large values of t.

Solution
When

t—ow=h—>0

and this is realistic as the displacement of end of the board should get smaller
and smaller.

6. In an Argand diagram, the points A, B, and C are the vertices of an equilateral triangle
with its centre at the origin. The point A represents the complex number 6 + 2i.

(a) Find the complex numbers represented by the points B and C, giving your answers
in the form x + iy, where x and y are real and exact.

Solution
The matrix of the transformation is

cosf) —sind
sinf)  cos#@
where 0 is the angle, anticlockwise. Then
cos120° —sin120°\ (6 [ -1 -8 6
sin 120°  cos 120° 2 ) \/73 -1 2
( 3

and

cos 240° — sin 240° 6\ —%
sin 240°  cos 240° 2 ) | _\¥3




Hence, the points B and C are

(=3 —=+/3) +i(3v3—1) and (=3 + v/3) +i(—3V3 —1).

The points D, E, and F are the midpoints of the sides of triangle ABC.
(b) Find the exact area of triangle DEF.

Solution

where k is a constant.

(a) Find the values of k for which the matrix M has an inverse.

Solution

detM=0=2(—k—-8)—(—=1)(-3—-12)+1(6 —3k) =0
= —2k—16—-3—-124+6—-3k=0
= bk = —25
=k =-5

and so the the values of k£ for which the matrix M has an inverse is k # 5.

(b) Find, in terms of p, the coordinates of the point where the following planes intersect

2r—y+z=p
3v—6y+4z=1
3r+ 2y —z=0.

Solution

w

-6 4




Determinant:

detM = 2(6 —8) — (—1)(—=3 — 12) + 1(6 + 18) = 0

=—-4—-15+24
= 5.
Matrix of minors:
-2 =15 24
-1 -5 7
2 5 -9
Matrix of cofactors:
-2 15 24
1 -5 -7
2 -5 -9
Transpose:
-2 1 2
15 -5 -5
24 -7 -9
Inverse:
-2 1 2
M=% 15 -5 —5
24 -7 -9
Hence,
2 -1 1 x P
3 -6 4 y |=11
3 2 -1 z
T -2 1 2 P
= y | = % 15 -5 -5 1
z 24 -7 -9 0
T —2p+1
= y | = % 15p =5
z 24p — 7

The coordinates of the point where the two planes intersect are

—op+1 24p — 7
3p—1 .
(F 12T

10




(¢) (i) Find the value of ¢ for which the set of simultaneous equations

2r—y+z=1
3r—dy+4z=¢q
3r+2y—2z2=0

can be solved.

Solution
2t —y+2z=1 (1)
3r—by+4z=q (2)
3r+2y—z=0 (3)
4x(1)—(2): be+y=4—q (4
(2)+4x(3): 15z+3y=gq (5)
Now,

Sr+y=4—q= 152+ 3y =12 — 3¢
and we get consistency when

12—-3¢g=q=4q =12

=q=3.

(ii) For this value of ¢, interpret the solution of the set of simultaneous equations
geometrically.

Solution
Three planes that intersect in a line.

8. Figure 1 shows the central vertical cross section ABCD of a paddling pool that has a
circular horizontal cross section.

11



4+——236m——m»

A J

2m

F 3

Figure 1: the central vertical cross section ABC'D

Measurements of the diameters of the top and bottom of the paddling pool have been
taken in order to estimate the volume of water that the paddling pool can contain.

Using these measurements, the curve BD is modelled by the equation
y=1In(3.6z — k), 1 <z <1.18,

as shown in Figure 2.

y.il

=Y

0 1

Figure 2: y = In(3.6z — k)

(a) Find the value of k.

Solution

When z =1,

In(36—-%k)=0=36—-k=1
=k = 2.6.

(b) Find the depth of the paddling pool according to this model.

Solution

2.
% =1.18 m

12



and

y =1n(3.6 x 1.18 — 2.6)
= In1.648
— 0.4995624315 (FCD)
— 0.500 m (3 dp).

The pool is being filled with water from a tap.

(c¢) Find, in terms of A, the volume of water in the pool when the pool is filled to a

depth of h m.
Solution
Well,
= In(3.6x — 2.6) = e’ = 3.6 — 2.6
=eY 4+ 2.6 =36z
oy ey + 2.6
36
and

h eV 49
volumezﬁf (e +6 6) dy

= Zo" J (¥ +2.6)*

= o™ J (e* +5.2¢Y + 6.76) dy

= a7 [2¢” +52€y+676y]

= a7 [ (3¢™" +5.2¢" +676h)—(l+5'2+0)]
= Sem(Le? 4 5.2¢" + 6.76h — 5.7).

Given that the pool is being filled at a constant rate of 15 litres every minute,

(d) find, in cm h™!, the rate at which the water level is rising in the pool when the

depth of the water is 0.2 m.

13



Solution

%2 4+ 26
—0.2 -
y - 36
0.2 2
g (S t26
3.6
= A = 3.539895949 (FCD).
Finally,
dh  0.015 x 60
dt  3.539...

= 02542447612 m h™" (FCD)
= 2542447612 cm h™' (FCD)
=254 cm h™' (3 sf).

14




